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Preface

Sampling-based computational methods have become a fundamental part
of the numerical toolset of practitioners and researchers across an enormous
number of different applied domains and academic disciplines. This book
is intended to provide a broad treatment of the basic ideas and algorithms
associated with sampling-based methods, often also referred to as Monte
Carlo algorithms or as stochastic simulation. The reach of these ideas is
illustrated here by discussing a wide range of different applications. Our
goal is to provide coverage that reflects the richness of both the applications
and the models that have found wide usage.

Of course, the models that are used differ widely from one discipline
to another. Some methods apply across the entire simulation spectrum,
whereas certain models raise particular computational challenges specific
to those model formulations. As a consequence, the first part of the book
focuses on general methods, whereas the second half discusses model-
specific algorithms. The mathematical level is intended to accommodate the
reader, so that for models for which even the model formulation demands
some sophistication on the part of the reader (e.g., stochastic differential
equations), the mathematical discussion will be at a different level from
that presented elsewhere. While we deliver an honest discussion of the
basic mathematical issues that arise in both describing and analyzing al-
gorithms, we have chosen not to be too fussy with regard to providing
precise conditions and assumptions guaranteeing validity of the stated re-
sults. For example, some theorem statements may omit conditions (such as
moment hypotheses) that, while necessary mathematically, are not key to
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understanding the practical domain of applicability of the result. Likewise,
in some arguments, we have provided an outline of the key mathematical
steps necessary to understand (for example) a rate of convergence issue,
without giving all the mathematical details that would serve to provide a
complete and rigorous proof.

As a result, we believe that this book can be a useful simulation resource
to readers with backgrounds ranging from an exposure to introductory
probability to a much more advanced knowledge of the area. Given the wide
range of examples and application areas addressed, our expectation is that
students, practitioners, and researchers in statistics, probability, operations
research, economics, finance, engineering, biology, chemistry, and physics
will find the book to be of value. In addition to providing a development of
the area pertinent to each reader’s specific interests, our hope is that the
book also serves to broaden our audience’s view of both Monte Carlo and
stochastic modeling, in general.

There exists an extensive number of texts on simulation and Monte
Carlo methods. Classical general references in the areas covered by this
book are (in chronological order) Hammersley & Handscombe [173], Ru-
binstein [313], Ripley [300], and Fishman [118]. A number of further ones
can be found in the list of references; many of them contain much practi-
cally oriented discussion not at all covered by this book. There are further
a number of books dealing with special subareas, for example Gilks et
al. [129] on Markov chain Monte Carlo methods, Newman & Barkema [276]
on applications to statistical physics, Glasserman [133] on applications to
mathematical finance, and Rubinstein & Kroese [318] on the cross-entropy
method.

In addition to standard journals in statistics and applied probability,
the reader interested in pursuing the literature should be aware of journals
like ACM TOMACS (ACM Transactions of Modeling and Computer Sim-
ulation), Management Science, and the IEEE journals. Of course, today
systematic scans of journals are to a large extent replaced by searches on
the web. At the end of the book after the References section, we give some
selected web links, being fully aware that such a list is likely to be out-
dated soon. These links also point to some important recurrent conferences
on simulation, see in particular [w3.14], [w3.16], [w3.17], [w3.20].

The book is designed as a potential teaching and learning vehicle for
use in a wide variety of courses. Our expectation is that the appropriate
selection of material will be highly discipline-dependent, typically covering
a large portion of the material in Part A on general methods and using those
special topics chapters in Part B that reflect the models most widely used
within that discipline. In teaching this material, we view some assignment
of computer exercises as being essential to gaining an understanding and
intuition for the material. In teaching graduate students from this book, one
of us (SA) assigns a computer lab of three hours per week to complement
lectures of two hours per week. Exercises labeled (A) are designed for such
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a computer lab (although whether three hours is sufficient will depend on
the students, and certainly some home preparation is needed). We have also
deliberately chosen to not focus the book on a specific simulation language
or software environment. Given the broad range of models covered, no single
programming environment would provide a good universal fit. We prefer to
let the user or teacher make the software choice herself. Finally, as a matter
of teaching philosophy, we do not believe that programming should take a
central role in a course taught from this book. Rather, the focus should be
on understanding the intuition underlying the algorithms described here,
as well as their strengths and weaknesses. In fact, to avoid a focus on the
programming per se, we often hand out pieces of code for parts that are
tedious to program but do not involve advanced ideas. Exercises marked
(TP) are theoretical problems, highly varying in difficulty.

Since the first slow start of the writing of this book in 1999, we have
received a large number of useful comments, suggestions, and corrections
on earlier version of the manuscript. Thanks go first of all to the large
number of students who have endured coping with these early versions. It
would go too far to mention all the colleagues who have helped in one way
or another. However, for a detailed reading of larger parts it is a pleasure to
thank Hansjörg Albrecher, Morten Fenger-Grøn, Pierre L’Ecuyer, Thomas
Mikosch, Leonardo Rojas-Nandayapa, and Jan Rosiński. At the technical
level, Lars Madsen helped with many problems that were beyond our LATEX
ability.

A list of typos will be kept at [w3.1], and we are greatful to be informed
of misprints as well as of more serious mistakes and omissions.

Aarhus and Stanford Søren Asmussen
February 2007 Peter W. Glynn
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Notation

Internal Reference System
The chapter number is specified only if it is not the current one. As exam-
ples, Proposition 1.3, formula (5.7) or Section 5 of Chapter IV are referred
to as IV.1.3, IV.(5.7) and IV.5, respectively, in all chapters other than IV
where we write Proposition 1.3, formula (5.7) (or just (5.7)) and Section 5.

Special Typeface
d differential like in dx, dt, F (dx); to be distinguished from a

variable or constant d, a function d(x) etc.

e the base 2.71 . . . of the natural logarithm; to be distinguished
from e which can be a variable or a different constant.

i the imaginary unit
√−1; to be distinguished from a variable i

(typically an index).

1 the indicator function, for example 1A, 1x∈A, 1{x ∈ A},
1{X(t) > 0 for some t ∈ [0, 1]}.

O, o the Landau symbols. That is, f(x) . = O
(
g(x)

)
means that

f(x)/g(x) stays bounded in some limit, say x→∞ or x→ 0,
whereas f(x) = o

(
g(x)

)
means f(x)/g(x) → 0.

π 3.1416 . . .; to be distinguished from π which is often used for a
stationary distribution or other.
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N
(
μ, σ2

)
the normal distribution with mean μ and variance σ2.

Probability, expectation, variance, covariance are denoted P, E, Var, Cov.
The standard sets are R (the real line (−∞,∞)), the complex numbers C,
the natural numbers N = {0, 1, 2, . . .}, the integers Z = {0,±1,±2, . . .}.
Matrices and vectors are most often denoted by bold typeface, C, Σ, x, α
etc., though exceptions occur. The transpose of A is denoted AT.

Miscellaneous Mathematical Notation
def= a defining equality.
a.s.→ a.s. convergence
P→ convergence in probability
D→ convergence in distribution
D= equality in distribution

←− an assignment in an algorithm (not used throughout)

| · | in addition to absolute value, also used for the number of
elements (cardinality) |S| of a set S, or its Lebesgue measure
|S|.

E[X ; A] E[X1A].

∼ usually, a(x) ∼ b(x) means a(x)/b(x) → 1 in some limit
like x → 0 or x → ∞, but occassionally, other posssibilities
occur. E.g. X ∼ N

(
μ, σ2

)
specifies X to have a N

(
μ, σ2

)

distribution.
≈ a different type of asymptotics, often just at the heuristical

level.
D≈ approximate equality in distribution.

∝ proportional to.

F̂ [·] the m.g.f. of a distribution F . Thus F̂ [is] is the characteristic
function at s. Sometimes F̂ [·] is also used for the probability
generating function of a discrete r.v.

The letter U is usually reserved for a uniform(0, 1) r.v., and the letter z
for a quantity to be estimated by simulation, Z for a r.v. with EZ = z. As
is standard, Φ is used for the c.d.f. of N (0, 1) and ϕ(x) def= e−x

2/2/
√

2π

for the density.. zα often denotes the α-quantile of N (0, 1). A standard
Brownian motion is denoted B and one with possibly drift μ 
= 0 and/or
variance σ2 by W. Exceptions to all of this occur occasionally.



xiv Notation

Conventions for a few selected standard distributions are given in A1.

Abbreviations
A-R acceptance-rejection
BM Brownian motion
c.g.f. cumulant generating function (the log of the m.g.f.)
c.d.f. cumulative distribution function, like F (x) = P(X ≤ x)
CIR Cox-Ingersoll-Ross
CLT central limit theorem
CMC crude Monte Carlo
ECM exponential change of measure
fBM fractional Brownian motion
FD finite differences
FIFO First-in-first-out
GBM geometric Brownian motion
GSMP generalized semi-Markov process
GW Galton-Watson
i.i.d. independent identically distributed
i.o. infinitely often
IPA infinitesimal perturbation analysis
l.h.s. left hand side
LLN law of large numbers
LR likelihood ratio
MAP Markov additive process
MCMC Markov chain Monte Carlo
MH Metropolis-Hastings
m.g.f. moment generating function
MSE mean square error
NIG normal inverse Gaussian
ODE ordinary differential equation
O-U Ornstein-Uhlenbeck
PDE partial differential equation
QMC quasi Monte Carlo
RBM reflected Brownian motion
r.h.s. right hand side
r.v. random variable
s.c.v. squared coefficient of variation
SDE stochastic differential equation
TAVC time average variance constant
VaR Value-at-Risk
w.l.o.g. without loss of generality
w.p. with probability



Chapter II
Generating Random Objects

1 Uniform Random Variables

The basic vehicle in the area of (stochastic) simulation is a stream u1, u2, . . .
of numbers produced by a computer, which is treated as the outcome of a
sequence U1, U2, . . . of i.i.d. r.v.’s with a common uniform distribution on
(0, 1). Many software libraries contain routines for generating such streams,
such as a command of the type u1:=random; u2:=random; ... in the
language C++ or u=rand(1,n) in Matlab (creating a row vector containing
u1, . . . , un).

The algorithms in practical implementations are all deterministic (typ-
ically using recursion) and can therefore at best mimic properties of i.i.d.
uniform r.v.’s;1 for this reason, the sequence of outputs is called a sequence
of pseudorandom numbers. Earlier generations of computers and software
had quite a few examples of random number generators with unfortunate
properties. However, it is our view that the situation is much improved
now and that the development of algorithms for generation of pseudoran-
dom numbers (as well as sequences of quasirandom numbers for similar
uses, see IX.3) is now largely a specialist’s topic: the typical reader of this
book will do well with existing software (which is fast, certainly much
faster than home-made high-level language routines) and will seldom be
able to improve it substantially. We point out in this connection a com-
mon beginner’s pitfall, to blame apparently erroneous simulation output

1For brevity reasons, called uniforms in the following.
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on deficiencies in the generator. The (much) more common problem is an
error of a different type, such as a programming error or a conceptual mis-
understanding of the problem under study. The purpose of the discussion to
follow is therefore largely an attempt to provide some common background
and knowledge of random number generation.

A classical reference on uniform random number generators is Ripley’s
1987 book [300], which covered many important aspects of the area at that
time. More recent and up-to-date treatments are in Knuth [220], Gen-
tle [127], and L’Ecuyer [232] where also an extensive bibliography can
be found. Also the websites [w3.7], [w3.9] may be useful for getting an
impression of the present state of the art.

1a Physical Devices
In the early era of computer simulation. there were attempts to use physi-
cal devices for random number generation. A widely used idea is to exploit
properties of radioactive decay: the times at which particles are emitted
from a radioactive source is a classic example of a Poisson process, as has
been verified empirically and which also has strong theoretical support. In
particular, since individual atoms split in an unpredictable way, indepen-
dent of one another, and the number of atoms is astronomical, the Poisson
approximation to the binomial distribution is highly accurate. Thus, the in-
terevent times can be viewed as i.i.d. exponentials. They can be transformed
to other distributions such as the uniform.

Such physically based generators were slow, generating at best only hun-
dreds of random numbers per second. The lack of replicability can also limit
one’s ability to apply certain variance-reduction techniques. Of course, the
rapid decrease in the cost of high-speed computer memory offers the op-
portunity to prerecord huge quantities of such physically generated random
numbers, thereby reducing the impact of the last two issues raised.

A more fundamental objection to the use of such physical devices to
generate random numbers is that most of them produce numbers with a
systematic (and difficult to quantify) bias. For example, while one could flip
a coin to generate a sequence of i.i.d. Bernoulli(1/2) r.v.’s, it is likely that
the coin exhibits a (small) systematic preference to either heads or tails. In
the setting of radioactive counters, the device typically locks for a certain
period of time subsequent to a particle registration, thereby eliminating
the possibility of short interevent times. While deterministic mathematical
algorithms also generally exhibit biases, such biases can often be studied
mathematically, so that their possible effect is better understood.

There are situations in which physically generated “truly random” num-
bers are preferable (at a minimum as seeds) to pseudorandom numbers,
in particular lotteries, gambling machines, and cryptography. A number of
commercial software physical generators have recently come on the mar-
ket, for example [w3.10], [w3.11]. Recent tests (Pierre L’Ecuyer, personal
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communication) indicate that these generators are reasonably reliable sta-
tistically. However, they remain slower and much more cumbersome than
algorithmic random number generators.

1b Deterministic Recursive Algorithms
Instead of using physical devices, pseudorandom numbers u1, u2, . . . are
typically produced by deterministic recursive algorithms. A general frame-
work covering virtually all such generators occurring in practice and
suggested by L’Ecuyer [229] is a quadruple

(
E, μ, f, g

)
. Here E is the (finite)

set of states, the state of the random number generator evolves according
to the recursion sn = f(sn−1); and the random number stream produced
is un = g(sn), where g maps S into [0, 1]. The initialization is determined
by μ, which is a probability measure selecting x1 (the seed).

Since E is finite, the range of g is not all of [0, 1] but only the finite
subset g(E). In practice, the generator is modified so that the values 0 and
1 cannot occur (say 0 is replaced by ε, the smallest nonzero value of g or the
smallest positive number representable on the computer). This is to avoid
problems in using the sequence; say one needs division or to take logarithms.
Finiteness also implies that there is a d such that x�+d = xd for some �;
the period is the smallest d for which this happens. After �, the algorithm
will produce replicates of cycles of length d or smaller. One difficulty with
generators having short periods is that the gaps in the sequence may not
be evenly distributed.

To reduce the problems associated with the finiteness of g(E) and the
period, a necessary (but not sufficient!) condition is obviously that E be
large.

Example 1.1 A class of simple algorithms of this type is that of the linear
congruential generators, which were popular for many years but are now
somewhat outdated. Such algorithms have the form

un =
sn
M

, where sn+1 = (Asn + C) mod M. (1.1)

The difficulty is in choosing a large M and associated A,C such that
the period is large, preferably M when C 
= 0 or M − 1 when C = 0
(this property is called full period). Number-theoretic considerations pro-
vide verifiable conditions under which linear congruential generators are
of full period. This has led to certain popular parameter choices for A,
C, and M . A dominant one in earlier generations of computers and soft-
ware was M = 231 − 1 = 2,147,483,647, A = 75 =16,807, C = 0. This
choice has the nice property that its period is (very) close to the number
of machine-representable integers in a 32-bit computer. Another example
is M = 2,147,483,563, A = 40,014. �
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Example 1.2 A generalization of linear congruential generators is ob-
tained by replacing xn+1 = (Axn + C) mod M in (1.1) by

xn =
(
A1xn−1 + · · ·+Akxn−k

)
mod M. (1.2)

Thus, in the above formalism, sn = (xn, xn−1, . . . , xn−k+1).
When M is a prime number, it is possible to achive the maximal period

Mk− 1; see Knuth [220] for more detail. The typical choice of M is a large
prime number close to the largest integer representable on the computer,
e.g., 231− 1 on a 32-bit computer. The implementation then requires some
programming technicalities (long integers, etc.) because A1xn−1 + · · · +
Akxn−k is not directly representable. �

Example 1.3 Certain numerically demanding simulations require enor-
mous numbers of random numbers. The congruential generators mentioned
above have periods only on the order of billions. Much larger periods can
be obtained by mixing generators. For example, many software packages
(e.g., Arena, Kelton et al. [211] p. 501, or SAS) use the algorithm

1. xn ←−
(
A1xn−2 −A2xn−3

)
modM1 ,

2. yn ←−
(
B1yn−1 −B2yn−3

)
modM2 ,

3. zn ←− (xn − yn)modM1 ,

4. If zn > 0, return un = zn/(M1 + 1); else return un = M1/(M1 + 1) ,

where M1 = 4,294,967,087, M2 = 4,294,944,443, A1 = 1,403,580, A2 =
810,728, B1 = 527,612, B2 = 1,370,589 (the seed is the first three x’s and
the first three y’s).

The algorithm originates with L’Ecuyer [230], where the above parame-
ters were determined by a computer search for certain criteria determining
the properties of the algorithm to be met. �

Example 1.4 Instead of performing algebra modulo M for some huge in-
teger, it is tempting to exploit the binary representation of the computer
to look for algorithms using algebra modulo 2. A general scheme is

xn = Axn−1, yn = Bxn, un = yn,12−1 + · · ·+ yn,�2−� , (1.3)

where xn ∈ {0, 1}k, yn ∈ {0, 1}�, the matricesA,B are k×k and �×k, and
all operations are performed modulo 2. A survey of this class of generators
is given in L’Ecuyer & Panneton [234].

If the characteristic polynomial det(zI −A) is written as zk−α1z
k−1−

· · · − αk−1z − αk, one can prove that the output sequence follows the
recursion

un = α1un−1 + · · ·+ αkun−k mod 2 . (1.4)
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Special cases include Tausworthe generators, which have the form

zn = a1zn−1 + · · ·+ akzn−k mod 2 , un = znt+12−1 + · · ·+ znt+r2−k .
(1.5)

A popular choice has been zn = zn−102 + zn−249, which has the ob-
vious advantage in terms of speed that most of the ai equal zero (the
period is 2500 − 1). Another example is the fairly recent Mersenne twister
of Matsumoto & Nishimura [249], which has period 219937 − 1, excellent
equidistributional properties and is still very fast (but see the caveat in
Panneton et al. [283]).

L’Ecuyer [231] discusses how to combine such generators of mod 2 type
to improve quality. �

1c Statistical Tests
The generators used in practice typically have the property that the
marginal empirical distribution of the Un is uniform (up to rounding er-
rors) and that observations look independent within a narrow time range.
These are also the properties that most statistical tests concentrate on con-
firming. However, it should be noted that (being deterministic) no stream
of pseudorandom numbers is truly random. With knowledge of its basic
mechanism, one can always design a statistical test that will reveal this.

Tests for deviations from a realization of a sequence of truly random
numbers are basically just standard statistical goodness-of-fit tests. Consid-
ering first uniformity of the one-dimensional marginals, a useful graphical
method is the Q-Q plot, which plots the empirical quantiles of the set
u1, . . . , un relative to the uniform quantiles qα = α. Two standard sig-
nificance tests are the χ2-test and the Kolmogorov–Smirnov statistic.
The χ2-test splits I = (0, 1) into subintervals I1, . . . , IK , typically just
(0, 1/K), [1/K, 2/K), . . . For subinterval k, Ok (O for observed) is defined
as the number of u1, . . . , un taking values in Ik and Ek = n|Ik| (Lebesgue
measure) as the expected number. The χ2-statistic is

∑K
1 (Ok − Ek)2/Ok

and is approximately χ2-distributed with f = K − 1 degrees of freedom
provided the Ek are not too small. The Kolmogorov–Smirnov statistic is
maxx

∣
∣F̂n(x) − F (x)

∣
∣, where F̂n is the empirical c.d.f. of u1, . . . , un and F

the theoretical c.d.f. (in the present case, F (x) = x); the asymptotic distri-
bution of the statistic is complicated, but the quantiles have been tabulated
and are available from statistical software packages.

Testing independence is a more complicated matter. One way is through
a goodness-of-fit approach, testing that d-blocks

(
uk+1, . . . , uk+d

)
are uni-

formly distributed in (0, 1)d. The χ2 test (adapted in an obvious way)
applies to this, but a difficulty is that the Ek quickly become too small
for the asymptotic results as d grows, and one should note also that
the independence assumptions are violated, since neighboring d-blocks
are dependent (a way out is to base the test on blocks k = 0, d, 2d, . . .
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only). Another idea is to use correlations, say by a normal transformation
xk = Φ−1(uk) (see the discussion of inversion in Section 2), where the em-
pirical correlations at lags k = 1, 2, . . . are possible test statistics. There
are also quite a few ad hoc methods around: the gap test based on the fact
that the spacings between the (random) indices k for which uk ∈ J ⊂ (0, 1)
should behave like i.i.d. geometric r.v.’s with success parameter |J |; the
coupon collector’s test, where one records the successive lengths of mini-
mal sequences containing all K values of �Kun� for a suitable integer K
and compares to the theoretical distribution; and so on.

We point out that care must be taken w.r.t. the interpretation of mul-
tiple tests. For example, if 20 tests are each performed at a 5% rejection
level in a traditional statistical setting, the expected number of rejections
under the null hypothesis is one. It is therefore a delicate matter to assess
when one should make an overall rejection in a multiple-test setting, and
dependence further complicates the matter. The situation in testing ran-
dom number generators is somewhat different, since one would usually not
fix a significance level like 5% or 1%, but continue the test until the test
comes out with a clear conclusion.

1d Randomness Criteria
At the more philosophical level, one may ask, what are the criteria that
u1, u2, . . . should satisfy in order to permit interpretation as a realization
of an i.i.d. uniform sequence? Obviously, each uk should be in some way
“random”. However, this concept is not at all well defined. For example, if
a fair die is thrown 8 times, the sequences 33333333 and 14522634 have the
same probability, so why should the second be declared more random than
the first? See further Knuth [220].

A desirable property is obviously that the empirical distribution of d-
blocks (the distribution on (0, 1)d giving mass 1/n to each of the n d-blocks
in u1, . . . , un+d−1) should converge to the uniform distribution on (0, 1)d as
n→ ∞, for any d = 1, 2, . . .; this is sometimes referred to as the sequence
being ∞-distributed (also the terminology “normal number” is used). It is
also reasonable to require unpredictability. One formulation of this is to
require all subsequences of u1, u2, . . . to be ∞-distributed, and one then
talks of a von Mises–Church collective.

Another possible approach is via specific measures of deviations, in par-
ticular discrepancies; we discuss these in connection with quasirandom
numbers in IX.3, but the relevance is not limited to this setting.

Exercises

1.1 (TP) Explain how Tausworthe generators fit into the framework (1.3).
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2 Nonuniform Random Variables

Accepting the Un as i.i.d. uniform, the next step is to use them to pro-
duce an r.v. X with a prescribed distribution F , say Poisson, exponential,
normal, etc. As for uniform random numbers, the user will typically use
standard routines for this purpose. However, occasionally one may come
across a nonstandard distribution that is not avaliable in this way. We will
meet at least two nonartificial examples in this book: conditional distribu-
tions occuring in Gibbs sampling (e.g., XIII.5.3); and generation of r.v.’s
from truncated and normalized Lévy measures (see XII.3.4). In general,
it seems reasonable (and, we hope, interesting) to have some insight into
how nonuniform random numbers are produced. Comprehensive references
in the area are Devroye [88], Ripley [300], Gentle [127], and Hörmann et
al. [190].

Standard routines are usually designed with considerable attention to
speed. In cases in which the user for one reason or another writes his/her
own routine for generating random numbers, optimal speed is, however,
rarely a concern, and the algorithms that we describe below are not nec-
essarily the fastest ones; the average user may want to use a naive but
easily programmed method rather than invoking more sophisticated meth-
ods or various library packages. A rule of thumb is that it is much faster to
generate a bunch of uniform random numbers, say 5–10, than to evaluate
even a single special function such as the logarithm, the exponential, or a
trigonometric function.

In the following, U,U1, U2, . . . are used without further explanation for
independent r.v.’s from the uniform(0, 1) distribution.

Example 2.1 (simple discrete r.v.’s) A simple case is a Bernoulli
r.v., P(X = 1) = 1 − P(X = 0) = p, where one can just let X def= 1U≤p
(the indicator function, = 1 if U ≤ p and = 0 otherwise). This construction
generalizes in a straightforward way to distributions with finite support. In
particular, if we want to generate X as being uniform on {1, . . . , N}, we
may take X = 1 if U ≤ 1/N , X = 2 if 1/N < U ≤ 2/N , and so on. This
is often written as X = �U/N�, where �a� is the smallest integer greater
than or equal to a (many programming languages have �·� as a standard
function).

0 p1 p1+ p2 p1+ p2+ p3 1

X = x1 X = x2 X = x3 X = x4

FIGURE 2.1

If instead the target distribution is given by P(X = xi) = pi, where
p1 + · · · + pN = 1, p1, . . . , pN ≥ 0, we may let X = x1 if U ≤ p1, X = x2

if p1 < U ≤ p1 + p2 and so on; see Figure 2.1 for N = 4. This is a special
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case of the inversion algorithm described below. Note that the efficiency
depends on how rapidly the search for the subinterval straddling U can be
accomplished; for an efficient algorithm, see Example 2.15 below.

The search can be avoided when P(X = i) = ki/n for integers ki ≥ 0, n ≥
1, at the cost of memory. One stores the integer 1 in the first k1 memory
locations, the integer 2 in the next k2, and so on. Upon generating U , one
then returns the integer in memory location �nU�. �

For a continuous r.v. with a density f(x), there are two general methods:
inversion and acceptance–rejection (A–R), and a variety of more ad hoc
methods that use special properties of the target distribution. We proceed
next to a more detailed exposition of these ideas.

2a Inversion
For inversion, one defines F← as the inverse of the c.d.f. F of X . The
simplest case is that in which F is strictly increasing and continuous; then
x = F←(u) = F−1(u) is the unique solution of F (x) = u, 0 < u < 1. For
distributions with nonconnected support or jumps, more care is needed,
and one then needs the more general definition of the inverse, where we
here have chosen the left-continuous version

F←(u) def= inf{x : F (x) ≥ u} = min{x : F (x) ≥ u} , 0 < u < 1;

that the minimum is attained follows since {x : F (x) ≥ u} is an interval
(infinite to the right) that must contain its left endpoint by right-continuity
of F .

�

�
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FIGURE 2.2
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Proposition 2.2 (a) u ≤ F (x) ⇐⇒ F←(u) ≤ x;
(b) if U is uniform(0, 1), then F←(U) has c.d.f. F ;
(c) if F is continuous, then F (X) is uniform(0, 1).

Proof. Part (a) follows directly from the definition of F← (it is clear that
F (x) ≥ u for x ≥ F←(u) but not for any x < F←(u)), and (b) follows
trivially from (a), which yields

P
(
F←(U) ≤ x

)
= P

(
U ≤ F (x)

)
= F (x).

Finally, for (c) we have to prove P
(
F (X) ≥ u

)
= 1−u, 0 < u < 1. However,

by (a) and continuity of F ,

P
(
F (X) ≥ u

)
= P

(
X ≥ F←(u)

)
= P

(
X > F←(u)

)
= 1− F

(
F←(u)

)
,

so we must prove F
(
F←(u)

)
= u. Here F

(
F←(u)

) ≥ u is clear from (a)
with x = F←(u). Let yn < F←(u), yn ↑ F←(u). Then F (yn) < u by (a),
and so by continuity of F , F

(
F←(u)

) ≤ u. �

The part that is mainly used in simulation is (b), which allows us to
generate X as F←(U) (the most common case is an F that is continuous
and strictly increasing on an interval).

Example 2.3 (exponential r.v.’s) Let F be exponential with rate δ
(the rate is the inverse of the mean, that is, the density is f(x) = δe−δx).
Then F←(x) = − log(1−x)/δ, so inversion means that X = − log(1−U)/δ
(in practice, one often usesX =− logU/δ rather thanX =− log(1−U)/δ!).

Standard packages usually use more elaborate but faster algorithms that
avoid the time-consuming evaluation of the log.

From exponential r.v.’s, one can build Gamma(p, δ) r.v.’s with integer
shape parameter p (the density is δp−1/(p − 1)! e−δx, cf. A1) by simply
adding p independent copies. A Poisson r.v. N with rate λ (P(X = n) =
e−λλn/n!) can be constructed using the relation between the exponential
distribution and the Poisson process: generate X1, X2, . . . as i.i.d. exponen-
tials with rate λ one at a time until the random time at which the sum
exceeds 1, say X1+ · · ·+XN < 1 < X1 + · · ·+XN+1. Then N is the desired
Poisson r.v. To reduce the number of evaluations of special functions, use

N = max
{
n ≥ 0 :

n∏

i=1

Ui > e−λ
}
. (2.1)

However, although such relations between standard distributions can be
pushed even further, there are usually more efficient methods available. �

Inversion applies to many other examples, but (in addition to be-
ing slow) a main limitation is that quite often F← is not available in
explicit form, for example when F = Φ, the standard normal c.d.f.
Sometimes approximations are used. For example, the following rational
polynomial approximation is standard, simple, and accurate for the normal
distribution:
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Φ−1(u) ≈ y +
p0 + p1y + p2y

2 + p3y
3 + p4y4

q0 + q1y + q2y2 + q3y3 + q4y4
, 0.5 < u < 1, (2.2)

where y =
√−2 log(1 − u) and the pk, qk are given by the following table:

k pk qk
0 −0.322232431088 0.099348462606
1 −1 0.588581570495
2 −0.342242088547 0.531103462366
3 −0.0204231210245 0.10353775285
4 −0.0000453642210148 0.0038560700634

(the case 0 < u < 0.5 is handled by symmetry).

Remark 2.4 A particularly convenient feature of inversion is that when-
ever F← is available, one can simulate not only a r.v. distributed as X
but also one from certain conditional distributions. In particular, if X
has a density and a < b, then an r.v. distributed as X given X ∈ (a, b)
has c.d.f.

(
F (x)− F (a)

)
/
(
F (b)− F (a)

)
and can therefore be generated as

F←
(
F (a)(1 − U) + F (b)U

)
. Similarly, an r.v. distributed as the overshoot

X − a given X > a can be generated as F←
(
UF (a)

)− a, etc. �

2b Simple Acceptance–Rejection
The idea is to start from an r.v. Y with a density g(x) (the proposal),
which is easily simulated and has the property f(x) ≤ Cg(x), where f(x)
(the target) is the density of X and C <∞ is a constant; see Figure 2.3.
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FIGURE 2.3
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Given Y = x, one accepts Y and lets X = Y w.p. f(x)/Cg(x). Other-
wise, a new Y is generated, and one continues until eventual acceptance.
Algorithmically:

1. Generate Y from the density g(x) and U as uniform(0,1).

2. If U ≤ f(Y )/Cg(Y ), let X ←− Y . Otherwise return to 1.

That this produces an r.v. with the desired density f(x) follows from

P(X ∈ dx) = P(Y ∈ dx |A) =
P(Y ∈ dx; A)

PA

=
g(x) dx · f(x)/Cg(x)

∫ ∞

−∞
g(y) · f(y)/Cg(y) dy

=
f(x) dx

∫ ∞

−∞
f(y) dy

= f(x),

where A def= {U ≤ f(Y )/Cg(Y )} is the event of acceptance.

Remark 2.5 The efficiency of A–R is determined by the speed of
generation from g(·) and by the acceptance probability

P
(
U ≤ f(Y )/Cg(Y )

)
= E

[
P
(
U ≤ f(Y )/Cg(Y )

∣
∣Y )

]

= E

[ f(Y )
Cg(Y )

]
=
∫

f(y)
Cg(y)

g(y) dy =
1
C

∫
f(y) dy =

1
C
.

Obviously it is preferable to have C as close to 1 as possible, which in turn
means that g(·) should look as much alike f(·) as possible. �

Example 2.6 As a simple example, let f(x) be a bounded density on
(0, 1), say the Beta density xα−1(1 − x)β−1/B(α, β) with α, β > 1. Then,
we may take Y as uniform on (0, 1) and C = sup0<x<1 f(x). �

Example 2.7 Let f(x) =
√

2/π e−x
2/2 be the density of the absolute

value X = |Z| of a standard normal r.v. As trial density, we consider the
standard exponential density g(x) = e−x. Then f(x)/g(x =

√
2/π ex−x

2/2

is maximized for x = 1 and the maximum is C =
√

2e/π. The acceptance
probability is 1/C ≈ 0.76.

The normal r.v. Z itself is easily simulated by assigning X a random
sign. �

It is rare that, as in this example, f(x)/g(x) can easily be maximized
analytically and thereby the optimal C determined. However, usually it
is not worthwhile to look for the optimal C, and a rather crude bound
determined numerically will do. This is illustrated in the following example:

Example 2.8 In Figure 2.3, the target density f(·) is the Gamma(α, λ)
density with α = 4.3, λ = 1.

In looking for a suitable proposal g(x), it seems reasonable to exploit the
fact that Gamma(p, λ) r.v.’s with integer p are easily simulated (as a sum
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of p independent exponentials) and that the corresponding density g(x) is
not too far from f(x) if p is close to α and λ close to 1. The precise choice of
p, λ is restricted by boundary conditions: for the inequality f(x) ≤ Cg(x)
to hold with a finite C for all 0 < x < ∞, g(x) must go more slowly
to 0 than f(x) as x approaches either of the boundaries 0,∞. Now the
Gamma(α, λ) density is of order xα−1 as x → 0 and of order xα−1e−λx

as x → ∞. In chosing between p = 4 and p = 5, the x → 0 requirement
therefore excludes p = 5. With p = 4 we must then take λ < 1 to meet the
x → ∞ requirement since x4.3−1e−x decays slower than x4−1e−λx when
λ > 1. The choice in Figure 2.3 is to take λ = 1/1.2. Thereafter one must
find C to satisfy f(x) ≤ Cg(x) for all x, which was done empirically from
the plot (check graphically that the inequality holds unless x is very close
to 0 or ∞, and rely on the boundary asymptotics in this range). It was
found that C = 1.5 works, and it is the value used in Figure 2.3. �

Example 2.9 (log-concave densities) Let f(x) be a log-concave de-
creasing density on [0,∞) with mode at x = 0; for r.v. generation, we
can w.l.o.g. assume f(0) = 1, since otherwise we can just proceed via
X̃

def= f(0)X , which has a density f̃(x) satisfying the given assumptions.
Then

f(x) ≤ min
(
1, e1−x). (2.3)

Indeed, assume f(x0) > e1−x0 for some x0 (necessarily > 1). By log-
concavity, log f(x) is above the line connecting (0, 0) and

(
x0, log f(x0)

)

for x ∈ (0, x0), which yields
∫ ∞

0

f(x) dx >
∫ x0

0

ex(1−x0)/x0 dx =
x0

x0 − 1
(
1− e1−x0

)
> 1 ,

a contradiction. The r.h.s. of (2.3) can be interpreted as 2g(x), where g(x)
is the density of an r.v. Y with a distribution that is a mixture with equal
weights 1/2 of a uniform(0, 1) distribution and a standard exponential dis-
tribution shifted rightward by 1. It is straightforward to simulate such a Y
(and thereby X itself) by A–R, or as an r.v. from a mixture distribution.

The advantage of this algorithm is the wide occurrence of log-concave
densities, the simplicity, and the relatively high acceptance probability of
1/2. �

Example 2.10 Assume still that f is log-concave, not necessarily concen-
trated on (0,∞), but now we want to generate an r.v. conditioned to (a, b)
where −∞ < a < b < ∞. Letting β = f ′(a)/f(a), the density of such an
r.v. is bounded by

f(a)
F (b)− F (a)

eβ(x−a) = Ch(x) ,

where h is the density proportional to eβx in (a, b) and C > 1 an easily
computed constant. We can therefore just sample from h by inversion and
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obtain the desired conditioned r.v. by rejection. The condition b <∞ can
be omitted if β < 0. �

Log-concave densities are further discussed in Devroye [88]. A notable
algorithm for r.v. generation within the class is an adaptive A–R algorithm,
which uses a piecewise linear upper bound that is adaptively improved; see,
e.g., Gentle [127, Section 4.13].

2c Ad Hoc Algorithms
A number of methods for generating nonuniform r.v.’s are based on re-
lations between different distributions, and designing them often is quite
tricky. We present here a few of the most standard ones; further exam-
ples are the algorithms for stable distributions in XII.2a and the inverse
Gaussian distribution in XII.5.

Example 2.11 (the box–muller method for normal r.v.’s) Scaling
an exponential r.v. by 2, one obtains a χ2 with 2 degrees of freedom, which
is the distribution of the squared radial part R2 def= Y 2

1 +Y 2
2 of independent

N (0, 1) r.v.’s Y1, Y2. Since the conditional distribution of Y1, Y2 givenR = r
is uniform on the circle

{
(v1, v2) : v2

1 + v2
2 = r

}
with radius r, we obtain

the following algorithm for generating (pairs of) normal r.v.’s from (pairs
of) uniforms:

Y1 ←−
√
−2 logU1 sin 2πU2, Y2 ←−

√
−2 logU1 cos 2πU2.

Due to the many special functions, the Box–Muller (not Müller!) algo-
rithm is slow, and standard packages use quite complex methods to achieve
fast generation of normal r.v.’s. �

Example 2.12 (marsaglia’s polar method) This is a variant of the
Box-Muller algorithm, replacing the evaluation of the trigonometric func-
tions by an A–R step. The basic observation behind is that if V1 = Z cosΘ,
V2 = Z sin Θ is the polar representation of a random pair (V1, V2) that is
uniform on the unit disk

{
(v1, v2) : v2

1 + v2
2 ≤ 1

}
, then W = Z2 and Θ are

independent and uniform on (0, 1), respectively (0, 2π). Thus
√−2 logZ =√− logW and (cos Θ, sinΘ) = (V1/

√
W,V2/

√
W ) are independent with an

exponential distribution, respectively an uniform distribution on the unit
circle, so that by the same argument as for Box–Muller a valid algorithm
producing a pair of independent standard normals is

Y1 ←−
√
− logW/W V1, Y2 ←−

√
− logW/W V2. (2.4)

In practice, (V1, V2) are produced by A–R (generate (U1, U2) and repeat
until U2

1 + U2
2 ≤ 1). �

Example 2.13 The geometric distribution exists in two variants, one with
support {0, 1, . . .} and point probabilities pn = (1 − ρ)ρn, and the other
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with support {1, 2, . . .} and point probabilities p′n = (1− ρ)ρn−1 (see A1).
For the corresponding r.v.’s X,X ′ one has X ′ D= X + 1, so it suffices to
discuss how to generate X .

The most straightforward procedure is to use the interpretation of fail-
ures before a success. That is, if a coin coming up heads w.p. 1 − ρ and
tails w.p. ρ is flipped until a head comes up, the number of tails before
then is distributed as X . Thus, one simply generates Bernoulli(p) r.v.’s
with p

def= 1 − ρ until the first 1, and let X be the number of 0’s before
then.

If ρ is close to one, this procedure is slow. An alternative is to use that a
geometric r.v. X has the same distribution as the integer part of an expo-
nential r.v. Y with mean −1/ log ρ. Thus, one may let X def= �logU/ log ρ�
with U uniform(0,1). �

Example 2.14 (normal variance mixtures) Some r.v.’s with a stan-
dard distribution can be simulated as X = SY , where Y is standard normal
and S > 0.

Examples occur in particular in stochastic volatility models in mathe-
matical finance; see XII.5 for examples. �

Example 2.15 (the alias method) Let F be an (n+ 1)-point distribu-
tion on x1, . . . , xn+1 with weight pk for xk. Naive r.v. generation consists in
letting X = xK , where K satisfies p1 + · · ·+pK−1 < U < p1 + · · ·+pK with
U uniform. To avoid the search for K, the alias method consists in repre-
senting F as a mixture of n distributions G1, . . . , Gn with equal weights
1/n, such that G� is a two-point distribution on x1,�, x2,� ∈ {x1, . . . , xn+1}
with weights p1,�, p2,� for each. Given such a representation, one can then
generate two uniforms U1, U2, let M = �U1/n�, and take X = x1,M if
U2 ≤ p1,M , X = x2,M otherwise.

To find G1, . . . , Gn, we start by choosing i such that pi < 1/n; that such
i exists follows since otherwise

∑
pi > 1. Next, we can choose j such that

pi + pj ≥ 1/n, since otherwise one would have pj < 1/n for j 
= i and
therefore

∑
pi < 1/n+ (n− 1)/n ≤ 1. We then let

x1,1
def= xi, x2,1

def= xj , p1,1
def= npi, p2,1

def= 1− npi.

For k 
= i, j we then have pk ≤ 1 − pi − pj < (n − 1)/n. Therefore, if
we define H1 as the n-point measure on {x1, . . . , xn+1} \ {xi} with point
probability n/(n−1)·pk for xk 
= xi, xj and n/(n−1)·(pi+pj−1/n) for xj ,
then H1 is a probability distribution satisfying F = G1/n+ (n− 1)/nH1.
Decomposing H1 in a similar way as 1/(n− 1) ·G2 + (n− 2)/(n− 1) ·H2,
we have F = G1/n+G2/n+ (n− 2)/n ·H2, and repeating the procedure
a further n− 2 times yields the desired decomposition.

Whether the alias method is worthwhile is a trade-off between the setup
time and the number of Xk that need to be generated. The method gener-
alizes in a straightforward way to a mixture F = p1F1 + · · ·+ pnFn (here
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0 < pk < 1, p1 + · · ·+ pn = 1), where it is easy to simulate from each Fi.
�

We stress again that for the average user, optimal efficiency is not nec-
essarily a major concern, and that one may want to use a naive but easily
programmed method rather than invoking more sophisticated methods or
various library packages.

2d Further Uses of Acceptance–Rejection Ideas
Remark 2.16 The A–R method allows some extension beyond the case
in which f(x) is a normalized density. More precisely, one can some-
times deal with the situation in which the target distribution F has
density f(x)/D w.r.t. some reference measure μ but D is unknown. If for
some easily simulated density h(x), one can find an upper bound C on
C∗ def= supx f(x)/h(x), one can then proceed eactly as for ordinary A–R,
simulating r.v.’s Y1, Y2, . . . from h(x) and accepting w.p. f(x)/Ch(x).

The situations with a known f(x) but unknown D are, however, typically
complicated. In fact, they constitute the typical area of problems handled
by Markov chain Monte Carlo (MCMC, see Chapter XIII), and the prob-
lems one encounters there when attempting to apply A–R rather than the
traditional MCMC methods are first of all that it may be difficult to find
a suitable h. Next, even if an h(x) with C∗ <∞ and allowing for easy r.v.
generation can be found, the bound C may be difficult to evaluate and will
typically be far from C∗, making the rejection rate huge. Note that com-
puting C∗ itself is a problem of the same order of difficulty as maximum
likelihood estimation! �

Example 2.17 (ratio of uniforms) As a motivation, note that by (2.4)
the ratio V1/V2 of a random pair with a uniform distribution on the unit
disk has the same distribution as that of the ratio of a pair of standard
normals which (by Box–Muller) is in turn that of tan(2πU), that is, the
Cauchy distribution. The ratio-of-uniforms method replaces the unit disc
by a more general region

Ω def= Ω(f) def=
{
(v1, v2) : 0 < v1 ≤

√
h(v2/v1)

}
,

where h def= cf with f the target density, samples (V1, V2) from the uniform
distribution on Ω, and returns X = V2/V1. To see that this gives X the
desired density, let |Ω| denote the area of Ω. Using the change of variables
(v1, v2) → (x = v2/v1, y = v1), the Jacobian becomes J = v−1

1 = y−1. Thus

|Ω| =
∫∫

Ω

dv1dv2 =
∫

dx
∫ √h(x)

0

y dy =
∫
h(x)/2 dx = c/2 < ∞ ,
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and the density of (X,Y ) is the density |Ω|−1 of (V1, V2) divided by J , so
that the marginal density of X is

|Ω|−1

∫ √h(x)

0

y dy =
h(x)
2|Ω| = f(x) .

In practice, one usually implements the sampling of (V1, V2) by determin-
ing a rectangle R containing Ω, generating uniforms on R, and accepting
when they fall in Ω. Representing R as (0, a)× (b−, b+), a possible choice
is

a =
[
sup {h(x) : x ∈ R}]1/2, (2.5)

b+ =
[
sup

{
x2h(x) : x ≥ 0

}]1/2
,

b− = −[sup
{
x2h(x) : x ≤ 0

}]1/2
(2.6)

(provided the sup’s are finite). Indeed, let (v1, v2) ∈ Ω. Then 0 < v1 ≤ a
is obvious. If v2 > 0, then v2

1 ≤ h(v2/v1) or equivalently v2
2 ≤ x2h(x) ≤ b+

where x = v2/v1. That v2 ≥ b− when v2 ≤ 0 follows similarly.
For a simple but relevant example, consider the standard normal dis-

tribution. We can take h(x) = e−x
2/2 and get a = 1, b+ = b− =

(2/e)1/2, whereas the acceptance condition V1 ≤ √
h(V2/V1) reduces to

V 2
2 ≤ −4V 2

1 logV1, i.e. X2 ≤ −4 logV1. �

Example 2.18 (von neumann, exponential) Let X be standard ex-
ponential and Y exponential conditioned to (0, 1), that is, with density
e−y/(1 − e−1) for 0 < y < 1. Then X can be generated as M + Y , where
M is independent of Y and geometric with P(N = n) = (1 − e−1)e−n.

To generate Y , consider sequential sampling of i.i.d. uniforms until

N
def= inf {n > 1 : U1 > U2 > · · · > Un−1 < Un}

(the time at which the descending order of the Ui is broken). Since
U1 > U2 > · · · > Un−1 > Un corresponds to one of n! orderings, we
have P(N > n) = 1/n!. Similarly, the extra requirement U1 ≤ y imposes
the conditioning Uk ≤ y for all k ≤ n, so that

P(N > n,U1 ≤ y) =
yn

n!
, P(N = n,U1 ≤ y) =

yn−1

(n− 1)!
− yn

n!
, n = 2, 3, . . .

Summing over n = 2, 4, . . . yields P(N is even, U1 ≤ y) = 1 − e−y. Thus
repeating the experiment until an even N comes out, we can take Y as the
U1 in the final (i.e., the first accepted) trial.

The algorithm can be written in a number of variants, e.g., Ripley [300]
pp. 63–64. �

Example 2.19 (squeezing) The target density f(x) may sometimes
be difficult to evaluate, say the expression for f(x) involves nonstandard
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special functions. A–R implemented via the upper bound f(x) ≤ Cg(x)
is then potentially slow because of the repeated evaluations of f(x). The
idea of squeezing is to supplement with an easily evaluated lower bound
h(x) ≤ f(x), which makes it possible to reduce the number of evalua-
tions of f(x). Then one first tests U ≤ h(Y ) and then accepts, so that the
test U ≤ f(Y )/Cg(Y ) needs to be performed only when U > h(Y ). See
Figure 2.4 for an illustration.

f(x)

Cg(x)

h(x)

FIGURE 2.4

�

2e Transform-Based Methods
In some cases, the density f(x) or the c.d.f. F (x) of a distribution F (dx)
may not be available in explicit form, whereas the transform F̂ [s] =∫

esx F (dx) is. In others, f(x) or F (x) may be in principle computable,
but is much more complicated than F̂ [s]. One may therefore ask whether
one can generate r.v.’s from F using F̂ [s] only. We just give a few basic
remarks on this problem and refer to Devroye [88] for more detail.

For the following, note that ψ(s) def= F̂ [is] viewed as function of a real
variable s is the characteristic function of F .

Example 2.20 If ψ(s) is Lebesgue integrable, the Fourier inversion
formula states that

f(x) =
1
2π

∫ ∞

−∞
ψ(s)e−isx ds . (2.7)

A simple approximate procedure is therefore the following:

1. evaluate f(xi), i = 1, . . . , n from (2.7) for a finite set of selected points
x1 < · · · < xn;

2. as approximation to F , consider the discrete distribution F̃ with point
mass pi

def= f(xi)/
(
f(x1) + · · ·+ f(xn)

)
at xi;
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3. sample the desired r.v.’s from F̃ . �

Example 2.21 (FFT) The method of Example 2.20 is particularly ef-
ficient when implemented via the FFT (fast Fourier transform; cf. A3)
because of the speed of the FFT. For this, one needs to choose the support
of F̃ as

{x1, x2 = x1 + ε, x3 = x1 + 2ε, . . . , xn = x1 + (n− 1)ε} .
The discrete Fourier transform of the corresponding (a priori unknown)
approximate weights p1, p2, . . . , pn is then p̂ = Fp/n, where F is the
finite Fourier matrix of order n and p def= (p1 . . . pn)T. Element by element,

p̂r =
1
n

n∑

s=1

psw
rs =

1
n

n∑

s=1

ps exp
{2πir

n

(
1 + (xs − x1)/ε

)}

=
1
n

exp
{2πir

n
(1− x1/ε)

} n∑

s=1

ps exp
{2πir
nε

xs

}
,

where w def= e2πi/n and we solved xs = x1 + (s − 1)ε for s in the second
step. Here we can approximate the last expression by

q̂r
def=

1
n

exp
{2πir

n
(1 − x1/ε)

}
ψ
(
2πr/nε

)
.

This suggests that a good choice of p is the inverse transform F q̂, where
q̂

def= (q̂1 . . . q̂n)T. However, this choice does not guarantee F q̂ to be a
probability distribution, so that one needs the modification

p∗i
def=
∣
∣(F q̂

)
i

∣
∣ , pi

def=
p∗i

p∗1 + · · ·+ p∗n
.

Sampling of X̃ is then straightforward, since we are just dealing with a
finite discrete distribution.

There are several variants of the algorithm, e.g., to return the continuous
r.v. X̃ + ε(U − 1/2) instead of X̃. �

Example 2.22 For a more sophisticated method, assume that F has a
second moment, i.e., that ψ′′ is integrable. Integration by parts and using
(2.7) then yields

f(x) =
1

2πix

∫ ∞

−∞
ψ′(s)e−isx ds = − 1

2πix2

∫ ∞

−∞
ψ′′(s)e−isx ds .

Thus, in the tail f(x) is of order at most O(x−2), which suggests to use a
proposal g(x) proportional to c ∧ kx−2 for suitable c, k.

As setup, the algorithm computes

c
def=

1
2π

∫ ∞

−∞

∣
∣ψ(s)

∣
∣ ds , k

def=
1
2π

∫ ∞

−∞

∣
∣ψ′′(s)

∣
∣ ds .
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We then let g(x) def=
(
c ∧ kx−2

)
/A, where A def= 4

√
kc. Simulation of an

r.v. Y from g(·) is easy, since g(·) is a mixture of a uniform distribution
on (−b, b) (where b def=

√
k/c) and a shifted Pareto with α = 1 equipped

with a random sign, with weight 1/2 for each. The algorithm then accepts
Y w.p. g(Y )/Af(Y ), where f(Y ) has to be calculated by (2.7). �

Exercises

2.1 (A−)2 Write a routine for generation of a Weibull r.v. X with tail P(X >

x) = e−xβ

, x > 0, by inversion. Check the routine via a histogram of simulated
values plotted against the theoretical density, say for β = 1/2.
2.2 (TP) In the uniform(0,1) distribution, derive the relevant formulas for
generating max(U1, . . . , Un) and min(U1, . . . , Un) by inversion.
2.3 (TP) Show that F← is left-continuous. Is the distinction between right or
left continuity important for r.v. generation by inversion?
2.4 (TP) Let f be a density and S(f) = {(v, x) : 0 ≤ v ≤ f(x)}. Show that if
a bivariate r.v. (V, X) has a uniform distribution on S(f), then the marginal
distribution of X has density f . More generally, show that the same is true
if S(f, c) = {(v, x) : 0 ≤ v ≤ cf(x)} and (V, X) has a uniform distribution on
S(f, c).
2.5 (TP) Verify the claims of Remark 2.4.
2.6 (TP) Verify the claim concerning the distribution of W in Example 2.12.
2.7 (TP) As a fast but approximate method for generating a r.v. X from N (0, 1),
it has been suggested to use a normalized sum of n uniforms, X

def
= (Sn−an)/bn,

where Sn
def
= U1 + · · · + Un. Find an, bn such that X has the correct two first

moments. What are the particular features of the common choice n = 12?
2.8 (TP) Assume that the density of X can be written as f(x) = cg(x)H(x),
where g(x) is the density of an r.v. Y and H(x) = P(Z > x) the tail of an r.v. Z.
Show that X can be generated by sampling Y, Z independent and rejecting until
Y ≤ Z.
2.9 (A) Produce 100,000 standard normal r.v.’s using each of the following meth-
ods: (a) inversion using the approximation (2.2), (b) Box–Muller, (c) Marsaglia
polar, (d) A–R as in Example 2.7, (e) ratio-of-uniforms and (as comparison) (f)
a routine of a standard package, say Matlab. The desired results are the CPU
time needed for each of the methods.
Note that the results of course depend not only on hardware and software, but
also on implementation issues such as the efficiency of the r.v. generation scheme
for the exponential r.v.’s in (d).
2.10 (A) Write a routine for generation of an inverse Gaussian r.v. X with
density (A1.2) by A–R when ξ = c = 1. Check the routine via confidence intervals
for EX, EX2, and (a little harder!) Var X, using the known formulas EX = c/ξ,
Var X = c/ξ3.

2The − indicates a somewhat lower degree of difficulty that the typical other
assignments.
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3 Multivariate Random Variables

3a Multivariate Normals
A multivariate normal r.v. X = Xμ,Σ ∈ R

p is given by its mean vector μ
and its covariance matrix Σ. SinceXμ,Σ can be generated just as μ+X0,Σ,
we assume μ = 0 in the following and write X def= XΣ.

The case p = 2 is simple. We can write

Σ =
(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
,

where ρ = Corr(X1, X2), take Y1, Y2, Y3 independent N (0, 1), and let

X1 = σ1

(√
1− |ρ|Y1 +

√
|ρ|Y3

)
, X2 = σ2

(√
1− |ρ|Y2 ±

√
|ρ|Y3

)
,

where + is for ρ ≥ 0, − for ρ ≤ 0. The case p > 2 can in the same way be
reduced to the i.i.d. case Σ = I if we can find a square root of Σ, that is, a
matrix C satisfying Σ = CCT, since we can then generate XΣ as CXI .
Component by component,

Xi =
p∑

k=1

cikYk, i = 1, . . . , p, (3.1)

where Y1, . . . , Yp are i.i.d. N (0, 1) r.v.’s.
An obvious candidate for C is Σ1/2, the nonnegative definite (sym-

metric) square root of Σ. This can be found from a diagonal form
Σ = B(λi)diagB

T with B orthogonal by letting Σ1/2 def= B(λ1/2
i )diagB

T.
Computationally, the following procedure is most often simpler:

Example 3.1 (Cholesky factorization) This is an algorithm for writ-
ing a given symmetric p×p matrix Σ = (Σij)i,j=1,...,p as Σ = CCT, where
C = (cij)i,j=1,...,p is (square) lower triangular (cij = 0 for j > i). In the
present simulation context, it works as follows. Suppose that we have al-
ready expressed the first p− 1 components X1, . . . , Xp−1 of X as a lower
triangular combination

X1 = c11Y1, X2 = c21Y1 + c22Y2, . . . ,

Xp−1 = c(p−1)1Y1 + · · ·+ c(p−1)(p−1)Yp−1 ,

of i.i.d. N (0, 1) r.v.’s. To generate the cpj for whichXp =
∑p

1 cpjYj , observe
that for 1 ≤ i ≤ p,

Σpi = Cov(Xp, Xi) = Cov

( p∑

j=1

cpjYj ,

i∑

k=1

cpkYk

)
=

i∑

k=1

cpkcik,



50 Chapter II. Generating Random Objects

leading to a system of p linear equations in cp1, . . . , cpp. This has recursive
solution

cpj =
1
cjj

(
Σpj −

j−1∑

k=1

cpkcjk

)
, j < p, c2pp = Σpp −

p−1∑

k=1

c2pk . (3.2)

We return to Cholesky factorization in connection with Gaussian
processes in XI.2. �

A number of special structures of particular interest allow for direct
methods:

Example 3.2 (symmetric positive correlations) This corresponds
to Σii = σ2, Σij = ρσ2 with ρ ∈ (0, 1]. We can take

Xk = σρ1/2Z + σ(1− ρ)1/2Yk, k = 1, . . . , p,

where Z, Y1, . . . , Yp are i.i.d. standard normals. �

Example 3.3 (symmetric negative correlations) This is like Exam-
ple 3.2 except that now ρ < 0. Not all values ρ < 0 are, however, possible:
for positive semidefiniteness, it is needed that ρ ≥ −1/(p− 1). Assuming
w.l.o.g. that σ2 = 1, we can take

Xk = bYk − a
∑

�∈{1,...,p}\{k}
Y�, k = 1, . . . , p,

where Y1, . . . , Yp are i.i.d. standard normals and

(p− 1)a2 + b2 = 1 , (p− 2)a2 − 2ab = ρ .

In particular, the maximal attainable negative correlation is obtained by
letting Xk

def= (1− 1/n)−1/2εk, where Y def= (Y1 + · · ·+ Yp)/p is the sample
mean and εk

def= Yk − Y the residual. �

Example 3.4 Often, it may be reasonable to assume that Cov(Xk, X�)
depends only on �− k. That is,

Σ = σ2

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1 ρ1 ρ2 . . . ρp−2 ρp−1

1 ρ2 . . . ρp−3 ρp−2

. . .
...

1 ρ1

1

⎞

⎟
⎟
⎟
⎟
⎟
⎠
,

where ρ� = Corr(Xk, Xk+�). A multivariate normal r.v. with such a covari-
ance matrix is in particular obtained by sampling p consecutive values in a
stationary Gaussian process, for which there are many specific candidates
around, see Chapter XI. �

Example 3.5 (moving averages) In Example 3.4, one will in many
cases have a decreasing tendency of the ρ�. To obtain a particular desired
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pattern, one may for example consider an MA(q) (moving average of order
q) process where ρ� = 0 for � > q, leading to

Xk = a1Yk + a2Yk+1 + · · ·+ aqYk+q−1 ,

where Y1, Y2, . . . are i.i.d. standard normals, and play around with the
equations

1 = a2
1 + a2

2 + · · ·+ a2
q,

ρ1 = a1a2 + a2a3 + · · ·+ aq−1aq,

ρ2 = a1a3 + a2a4 + · · ·+ aq−2aq,

...
ρq = a1aq.

�

3b Other Parametric Multivariate Distributions
The area of multivariate distributions is extremely rich in examples; see
Johnson & Kotz [202] and (for simulation aspects) also Johnson [201]. For
example, there is an abundance of multivariate distributions with stan-
dard exponential marginals. We therefore constrain ourselves to a few basic
examples. The first two deal with distributions on R

p with all marginal
distributions equal to a given distribution F on the line and dependent
components; the next three allow the marginals to vary in a parametric
class.

Example 3.6 (multivariate t) This is defined as the distribution of
( Y1√

W
, . . . ,

Yp√
W

)
,

where Y1, Y2, . . . are i.i.d. standard normals, and W an independent χ2
f/f

r.v. (f = degrees of freedom). A generalization is to take Y def= (Y1 . . . Yp)T

multivariate normal (0,Σ). �

Example 3.7 (multivariate Laplace) This is defined as the distribu-
tion of

(√
WY1, . . . ,

√
WYp

)
, where Y1, Y2, . . . are i.i.d. standard normals,

andW an independent standard exponential r.v. For a financial application,
see Huang & Shahabuddin [187]. �

Example 3.8 (Dirichlet distribution) This distribution has parame-
ters a1, . . . , ap and is defined as the distribution of

(Y1

S
, . . . ,

Yp
S

)
,
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where Y1, . . . , Yp are independent and Gamma(a1, 1), . . . ,Gamma(ap, 1)

and S
def= Y1 + · · · + Yp. The kth marginal is Beta(ak, a), where a

def=
a1 + · · ·+ ap. �

Example 3.9 (multinomial distribution) This is the distribution of
the counts

(
X1, . . . , Xk

)
of N = X1 + · · · + Xk objects classified into k

categories, with probability say pj for the jth. A naive method is to go
through the objects one by one and classify an object by sampling j w.p.
pj . A more efficient method (assuming that fast generation of binomial
(M,p) variables is available also for large M) is to generate first X1 as
binomial(N, p1), next X2 as binomial

(
N −X1, p2/(1− p1)

)
, and so on.

The algorithm uses sampling from the marginal distribution of X1 and
the conditional distributions of Xi given X1, . . . , Xi−1. This can in princi-
ple be used for any multivariate distribution, but the problem is that the
conditional distributions seldom have an attractive form. �

Example 3.10 The Marshall–Olkin bivariate exponential distribution is
defined as the distribution of (X1, X2), whereX1

def= T1∧T12,X2
def= T2∧T12

with T1, T2, T12 independent exponentials with rates λ1, λ2, λ12. We can
think of Xi as the lifetime of an item which may potentially fail at a time
Ti specific to the item and a time T12 common for both items, such that
the actual failure occurs at the first of these potential failure times. The
marginals are exponential with rates λ1 + λ12, respectively λ2 + λ12. �

Example 3.11 A completely different type of multivariate distributions
is that of uniform distributions on a region Ω. The simplest algorithm is
to find (if possible) a box (a1, b1) × · · · × (ap, bp) containing Ω, generate
consecutive uniforms on the box in the obvious way from p uniform(0, 1)
r.v.’s, and accept the first in Ω.

A case not covered by this is |Ω| = 0 (Lebesgue measure). The particular
case in which Ω is the unit sphere

{
x : x1 + · · ·+ x2

p = 1
}

in R
p is partic-

ularly important and easy: X can be generated as
(
Y1/

√
R, . . . , Yp/

√
R
)
,

where Y1, . . . , Yp are i.i.d. standard normal and R def= Y 2
1 + · · ·+ Y 2

p . �

3c Copulas
Whereas there is basically one and only one standard way to extend the nor-
mal distribution to multidimensions, that is not the case for other standard
distributions. In a few cases (such as the exponential) there is a variety of
suggestions around, but usually no clear picture of which one is the natural
one.

However, in most cases it is hard to come up with even just one. Copulas
then provide a possible approach, not least in examples in which one has
a rather well-defined idea of the marginals but a rather vague one of the
dependence structure.
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A copula is defined as the distribution of a random vector U def=
(U1 . . . Up)T, where each Ui has a marginal distribution that is uniform(0, 1)

but the Ui may be dependent. For a general random vector Y def=
(Y1 . . . Yp)T with a continuous marginal distribution, say Fi, of Yi, the
copula of Y is defined as the distribution of

(
F1(Y1) . . . Fp(Yp)

)T. Some
simple basic examples are comonotonicity (the completely positively depen-
dent copula), where U1 = · · · = Up; the completely negatively dependent
copula for p = 2 where U1 = 1−U2; Gaussian copulas corresponding to Y
being multivariate normal, and multivariate t copulas.

In simulation, copulas are useful for generating multivariate dependent
r.v.’s outside of standard situations such as the multivariate Gaussian.
Say we want X1, . . . , Xp to be dependent standard exponential. Then one
can, for example, generate X1, . . . , Xp according to a Gaussian copula,
meaning that we take Y = (Y1 . . . Yp)T to be N (0,Σ), so that Ui

def=
Φ
(
Yi/(Var Yi)1/2

)
is uniform(0, 1) and we can take Xi = − log(1 − Ui).

Hence, the procedure is a way to export the Gaussian (or other) dependence
structure to exponential marginals. In more general terms, one can describe
copulas as a general tool to model dependence of whatever kind and to sep-
arate the dependence structure from the marginal distributions. Moreover,
they help one to understand the deficiencies of quantifying dependence via
correlation and suggest how to overcome the problem.

Copulas are nonstructural models in the sense that there is a lack of
classes that on the one hand are characterized by a finite number of pa-
rameters so that statistical estimation is feasible, and on the other are
flexible enough to describe a broad range of dependence structure. The
way they are used is therefore most often as scenarios: for given marginals,
experiment with different copulas and see how sensitive the quantity of in-
terest is to the particular choice of copula. This approach is today widely
used in areas such as multivariate loss distributions (loss from different
lines of business), credit risk where losses from different debtors are highly
dependent, market risk (multivariate asset returns), and risk aggregration
where one combines market risk, credit risk, operational risk, etc. See in
particular McNeil et al. [252]. Note, however, that copulas bring nothing
more than a formalism for modeling dependence so that, as Mikosch [258]
points out, the intense current interest in the concept may be somewhat
overenthusiastic.

The example of exponential r.v.’s with a multivariate Gaussian copula
explain the general procedure for simulation: first one generatesU ∈ (0, 1)p

with the desired copula, and next one transforms the components of U with
the respective inverse c.d.f.’s. Since inversion has been treated separately,
we therefore concentrate on the first step, the generation of U outside
settings such as the multivariate Gaussian or the multivariate t copula,
where the problem is straightforward.
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In the following, we take p = 2 for simplicity and write C(u1, u2)
def=

P(U1 ≤ u1, U2 ≤ u2). If C is absolutely continuous on (0, 1)2, the
corresponding density is

c(u1, u2)
def=

∂2

∂u1∂u2
C(u1, u2) .

A further relevant concept is the tail copula, which in terms of (U1, U2) is
defined as the copula of (1− U1, 1− U2).

In situations in which c(u1, u2) is explicitly available in closed form,
direct simulation may be feasible. Say that c(u1, u2) ≤ K, where (nec-
essarily) K ≥ 1. Then we can simulate Y from the independence copula
(that is, the components are i.i.d. uniforms) and use acceptance–rejection
with acceptance probability c(u1, u2)/K. If C(u2 |u1) is explicitly avail-
able, we may first simulate U1 as uniform(0,1) and next U2 as C←(U2 |u1),
where u1 = U1. In examples this procedure is, however, most often tedious,
especially when p > 2.

In specific examples, different and more direct methods may be available.
We next go through some of the more important copulas in the literature,
from the point of view of both introducing these examples and to present
simulation algorithms when available:

Example 3.12 (the farlie–gumbel–morgenstern copula) This cor-
responds to

C(u1, u2) = u1u2

(
1 + ε(1− u1)(1 − u2)

)

with ε ∈ [−1, 1]. The generation of an r.v. from this copula can be per-
formed by drawing V1, V2 as uniform(0,1) and letting U1

def= V1, U2
def=

2V2(a+ b), where a def= 1+ ε(1− 2V1), b
def=
(
a2− 4(a− 1)V2

)1/2; see [201].
�

Example 3.13 (Archimedean copulas) Such a copula is specified in
terms of a generator, that is, a function φ : [0, 1] → [0,∞] that is C2 on
(0, 1) with φ(1) = 0 and φ′(u) < 0, φ′′(u) > 0 for all u ∈ (0, 1). The
bivariate c.d.f. of the copula is

P(U1 ≤ u1, U2 ≤ u2) =

{
φ−1

(
φ(u1) + φ(u2)

)
if φ(u1) + φ(u2) ≤ φ(0),

0 otherwise.

Some principal examples are the Clayton copula, where φ(u) = u−α− 1 for
some α > 0; the Frank copula, where

φ(u) = − log
eαu − 1
eα − 1

for some α ∈ R; and the Gumbel–Hougaard copula, where φ(u) = [− log u]α

for some α ≥ 1.
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The generation of an r.v. from an Archimedean copula can be performed
by drawing V1, V2 as uniform(0,1) and letting

U1
def= φ−1

(
U1φ(w)

)
, U2

def= φ−1
(
(1− U1)φ(w)

)
,

where w def= K−1(U2) with K(t) def= t− φ(t)/φ′(t); see [271] p. 134. �

Example 3.14 (frailty copulas) The idea is to create dependence via
an unobservable r.v. Z. Taking U1, U2 to be conditionally independent given
Z with

P
(
U1 ≤ u1 |Z = z

)
= uz1, P

(
U2 ≤ u2 |Z = z

)
= uz2,

the bivariate c.d.f. of the copula becomes

P(U1 ≤ u1, U2 ≤ u2) = E
[
u1u2]Z = Ẑ

[
log u1 + log u2

]
,

where Ẑ[s] = EesZ is the m.g.f. of Z. The Clayton copula is an example,
see Exercise 3.4, and a frailty copula is Archimedean; see Exercise 3.6. �

In some examples, one may even design one’s own copula with a specific
application in mind. Suppose, for example, that one is interested in bivari-
ate tail dependence, that is, r.v.’s X1, X2 that are roughly independent at
small values but strongly positively dependent at high. A relevant copula
is then, for example, the one generated by an r.v. (X1, X2) that is uniform
on the region in Figure 3.1.

FIGURE 3.1

Example 3.15 A common way to illustrate the dependence structure of
a bivariate copula is via a scatter-plot, that is, a plot of R simulated values
(necessarily (0, 1)2-valued).

Six such scatter-plots with R = 1,000 are given in Figure 3.2. In lex-
icographic order, the first is from the independence copula (the uniform
distribution on (0, 1)2), the second from a Gaussian copula with correla-
tion 0.6, the third from a t copula with f = 1 and ρ = 0, the fourth from
a t copula with f = 1 and ρ = 0.6, the fifth from the Marshall–Olkin ex-
ponential copula (cf. Example 3.10) with λ1 = 1, λ2 = 3, λ12 = 5, and the
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FIGURE 3.2

sixth from the Clayton copula with α = 1. A huge number of scatter-plots
for further copulas is given in Nelsen [271].

The singular component of the Marshall–Olkin copula of course cor-
responds to the case X1 = X2, which arises if T12 < T1 ∧ T2.
�

Nelsen [271] is a standard general text on copulas and also touches upon
some simulation aspects. See also Joe [200], Johnson [201], and McNeil et
al. [252].

3d Tail Dependence
In the area of multivariate modeling, there is an abundance of concepts
qualifying or quantifying dependence. We will not go into detail, since such
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discussion is a question of modeling rather than of simulation, but just give
a few remarks on the bivariate case of a random vector (X1, X2) ∈ R

2 with
joint c.d.f. F (x1, x2)

def= P(X1 ≤ x1, X2 ≤ x2) with marginals F1(x1)
def=

F (x1,∞) = P(X1 ≤ x1) and similarly for F2.
Intuitively, one feels that given F1, F2, maximal positive dependence

means that F (x1, x2) is as large as possible for all x1, x2, and minimal
positive dependence that F (x1, x2) is as small as possible. A way of mak-
ing this precise is to look for joint c.d.f.’s F such that the upper and lower
Fréchet–Hoeffding bounds

[
F1(x1) + F2(x2)− 1

]+ ≤ F (x1, x2) ≤ F1(x1) ∧ F2(x2) (3.3)

are attained. Define a set S ⊆ R
2 to be increasing if (x1, x2), (y1, y2) ∈ S

and x1 < y1 implies x2 ≤ y2, and decreasing if (x1, x2), (y1, y2) ∈ S and
x1 < y1 implies x2 ≥ y2.

Proposition 3.16 A random vector (X1, X2) ∈ R
2 attains the upper

Fréchet–Hoeffding bound if and only if its support is an increasing set.
Similarly, the lower Fréchet–Hoeffding bound is attained if and only if the
support is a decreasing set.

An obvious example of an increasing (decreasing) set is the graph of a
nondecreasing (nonincreasing) function f : R → R. In particular, taking
f(x) def= ±x, we obtain the following corollary:

Corollary 3.17 In the case of identical marginals, F1 = F2, the up-
per Fréchet–Hoeffding bound is attained for the comonotonic copula
X1 = X2 a.s., and the lower Fréchet–Hoeffding bound is attained for
the countermonotonic copula X1 = F←(U), X2 = F←(1 − U) with U
uniform(0, 1).

A further relevant concept is positive quadrant dependence, meaning
F (x1, x2) ≥ F1(x1)F2(x2) for all x1, x2, which is easily seen to be equiva-
lent to P(X1 > x1, X2 > x2) ≥ P(X1 > x1)P(X2 > x2). Somewhat related
to this is the (upper) tail dependence coefficient

λ
def= lim

t↑1
P
(
F1(X1) > t

∣∣F2(X2) > t
)

= 2 − lim
t↑1

1− C(t, t)
1− t

,

where C is the copula of (X1, X2). Note that the independence copula
has λ = 0 and the comonotonic copula λ = 1. However, measuring tail
dependence only via λ is somewhat rough. For example, if (X1, X2) are
jointly Gaussian with correlation ρ and N (0, 1) marginals, then λ = 0 but
E
[
X1

∣
∣X2 = x

]
= ρx goes to ∞ as x→∞.

Exercises

3.1 (TP) Let X1, . . . , Xp be continuous r.v.’s and h1, . . . , hp strictly increas-
ing functions. Show that X1, . . . , Xp and h1(X1), . . . , hp(Xp) generate the same
copula.
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3.2 (TP) Show that the tail copula of the Marshall–Olkin bivariate expo-
nential distribution is given by C(u1, u2) = (u1−α1

1 u2) ∧ (u1u
1−α2
2 ), where

αi = λ12/(λi + λ12).
3.3 (TP) Show that the Morgenstern copula depends only on ε but not F1, F2.
3.4 (TP) Show that the frailty copula with Z having the Gamma density
z1/α−1e−z/Γ(1/α) reduces to the Clayton copula.
3.5 (TP) Show that the Clayton copula approaches comonotonicity as α →
∞ and independence as α → 0. Show more generally that the dependence is
increasing in α in the sense that the c.d.f. is nondecreasing in α.
3.6 (TP) Show that a frailty copula is Archimedean with generator given by
φ−1 = Ẑ.
3.7 (A) Your assignment is to use copulas to illustrate how robust a certain
simple statistical test is to deviations from independence. Let X1, . . . , Xn be
i.i.d. Bernoulli(θ) r.v.’s and let N

def
= X1 + · · ·+Xn. If n is large, we can then test

the hypothesis θ = 1/2 via the normal approximation, so that the acceptance
region at the 5% level is

A
def
=

{∣∣
∣
N − n/2
√

n/4

∣
∣
∣ ≤ 1.96

}
.

Then P1/2(A
c) is (approximately) 5% and the power of the test at θ 
= 1/2 is

Pθ(A
c).

You can, for example, do as follows (there are many other ways!). Generate
X1, . . . , X100 with Bernoulli(θ) marginals, but having dependence corresponding
to a Gaussian copula with weak dependence, say (Y1, . . . , Y100) is a stationary
autoregressive process Yi+1 = βYi + εi, where ε1, . . . , ε99 are i.i.d. N

(
0, σ2

)
,

σ2 def
= 1−β2, and Y1 is generated as N (0, 1). Then Var Yi = 1 and the covariance

function is ρk = Cov(Yi, Yi+k) = βk. Thus, taking β small and positive means
weak positive dependence, and taking β small and negative means weak negative
dependence. As measure of dependence, use τ 2 = VarN/25 (then τ 2 = 1 cor-
responds to independence). For a given value of β, simulate X1, . . . , X100 with
θ = 1/2, observe whether the test accepts or rejects, and repeat 500 times to
get an estimate of the level P1/2,τ2(A ). Repeat for different β to plot P1/2,τ2(A)

as function of τ 2 (evaluate τ 2 from the simulated values!). Similarly, for a given
alternative like θ = 1/3 plot the power Pθ,τ2(Ac) as function of τ 2.
3.8 (A) A portfolio has 10 assets of current values

(
x1 x2 . . . x10

)
=
(
5 2 10 8 8 3 15 4 1 2

)
.

The value of the holdings of asset i next week is xie
Yi , where Y1, . . . , Y10 are

(possibly dependent) r.v.’s. Thus, the loss is

L
def
=

10∑

i=1

xi(1− eYi),

and the VaR (value at risk) is the 99% quantile in the distribution of L.
There is good statistical evidence that the marginal distributions of the Yi are
normal with mean zero (as is often the case for a short time horizon) and
volatilities

4 7 1 5 3 5 2 6 4 4
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(in %), respectively (thus, for example, Y2 ∼ N (0, 0049)). However, the depen-
dence structure is less well understood. Your assignment is to estimate the VaR
for the given normal marginals and the following six dependence structures: the
three N10(0, Σ) distributions where Σ corresponds to symmetric correlation 0,
0.3, 0.6, and the three Student t10(Σ, f) copulas with the same Σ’s and f = 1.
Note that the c.d.f. of the t-distribution with f = 1 is 1/2 + arctan(x)/π. The α-
quantile of an r.v. L is estimated by simulating R replications L1, . . . , LR, forming
the order statistics L(1) < · · · < LR), and using the estimate L(α(R+1)) (thus, it
is convenient to choose R such that α(R + 1) is an integer); see further III.4a.
3.9 (TP) Show that the bivariate Gaussian copula is tail-independent (λ = 0),
but the bivariate t copula is not.

4 Simple Stochastic Processes

Example 4.1 (Markov chains and recursions) Presumably the
simplest process with dependence one could think of would be a (time-
homogeneous) Markov chain {Xn}n∈N

with a finite or countable state space
E, and presumably the first algorithm for generating a sample path by
simulation one could think of would be based on the transition probabil-
ities pij = P

(
Xn+1 = j

∣
∣Xn = i

)
. That is, one would simply generate

Xn+1 from Xn = i by generating an E-valued r.v. from the distribution
pi·

def= (pij)j∈E with point probabilities pij by one of the parametric or
nonparametric approaches surveyed in Section 2.

This is of course the path to follow if the primitives of the Markov chain
{Xn} are indeed the transition probabilities. However, most often the nat-
ural way to specify the time evolution of {Xn} has a different form, as
a recursion. This would then provide a natural simulation procedure that
does not invoke the pij , and further, often would not be restricted to a
discrete E. We have already seen one example of such a recursion, the
Lindley recursion I.(1.1) for the waiting times of the GI/G/1 queue. An-
other example is an autoregressive process Xn+1 = aXn + εn with the εn
i.i.d., or ARMA processes as discussed briefly in XI.1b.3 A generalization
of autoregressive processes in a different direction is the GARCH model4

Xn = σnZn, σ2
n = α0 + α1X

2
n−1 + βσ2

n−1 (4.1)

with the Zk i.i.d. The typical case in which the Zk are standard normal
has been designed to model mean-zero normals Xn with a variance σ2

n that
fluctuates in a non-i.i.d. way, say stochastic volatility models in mathemat-
ical finance. The Markov chain in question is

{
σ2
n, Xn

}
with state space

(0,∞)× R.

3the ARMA(p, q) process is not itself Markov but can in a standard way be
represented as a function of a higher-dimensional Markov chain.

4Generalized Autoregressive Conditionally Heteroscedatisc.



60 Chapter II. Generating Random Objects

For autoregressive, ARMA, and GARCH processes, the expression for the
transition kernel is so complicated compared to the recursion that simula-
tion via the recursion is obviously the natural approach. The same remark
applies to a huge number of other Markov chains and is in our view often
overlooked. That is, we feel that the discussion in the literature on the sim-
ulation of Markov chains often is biased toward the transition probability
approach.

At the formal level, any Markov chain satisfying weak regularity con-
ditions can be represented via a recursion Xn+1 = ϕ(Xn, εn) for some
deterministic function ϕ and some innovation sequence {εn}. Somewhat
surprisingly, one can even take the εn as i.i.d. uniform(0, 1). For exam-
ple, if the state space is R, one can define Fx(y)

def= Px(X1 ≤ y) and
ϕ(x, u) def= F←x (u). But certainly this representation is rarely the most
natural one! �

Example 4.2 (inhomogeneous poisson processes) The epochs σn of
a standard Poisson process {N(t)} with rate β are easily generated by
noting that the interarrival times Tn = σn − σn−1 can be generated as
i.i.d. exponential(β). However, in many situations it would be reasonable
to assume that a given point process {N∗(t)} is Poisson, but with a rate β(t)
depending on time. Assuming β(t) ≤ β for some constant β <∞, {N∗(t)}
can then be constructed by thinning {N(t)} with retention probability
β(t)/β at time t. That is, an epoch σn of {N(t)} is accepted (retained) as
an epoch σ∗m of {N∗t } w.p. β(σn)/β. Algorithmically:

1. Let n←− 0, n∗ ←− 0, σ ←− 0, σ∗ ←− 0.

2. Generate T as exponential with rate β;
let σ ←− σ + T , n←− n+ 1.

3. Generate U as uniform(0,1);
if U ≤ β(σ)/β, let n∗ ←− n∗ + 1, σ∗ ←− σ.

4. Return to 2.

That this produces the correct intensity β(t) for {N∗t } follows from

β∗(t) dt def= P
(
σ∗m ∈ [t, t+ dt] for some m = 0, 1, . . .

)

= P
(
σn ∈ [t, t+ dt] for some n = 0, 1 . . .

) · β(t)
β

= β dt · β(t)
β

= β(t) dt.

For nonbounded β(·), the procedure is easily modified by choosing
different dominating β’s on diferent intervals.

An alternative procedure, which may or may not be feasible depending
on whether B(t) def=

∫ t
0 β(s) ds and B−1(x) can be found in closed form, is
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to construct the first interarrival time T1 as B−1(X1), where X1 is standard
exponential; that this gives the correct distribution follows from

P(T1 > t) = P
(
X1 > B(t)

)
= e−B(t) .

The second interarrival time T1 is then constructed from a second exponen-
tial r.v. as the solution of B(T2)− B(T1) = X2, i.e., T2 = B−1(X1 +X2),
and so on.

The simulation of T1 in an inhomogeneous Poisson process is also rele-
vant in r.v. generation, where the interpretation of β(t) is then the failure
(hazard) rate at t. �

Example 4.3 (Markov processes) Let {J(t)}t≥0 be a Markov process
with a finite state space E and intensity matrix Λ = (λij)i,j∈E . One can
simulate {J(t)} at transition epochs by noting that the holding time of
state i is exponential with rate λi

def= −λii, and that the next state j is
chosen w.p. λij/λi:

1. Let t←− 0, J ←− i0.

2. Let i←− J ;
generate T as exponential with rate λi and K with P(K = j) =
λij/λi, j 
= i.

3. Let t←− t+ T , J ← K and return to 2.

�

Example 4.4 (Uniformization of Markov processes) In Exam-
ple 4.3, the rate λi of an event being created depends on the current state
i = J(t). The uniformization algorithm creates instead events at a uniform
rate η. A transition from i to j 
= i then occurs w.p. λij/η (thus, η should
satisfy η ≥ maxi∈E λi) when the current state is i = J(t); if η > λi, this
leaves the possibility of a dummy transition i→ i (t is rejected as transition
epoch). Algorithmically:

1. Let t←− 0, J ←− i0.

2. Let i←− J ;
generate T as exponential with rate η and K with P(K = j) = λij/η,
j 
= i, and P(K = i) = λi/η.

3. Let t←− t+ T , J ← K and return to 2.

The algorithm makes the event times a homogeneous Poisson process with
rate η, and the successive values of J a Markov chain with transition matrix
I + Λ/η.

The method applies also to the countable case, provided supi∈E λi <∞.
It is frequently promoted in the literature, but the efficiency gain compared
to the more naive procedure in Example 4.3 is not clear to us. �
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Example 4.5 (Markov-modulated Poisson processes) Consider a
Markov-modulated Poisson process with arrival rate βi when J(t) = i (here
{J(t)} is Markov with transition rates λij as in Example 4.3). The intensity
of an event (a transition i→ j or a Poisson arrival) is λi+βi when J(t) = i.
Thus, choosing η ≥ maxi∈E(λi + βi) and letting Δ be some point 
∈ E
(marking an arrival), we may generate the arrival epochs σ as follows:

1. Let t←− 0, J ←− i0, σ ←− 0.

2. Let i←− J ;
generate T as exponential with rate η and K with

P(K = j) =

⎧
⎨

⎩

βi/η j = Δ,
λij/η j ∈ E, j 
= i,
(η − λi − βi)/η j = i.

Let t←− t+ T .

3. If K = Δ, let σ ←− t;
otherwise, let J ←− K and return to 2.

�

Exercises

4.1 (A) The Gompertz–Makeham distribution is given by its hazard rate β(t) =
a+bect and is widely used as lifetime distribution in life insurance. Write a routine
generating an r.v. X having the distribution of the death time of a person of age
45, using the parameters a = 5 · 10−4, b = 7.5858 · 10−5, c = log(1.09144) from
the so-called G82 base widely employed by Danish insurance companies (the time
unit is years). Use the routine to compare the risks, as measured by the s.c.v.
EY 2/(EY )2 − 1, of the present values Y1, Y2 of the benefits to be paid by the
company from (1) a life annuity paying a at a constant rate in [65, X] and (2) a
life insurance paying b at X, i.e.,

Y1 =

∫ X

65

ae−rt dt =
a

r

[
e−65r − e−rX

]
X>65, Y1 = be−rX ,

where r is the interest rate taken to be r = 5%.

5 Further Selected Random Objects

5a Order Statistics
The aim is to generate the order statistics X(1) < · · · < X(n) or a subset,
where X1, . . . , Xn are i.i.d. with density f and c.d.f. F . The naive method
(of complexity O(n logn); cf. [293, Ch. 8]) is to generate X1, . . . , Xn and
sort them, but this method may be inefficient if just a few of the X(k) are
needed or if the time needed for the sorting is much larger than that for
the r.v. generation.
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If U(1) < · · · < U(n) are the order statistics from the uniform(0, 1) dis-
tribution,

(
F←(U(1)), . . . , F←(U(n))

)
have the desired distribution. Thus,

one can reduce to the uniform case provided that inversion is feasi-
ble. A simple algorithm, of complexity O(n) exploits the connection to
the Poisson process and standard properties of its relative spacings: we
can just simulate Z1, . . . , Zn+1 as standard exponentials and let U(1)

def=

S1/Sn+1, . . . , U(n)
def= Sn/Sn+1, where Sk

def= Z1 + · · ·+ Zk. Another algo-
rithm uses P

(
U(k) ≤ y

∣
∣U(k+1) = x

)
= yk/xk, which implies that U(1) <

· · · < U(n) can be generated by the downward recursion U(k) = U
′1/k

k U(k+1)

(with U ′1, U ′2, . . . i.i.d. uniforms) started from the fictitious value U(n+1) = 1.
The uniform case can also be reduced to the exponential case by consid-

ering the tranformation z → u = 1 − e−z, which may be useful, since the
order statistics Z(1) < · · · < Z(n) from the standard exponential distribu-
tion are easily available by observing that the distribution of Z(k+1)−Z(k)

is that of the minimum of n− k standard exponential r.v.’s, which in turn
is exponential with λ = n−k. Thus, we can take Z(k) =

∑k
1 Z
′
i/(n− i+1),

where Z ′1, . . . , Z ′n are i.i.d. standard exponentials.
In general, the most feasible alternative to inversion or sorting may be

an A–R scheme, in which the trial density g(y) is chosen such that its order
statistics are easy to generate. One then chooses m > n (for the optimal
value, see Devroy [88, pp. 221–225], generates Y(1) < · · · < Y(m), accepts
Y(k) = y w.p. f(y)/Cg(y), and goes on choosing a new m-sample until the
number N of accepted Y(k) is at least n. One then deletes N − n random
elements from this last sample.

The case of just the maximumMn
def= X(n) (or the minimum) is of partic-

ular interest. If F← is available, a variant of the inversion algorithm avoiding
the generation of the complete sample is to generate Mn as F←(U1/n)
(this follows since Mn has c.d.f. Fn(x)). Other alternatives with complex-
ity O(logn) in between the O(1) for inversion and the O(n logn) for the
naive method are the quick elimination algorithm of Devroye [88] and the
record time approach described below. Quick elimination means that only
a (typically small) number L of the Xi are actually simulated. Here L is
generated as binomial(n, p), where p def= pn

def= F (x) for some suitably large
x

def= xn; one simulates Y1, . . . , YL from F conditioned to (x,∞) and lets
Mn

def= max�≤L Y�, with the modification that if L = 0, then Mn is taken
as the maximum of n i.i.d. r.v.’s from F conditioned to (−∞, x]. Basically,
xn should be chosen such that pn is of order logn/n.

A setting close to order statistics isthat of records, defined via the random
times 1 = n1 < · · · < nK at which Xnk

> maxi<nk
Xi. The set

(
n1, Xn1 , . . . , nK , XnK

)

can be generated by starting from n1 = 1 and recursively generating(
nk+1 − nk, Xnk+1

)
as independent, such that nk+1 − nk follows the
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geometric distribution with success parameter F (Xnk
), and Xnk+1 has dis-

tribution F conditioned to (Xnk
,∞). The procedure stops at the K with

nK ≤ n < nK+1. The computational effort is roughly the expected num-
ber

∑n
1 i
−1 ≈ log n of records in a sequence of length n (note that the

probability of a record at i is i−1).

5b Random Permutations
The aim is for a given integer N , to generate a random permutation
(σ1, . . . , σN ) of (1, . . . , N) such that all N ! permutations are equally likely.

One can represent a permutation by a set (a1, . . . , aN ) of integers with
ai ∈ {1, . . . , N − i+ 1}, such that σ1 is element a1 in the list L1 =
(1, . . . , N) and for i > 1, σi is element ai in the list Li obtained from
Li−1 by deleting its element σi−1 (note that LN contains only one element,
so that aN = 1, as should be).

It is clear that in order to make every permutation equally likely,
a1, . . . , aN should be chosen as the outcomes of independent r.v.’s
A1, . . . , AN with Ai being uniform on {1, . . . , N − i+ 1}. The Ai can be
drawn one at a time, or starting from a uniform r.v. B0 on {1, . . . , n!}.
Then

A1
def= �B0/(n− 1)!�, B1

def= B0 mod (n− 1)!

are independent, with A1 having the desired distribution and B1 being
uniform on {1, . . . , (n− 1)!}. Thus A2 can be taken as �B1/(n−1)!�, A3 as
�B2/(n− 1)!�, where B2 = B0 mod (n− 2)!, and so on. It should be noted
that the second algorithm quickly runs into overflow problems as N grows,
because N ! (which is not needed for the first algorithm) explodes.

5c Point Processes
Let Ω ⊂ R

2 be a region in the plane with finite area |Ω|. A Poisson process
on Ω with intensity λ can then be simulated by embedding Ω in a rectangle
R, generating N as Poisson(λ/p), where p

def= |Ω|/|R|), distributing N
points uniformly within R, rejecting the ones not in Ω (the ∗’s in Figure 5.1)
w.p. 1− p, and retaining the rest (the +’s). The rectangle may be replaced
by a disk when the shape of Ω makes this more natural; cf. Exercise 5.3.

Exercises

5.1 (TP) Consider sampling of n objects out of N > n without replacement.
That is, we want to sample a subset of size n uniformly among all such subsets.
Give a rejection algorithm using uniform sampling from {1, . . . , N}. Show next
that an algorithm can also be obtained by examining 1, . . . , N sequentially and
incorporate k w.p. (n− r)/(N − k) when r among 1, . . . , k− 1 have already been
chosen.
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Ω

R

FIGURE 5.1

5.2 (A−) A line in the plane can be represented by its distance r from the origin
and the (smallest) angle θ ∈ [0, π) it forms with the x-axis. A Poisson line process
is a random collection of lines in the plane such that the (r, θ) form a Poisson
process on (0,∞)× [0, π) with intensity measure λdr×ν(dθ) for some probability
measure ν on [0, π). Simulate the restriction of a Poisson line process to [0, 1]2

for (a) ν uniform and (b) a ν giving preference to more vertical lines.
5.3 (TP) Let 0 < R1 < R2 < · · · be the ordered radii of the points of a Poisson
process on the disk Ω

def
=
{
(x1, x2); x2

1 + x2
2 < r

}
. Give algorithms for simulation

of the homogeneous Poisson process on Ω by verifying and using that (a) the Ri

are the points of an inhomogeneous Poisson process on (0, r), (b) R2
1, R

2
2−R2

1, . . .
are i.i.d. exponentials.

6 Discrete-Event Systems and GSMPs

Discrete-event systems arise in many different areas of engineering, and
a large number of special-purpose simulation packages have been commer-
cially developed so as to serve this marketplace. In a nutshell, discrete-event
dynamic systems describe the types of models that arise in queuing, produc-
tion, communications, computer science, and inventory applications. These
processes describe structures in which stochastic state transitions occur at
a sequence of discrete transition epochs. Between such transitions, certain
auxiliary state variables may change deterministically, but no stochastic be-
havior of any kind occurs. For example, in the single-server queue, one needs
to “schedule” the next arrival (departure) at arrival (departure) epochs by
drawing appropriate r.v.’s at those times from the interarrival (service)
time distribution [the exception is the idle state, where an arrival requires
scheduling both an arrival and a departure, and a departure requires no
event scheduling whatsoever]. Between arrival and departure epochs, no
random numbers are drawn.

Discrete-event systems are in close correspondence with the class of gen-
eralized semi-Markov processes (GSMPs; cf., e.g., Glynn [143]). As we shall
see, a GSMP generalizes the concept of a discrete continuous-time Markov
process as well as that of a semi-Markov process. To describe a GSMP, one
starts by specifying the set S of (physical) states and the set E of possible
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events that can trigger state transitions; the events active in s ∈ S are
denoted by E(s) ⊆ E. For example, for the single-server queue, S = N =
{0, 1, 2, . . .} and E = {0, 1}, where 0 corresponds to an arrival event and 1
to a departure event. Here, E(0) = {0} and E(s) = E = {0, 1} for s ≥ 1.

State transitions for a GSMP are detemined by “competing clocks”. When
an event e ∈ E is scheduled, imagine that a corresponding clock is set.
While the system is in physical state s ∈ S, the clock corresponding to e
runs down at the deterministic rate rs,e. When a clock reading hits zero, the
event e∗ corresponding to that clock occurs, and a state transition from the
currently occupied state s ∈ S to a new (randomly chosen) state s′ occurs
w.p. p(s′; s, e∗). When the new state s′ is entered, new events typically need
to be rescheduled. If one denotes the set of such events to be rescheduled by
N(s′; s, e∗) (the new clocks), a clock reading for e′ ∈ N(s′; s, e∗) is then set
independently according to the distribution F (·; s′, e′, s, e∗). On the other
hand, the remaining clocks active in s′, namely

O(s′; s, e∗) def= E(s′) \N(s′; s, e∗)

(the old clocks), are permitted to continue running down in state s′.
For the GI/G/1 queue, p(s+ 1; s, 0) = 1 and p(s; s+ 1, 1) = 1 for s ≥ 0;

all other p(s′; s, e) values are zero. The distributions F (·; s′, e′, s, e∗) depend
only on e′; F (·; e′) corresponds to the interarrival distribution if e′ = 0 and
the service time distribution if e′ = 1. For this example, rs,e = 1 for s ∈ S,
e ∈ E.

If S(t) is the state at time t, then {S(t)}t≥0 is called a generalized
semi-Markov process. Note that if all the distributions F (·; s′, e′, s, e∗) are
exponential, then {S(t)} is a continuous-time Markov process. If E(s) is a
singleton for each s ∈ S, then {S(t)} is what is known as a semi-Markov
process (cf. [16] VII.4).

Example 6.1 As a more complicated example, consider a processor-
sharing queue in which all customers are served simultaneously at rate
1/s when s ≥ 1 customers are present. We can again take S = N and use
the convention that when s > 1, the customers are ordered in their order
of arrival. We let E = N, such that e = 0 is an arrival event and e = i ≥ 1
the event that customer i departs. The clock speeds are rs,0 = 1 for all s
and rs,i = 1/s for s ≥ 1 and i = 1, . . . , s, where E(s) = {0, 1, . . . , s}. At an
event of type e∗ = 0, the state goes from s to s+1, clock 0 is reset according
to the interarrival time, clocks 1, . . . , s remain the same, and clock s + 1
is initialized with a service time r.v. At an event of type e∗ = i ≥ 1, the
state goes from s to s− 1, clocks 0, . . . , i− 1 remain the same, and clocks
i+ 1, . . . , s are shifted to positions i, . . . , s− 1. �

Because of the multiple clocks active in each state of a GSMP (and the
memory the old clocks carry with them into the next state s′ visited),
GSMPs are typically analytically intractable. However, it should be clear
that they can easily be simulated. In many practical situations, E(s) can
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be large (in the dozens or hundreds). In such cases, efficient data structures
must be used to represent the clock readings so as to make computation of
the triggering event e∗ as simple as possible. A common choice is to use an
ordered linked list for this purpose, but more exotic data structures (such
as trees) are also used.

Despite the fact that a GSMP is usually analytically intractable, it is
important to recognize that it can be viewed as a Markov process. In par-
ticular, by appending the state vector C(t) of the clocks active in S(t)
to our state description, we arrive at a Markov process

{(
S(t),C(t)

)}
t≥0

.
Because the dynamics of this Markov process are deterministic between
physical state transitions, one can alternatively use the embedded jump
chain

{(
S(Tn),C(Tn)

)}
n∈N

to study the GSMP (here Tn is the time of
the nth event transition). The transition structures of

{(
S(t),C(t)

)}
and{(

S(Tn),C(Tn)
)}

are messy to write down. Nevertheless, the very fact that
GSMPs can be viewed as Markov processes is conceptually important from
a simulation standpoint, since this means that any methodology developed
for Markov processes on a general state space applies (at least in principle)
to discrete-event simulations.

The concept of a discrete-event system and the formalism of GSMPs will
not be used systematically in this book, but it is useful to keep in mind that
a simulation program generating a dynamical system will typically have a
structure that is implicitly that of a GSMP, even if this concept is not
invoked explicitly; this intimate connection between program organization
and GSMP representation is well illustrated by Example 6.1.

A closely related class of stochastic models that has essentially identical
modeling power to that of GSMPs (in that there is essentially a 1-to-1
mapping between the two descriptions) is that of stochastic Petri nets; see,
e.g., Haas [171]. Petri net representations of discrete-event systems have
the advantage of offering graphical representations of the model that are
often (much) more compact than comparable graph representations derived
from the GSMP description, particularly when the model needs to resolve
concurrency issues (as often occur in computer science applications).

Exercises

6.1 (TP) A system has N machines and M < N repairmen. The operating time
of a machine has distribution F and the repair time has distribution G. A failed
machine is repaired immediately by a repairman if one is available, and otherwise
it joins a queue of machines awaiting repair. Write up a GSMP representation of
the system.



Chapter III
Output Analysis

1 Normal Confidence Intervals

As pointed out in Chapter I, substantial insight can often be obtained by
taking advantage of visualization ideas (such as watching the sample path
evolve). However, our emphasis in this book is on the use of simulation as a
computational tool. In view of this, developing good methods for assessing
an estimator’s accuracy is of fundamental importance.

We start with the simplest possible situation, namely that of computing
z = EZ in a context in which z is not available analytically but Z can
be simulated. The Monte Carlo method, as introduced in I.2 in its basic
version, then amounts to simulating R i.i.d. replicates Z1, . . . , ZR of Z and
estimating z by the empirical mean ẑ def= ẑR

def= (Z1 + · · ·+ ZR)/R.
Clearly, assessment of the accuracy requires first studying the rate of

convergence. Assuming σ2 def= Var Z <∞, the central limit theorem (CLT)
states that

√
R (ẑ − z) D→ N

(
0, σ2

)
(1.1)

as R→∞. This can be interpreted as a statement that

ẑ
D≈ z +

σV√
R
, where V ∼ N (0, 1), (1.2)

when R is large (where
D≈ can informally be interpreted as “has ap-

proximately the same distribution as”). This approximation has several
implications:
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1. The convergence rate is of order R−1/2. This implies that if we want to
add one significant figure of accuracy, we must increase R by a factor
of 100. Relative to many other commonly used numerical methods,
the rate R−1/2 is slow (see, however, Chapter IX for additional expla-
nation as to why simulation can be the method of choice for solving
many problems). In view of this slow convergence rate, some type of
accuracy assessment is critical if simulation is to be confidently used
as a numerical method.

2. The error, for large R, is asymptotically normally distributed. This
suggests the possibility of assessing accuracy via confidence intervals
derived from the normal distribution.

3. The error, for large R, depends on the underlying problem’s probabil-
ity distribution through a single scalar measure, namely the standard
deviation σ. In other words, a problem’s difficulty is largely summa-
rized by the magnitude of a single problem parameter, namely σ (or,
equivalently, the variance σ2).

Expanding on point 2 above, the implication of the CLT is that if zα
denotes the α-quantile of the normal distribution, i.e., Φ(zα) = α, then the
asymptotic probability of the event

{
zα/2σ/

√
R < ẑ − z < z1−α/2σ/

√
R
)}

is Φ(z1−α/2)− Φ(zα/2) = (1 − α/2)− α/2 = 1 − α. Equivalently, if Iα is
the random interval1

(
ẑ − z1−α/2σ/

√
R , ẑ − zα/2σ/

√
R
)
,

then P(z ∈ Iα) → 1 − α, which one expresses by saying that Iα is an
asymptotic 1 − α confidence interval for z. That is, Iα contains the true
value w.p. ∼ 1− α.

In practice, σ2 is unknown and must be estimated. The traditonal
estimator is the empirical (or sample) variance

s2
def=

1
R− 1

R∑

r=1

(
Zr − ẑ

)2 =
1

R− 1

(
R∑

r=1

Z2
r −Rẑ2

)

(1.3)

[the occurrence of R−1 rather than R follows statistical tradition; in most
Monte Carlo experiments, R is very large and the difference is minor]. Thus,
replacing σ by s in Iα and noting that s2 P→ σ2, it follows that

(
ẑ − z1−α/2 s/

√
R , ẑ − zα/2 s/

√
R
)

def= ẑ ± z1−α/2 s/
√
R (1.4)

1Whether one take such intervals open, as here, or closed is of course a matter of
taste.
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is an asymptotic 1− α confidence interval for z. This is the form in which
the result of the simulation experiment usually not only is but should be
reported, the philosophy being that the additional calculations needed for
the whole confidence interval rather than just the point estimate ẑ are
minor compared to conducting the whole simulation experiment, and that
an estimate with an error assessment is much more informative than one
without.

Remark 1.1 The most standard choice is 1− α = 95%, corresponding to
z97.5% = −z2.5% = 1.96 and the confidence interval ẑ ± 1.96 s/

√
R. Other

values are, of course, possible, say 99%, corresponding to ẑ ± 2.58 s/
√
R,

or 90%, corresponding to ẑ ± 1.64 s/
√
R.

Also, one-sided confidence intervals may sometimes be relevant. Assume,
for example, that Z is an indicator function telling whether a certain
system failure occurs and z the corresponding failure probability. Then
ẑ + 1.64 s/

√
R is an upper 95% confidence limit for z.

For simplicity, we will often make statements such as, “the confidence
interval based on the variance estimate s2 is ẑ ± 1.96s/

√
R”, but of course

such a statement is easily adapted to confidence levels other than 95% and
equally to one-sided confidence bounds. �

Example 1.2 As an illustration of the slow convergence rate of the Monte
Carlo method, consider the estimation of z = π = 3.1415 . . . via the esti-
mator Z def= 41{U2

1 + U2
2 < 1}, where U1, U2 are independent uniform(0, 1)

r.v.’s. Here 1{U2
1 + U2

2 < 1} is a Bernoulli r.v. with mean π/4, so the vari-
ance of Z is 42(π/4)(1 − π/4) ≈ 2.70. Thus, to get the leading 3 in π

correct w.p. 95% we need R ≈ 1.9622.702/0.52 ≈ 112, whereas for the
next 1 we need R ≈ 11,200, for the 4, R ≈ 1,120,000, and so on. �

Remark 1.3 (the canonical rate) Being of the same dimension as the
expectation z, the standard deviation σ is the natural measure of precision
rather than the variance σ2. The rate R−1/2 is intrinsic for virtually any
Monte Carlo experiment as the optimal rate which can be achieved. In
fact, there are quite a few situations in which one gets slower rates such as
O(R−(1/2−ε)) with ε > 0, e.g., in gradient estimation via finite differences
(VII.1), or variance estimation via time series methods (IV.3). In view of
these remarks, one often refers to O(R−1/2) as the canonical Monte Carlo
convergence rate.

There are, however, a few isolated examples (but just a few!) in which
O(R−1/2) can in fact be improved to supercanonical (faster) rates; see V.7.4
for examples. �

Output analysis via normal confidence intervals can be and is in fact
performed beyond the setting of i.i.d. replications. Let z be the unknown
number to be estimated by simulation and consider a sampling-based
scheme with sample size R (interpreted in an appropriate way depend-
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ing on the context), in which ẑ
def= ẑR is an estimator obeying a CLT of

the form (1.1), i.e., R1/2(ẑ − z) D→ N
(
0, σ2

)
for some σ2. If an estimator

σ̂2 def= σ̂2
R is avaliable such that σ̂2

R → σ2, an asymptotic 1 − α confidence
interval is then

(
ẑ − z1−α/2σ̂/

√
R , ẑ + zα/2σ̂/

√
R
)

def= ẑ ± z1−α/2σ̂/
√
R . (1.5)

We will meet many examples of this later in the chapter. Another example
(see Chapters IV and XIII) is an ergodic Markov chain {Xn}n∈N. If f is
a function on the state space, then under mild conditions ẑ def=

(
f(X0) +

· · ·+ f(XR−1)
)
/R has a limit, namely the expectation z def= Eπf(X0) w.r.t.

the stationary distribution π. Further, ẑ obeys a CLT of the form (1.1).
However, estimation of the variance σ2 is more difficult than for the i.i.d.
case and is discussed in Chapter IV. Note that in this example, one has
both dependence and nonstationarity.

Exercises

1.1 (TP) One reason for R− 1 rather than R in (1.3) is that this choice makes
s2 unbiased. Verify this.
1.2 (TP) In Buffon’s needle experiment, how should the length L of the needle be
chosen for maximal efficiency (remember that we need 0 < L < 1)? For this choice
of L, perform a study of the run-length considerations parallel to Example 1.2.
1.3 (TP) A simulator wants to produce an unbiased estimate of z

def
= z′z′′, where

z′ = EZ′, z′′ = EZ′′ for r.v.’s Z′, Z′′ that can be generated by simulation. To
this end, he simulates R replications Z′1, . . . , Z

′
R of Z′ and independently of this

R replications Z′′1 , . . . , Z′R of Z′′. He then has the following two estimators at his
disposal:

( 1

R

R∑

r=1

Z′r
)( 1

R

R∑

r=1

Z′′r
)

and
1

R

R∑

r=1

Z′rZ
′′
r .

Show that the first one has the smaller variance.

2 Two-Stage and Sequential Procedures

In many computational settings, one wishes to calculate the solution to a
desired level of accuracy. Two accuracy criteria are commonly used:

absolute accuracy: compute the quantity z to an accuracy ε;
relative accuracy: compute the quantity z to an accuracy ε|z|.

The confidence interval (1.4) suggests, in principle, what one should do to
achieve such accuracies. In particular, for absolute precision ε, one should
choose R such that the half-width z1−α/2σ/

√
R is approximately equal to
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ε, or, equivalently,

R ≈
z2
1−α/2σ

2

ε2
.

On the other hand, for relative precision ε, the appropriate number of
simulations is R ≈ z2

1−α/2σ
2/ε2z2. As in the setting of confidence intervals,

these run-length determination rules (i.e., rules for selecting R) cannot be
implemented directly, since they rely on problem-dependent parameters
such as σ2 and z2 that are unknown.

As a consequence, the standard means of implementing this idea involves
first generating a small number of trial runs (say 50) to estimate σ2 and
z2 by σ̂2

trial and ẑ2
trial. One then determines the number R of so-called

production runs from either

R ≈
z2
1−α/2σ̂

2
trial

ε2
or R ≈

z2
1−α/2σ̂

2
trial

ε2ẑ2
trial

,

depending on whether absolute or relative precision is desired. The final
confidence interval for z may be based on only the production runs or on
both the production runs and the trial runs. If the latter method is used, one
should ideally take into account the fact that the random nature of R and
its dependence on the trial runs correlates all the observations in a nontriv-
ial way. A significant literature has developed to address the construction
of suitable confidence intervals for such two-stage procedures (trial runs,
followed by production runs) that takes into account this dependency; see,
for example, Nakayama [266].

When a specific level of accuracy is required, an alternative to using a
two-stage procedure is to implement a sequential procedure. A sequential
procedure essentially just monitors the confidence interval (1.4) until the
precision criterion is met. For example, a sequential version of the absolute
precision algorithm will end up by generating variates Z1, . . . , ZN , where
the (random) total sample size N is given by

N
def= inf{n > 1 : z1−α/2sn ≤ ε

√
n} . (2.1)

In the above equation, we write sn to make clear the fact that the sample
standard deviation of the observations Z1, . . . , ZN must be recomputed
after each additional sampling.

The main difficulty with a sequential procedure is that the standard
deviation estimator sn is highly unreliable at small values of n. If sn is
abnormally small, as might occur in estimating a probability z = PA via
a sample proportion when no occurrences of A have yet been observed by
time n (for then sn = 0), this may cause the sequential procedure to shut
off at too small a sample size, leading to a poor final estimator for z.

This problem of early termination is the most difficult challenge pre-
sented to users of sequential procedures. A second approach to addressing
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this issue is to modify (2.1) to

N ′ def= inf{n ≥ n0 : z1−α/2sn ≤ ε
√
n} , (2.2)

so that at least n0 (n0 = 50, say) simulations are run before initialization of
the sequential check of the precision criterion. In this way, one hopes that
the standard deviation estimator has stabilized at something close to the
correct value. The final 1 − ε confidence interval is then given by ẑN ′ ± ε.
Such confidence intervals can be shown to be asymptotically valid as ε ↓ 0;
see Chow & Robbins [71] and Glynn & Whitt [157].

Two implementation details are worth mentioning. The first is that com-
putational effort must be expended on sequentially updating the estimators
of σ and z; this can be mitigated by checking the precision criterion every
k > 1 samples only (rather than after every sample is taken). Secondly,
in sequentially updating s2n, one wishes to use an algorithm that is both
numerically stable and can be updated in constant time (independent of
n). Such an updating scheme can be found in Chan et al. [67].

Exercises

2.1 (A) Let z = P(U > u), where U is uniform(0, 1) (i.e., Z = U>u). Produce
M = 10,000 95% confidence intervals of the form (1.4) and compare the coverage
(i.e., the frequency among the M confidence intervals in which z ∈ ẑ ± 1.96 s/

√
R)

for z = 0.5, 0.9, 0.95, 0.99 and the following methods: (a) the two-stage method
with 10, 100, and 1,000 trial runs, (b) the sequential method (2.2) with the same
n0 as in (a).

3 Computing Smooth Functions of Expectations

Although the problem of estimating z = EZ is a very general one, it does
not subsume all computational problems of interest. In particular, suppose
that z =

(
z1 z2 . . . zd

)T is a d-dimensional vector, in which each compo-
nent zi can be expressed as EZ(i) for some r.v. Z(i). Some applications
demand that one compute f(z), where f : R

d → R is an explicitly known
and smooth function. This is known as the “smooth function estimation
problem” and occurs in traditional statistics as well as in the analysis of
simulation output.

Example 3.1 The function f(z) = 1/z occurs in Buffon’s needle experi-
ment I.5.7. For another example with this f , let Z1, Z2, . . . be i.i.d. failure
times of some system. Then f(z) = 1/z = 1/EZ is the long-run failure
intensity. �

Example 3.2 Suppose that we want to compute the standard deviation
σ of an r.v. W . Then σ = f(z), where f(z) = (z1− z2

2)
1/2 and Z(1) = W 2,

Z(2) = W . �
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Example 3.3 Suppose that we want to compute the correlation ρ between
two r.v.’s X,Y . Then ρ = f(z), where

Z =
(
X,Y,X2, Y 2, XY

)
, f(z) =

z5 − z1z2
(z3 − z2

1)1/2(z4 − z2
2)1/2

. �

Example 3.4 Let z be the price of a European call option under a non-
Black–Scholes model (say with stochastic volatility, stochastic interest rate,
non-Gaussian log returns, etc.) and Z an unbiased simulation estimator.
The implied volatility σimpl is the σ giving the same price z in the Black–
Scholes model. That is, z = BS(r,K, T, σimpl) (with BS being given in
I.(3.4)), so we need f(z), where f = BS−1(r,K, T, ·). �

Example 3.5 A perpetuity is an r.v. of the form

Y = B0 +A1B1 +A1A2B2 +A1A2A3B3 + · · · ,
where all r.v.’s are independent, the Bn are i.i.d. with finite mean and the
An are i.i.d. and positive with E logAn < 0 [this ensures that Y is well-
defined]. Then EY may be computed by observing that Y ∗ def= B1 +A2B2+
A2A3B3 + · · · has the same distribution as Y , so that

EY = E
[
B0 +A1Y

∗] = EB + EA · EY =
EB

1− EA
,

which has the form f(z1, z2).
Of course, in this simple setting EA and EB wil typically be known, so

that simulation is not needed. An extension typically requiring simulation
is that of discounted rewards of a finite Markov chain {Xn}, where An, Bn
have distribution Fi, Gi when Xn = i and one wants ExY for some x. One
can then let τ def= inf {n > 0 : Xn = x},

Z(1) def=
τ−1∑

n=0

A1 . . . AnBn , Z(2) def= A1 . . . Aτ

to conclude easily that

ExY = Ex

[
Z(1) + Z(2)

∞∑

n=τ

Aτ+1 . . . AnBn

]

= ExZ(1) + ExZ(2)ExY =
ExZ(1)

1− ExZ(2)
.

See Fox & Glynn [122] for further discussion of such discounted rewards.
�

We return to the general discussion of the smooth-function estimation
problem. The obvious estimator of f(z) is, of course, f(ẑ), where ẑ def=
(Z1 + · · ·+ZR)/R and the Zr are i.i.d. replicates of the random vector

Z
def=

(
Z(1) . . . Z(d)

)T
.
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If f is continuous at z, consistency (i.e., f(ẑ) a.s.→ f(z)) is guaranteed due
to the consistency of ẑ.

The more subtle issue is the rate of convergence of f(ẑ) and the construc-
tion of associated confidence intervals for f(z). The key is a development
of a CLT for f(ẑ). This CLT can easily be derived via an appropriate Tay-
lor expansion. This approach for deriving CLTs is known in the statistical
literature as the delta method; a short introduction can be found in van der
Vart [356, Chapter 3].

In this context, the delta method just requires observing that if f is
smooth enough (in the context, differentiability at z is enough), then

f(ẑ)− f(z) = ∇f(z)
(
ẑ − z) + o

(‖ẑ − z‖)

=
1
R

(
V1 + · · ·+ VR) + o

(‖ẑ − z‖) , (3.1)

where ∇f denotes the gradient (written as row vector) and Vr
def=

∇f(z)(Zr − z). Note that EVi = 0. Furthermore, if the matrix Σ def=
VarZ1 with ijth element Cov

(
Z(i), Z(j)

)
is well defined and finite, then

‖ẑ − z‖ = O(R−1/2) by the CLT and

σ2 def= Var V1 = ∇fΣ(∇f)T =
d∑

i,j=1

fzi(z)fzj (z)Cov
(
Z(i), Z(j)

)
< ∞ .

Thus multiplying (3.1) by R1/2, we obtain

R1/2
(
f(ẑ)− f(z)

) D→ N
(
0, σ2

)
. (3.2)

Note that if d = 1, we have just σ2 = f ′(z)2Var Z.
Given the CLT (3.2), much of our discussion of Section 1 continues to

follow. However, there are two key differences. Firstly, the estimator f(ẑ)
is generally biased as an estimator of f(z), in the sense that Ef(ẑ) 
= f(z).
More precisely, note that if f is twice differentiable at z, then

f(ẑ)− f(z) = ∇f(z)
(
ẑ − z) +

1
2
(
ẑ − z)TH(z)(ẑ − z) + o

(‖ẑ − z‖2
)
,

where H(z) =
(
Hij(z)

)
1≤i,j≤d is the Hessian (the d × d matrix of second

derivatives) at z. Taking expectations, we formally arrive at

Ef(ẑ)− f(z) =
1

2R

d∑

i,j=1

Cov
(
Z(i), Z(j)

)
Hij(z) + o(1/R) (3.3)

as R → ∞. Under additional regularity conditions, a further Taylor ex-
pansion shows that the o(1/R) term in (3.3) is actually of the form
β/R2 + o(1/R2) for some constant β.

Remark 3.6 The arguments leading to (3.3) must be viewed as being
heuristic. A rigorous version of (3.3) requires conditions ensuring uniform
integrability. �
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In view of (3.3), a possible means of reducing bias would be to use the
modified estimator

f(ẑ) − 1
2R

d∑

i,j=1

Ĉov
(
Z(i), Z(j)

)
Hij(ẑ) , (3.4)

where Ĉov
(
Z(i), Z(j)

)
is the sample covariance between Z(i) and Z(j)

based on Z1, . . . ,ZR. Because the difference between (3.4) and f(ẑ) is
of order 1/R, it follows that (3.4) satisfies precisely the same CLT as does
f(ẑ). Consequently, the lower bias of (3.4) does not improve the asymptotic
rate of convergence. Nevertheless, bias corrections are often implemented
due to a widely held belief that such estimators exhibit better small-sample
properties. To the extent that this belief is valid, it should be seen as a “rule
of thumb”, and it does not hold universally that such estimators behave
better for small R.

Remark 3.7 To compute (3.4) requires calculating (d + 1)d/2 different
Hessian entries, as well as estimating (d+1)d/2 different sample covariances.
We will see in Section 5 how one can construct a bias-corrected estimator
that avoids these steps. �

The second key difference in the CLT (3.2) relative to (1.1) is that
estimating the variance σ2 is harder. Note that we cannot observe the
Vr, since the definition involves the unknown z. Of course, if R is large,
∇f(ẑ)(Zr − ẑ) should be close to ∇f(z)(Zr − z), suggesting that we use
the variance estimator

σ̂2 def=
1

R− 1

R∑

r=1

(∇f(ẑ)(Zr − ẑ)
)2
. (3.5)

The challenge in computing σ̂2, practically speaking, is the need to explic-
itly compute the gradient of f . For complex functions or high d, one may
wish to avoid this calculation. Section 5 describes two different methods
capable of producing suitable estimators that have this desirable charac-
teristic. In any case, given a suitable estimator σ̂2 with σ̂2 → σ2 as R→∞,
the generation of an asymptotic 1−α confidence interval for f(z) is straight-
forward (see (1.5) with ẑ replaced by f(ẑ)). Centering the interval on (3.4)
instead of f(ẑ) would also produce an asymptotically valid procedure.

Exercises

3.1 (TP) Give a bivariate CLT for ẑ and s2 in the i.i.d. setting.
3.2 (TP) The skewness of an r.v. Z is defined as λ

def
= E(Z − EZ)3/(Var Z)3/2.

Give a CLT for its empirical counterpart
∑R

1 (Zt − ẑ)3/Rs3/2.
3.3 (TP) A system develops in i.i.d. cycles. According to whether a certain
catastrophic event occurs or not within a cycle, the cycle is classified as failed or
nonfailed. Denote by p the probability that a cycle is failed, by 
1 the expected
length of a cycle given that it does not fail, and by 
2 the expected time until
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failure in a cycle given that it is failed. We are interested in 
, the expected time
until a failure occurs.

1. Express 
 in terms of p, 
1, 
2.
2. You are presented with statistics of 1,000 cycles, of which 87 failed. The

nonfailed cycles had an empirical mean of 20.2 and an empirical variance
of 18.6, and the average time until failure in the failed cycles was 5.4 with
an empirical variance of 3.1. Give a confidence interval for 
.

3.4 (A) A man of age 45 signs a life annuity contract, according to which he has
to pay premium at (continuous) rate π until age 67 or the time T of death, and
if still alive at age 67, he will receive a payment at rate 1 until death. Assuming
a constant interest rate r, the equation determining π is therefore

E

∫ 67∧T

55

πe−rt dt = E

∫ T

T∨67

e−rt dt

(the two sides are the present values of contributions, respectively benefits). Your
assignment is to give a simulation estimate of π and an associated confidence in-
terval, assuming r = 4% and that T follows the Gompertz–Makeham distribution
(conditioned on T > 55), which is widely used as lifetime distribution in life in-
surance. As parameters, use the G82 base in Exercise II.4.1. The r.v. T may be
generated by acceptance–rejection with a uniform(55, 110) proposal (neglecting
the possibility T > 110), using the fact that f(t) ≤ 0.035 for all t.

4 Computing Roots of Equations Defined by
Expectations

The simplest instance of the problem considered in this section is to find a
root θ∗ to an equation of the form

f(z, θ) = 0 , (4.1)

where f is explicitly known and z def= EZ ∈ R
d, θ ∈ R. For certain functions

f , the root θ∗ to (4.1) can be written as θ∗ = ζ(z), where ζ is defined via
the relation f

(
z, ζ(z)

)
= 0. If ζ can be computed explicitly and is smooth,

this reduces the root-finding problem to one of the type considered in the
previous section.

When ζ cannot be computed explicitly, iterative algorithms can be used
to find the empirical root θ̂ to the equation

f
(
ẑ, θ̂

)
= 0 , (4.2)

where ẑ is the average of R replicates Z1, . . . ,ZR of Z.
Given that ẑ a.s.→ z as R → ∞, it is straightforward to argue that

θ̂
a.s.→ θ∗ under mild additional regularity conditions on f . As in the preced-

ing section, the key to deriving asymptotically valid confidence intervals is
developing a CLT for θ̂. Because θ̂ and θ∗ are respectively roots of (4.2)
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and (4.1), it is evident that

0 = f
(
ẑ, θ̂

) − f
(
z, θ∗

)
= f

(
ẑ, θ̂

) − f
(
z, θ̂

)
+ f

(
z, θ̂

) − f
(
z, θ∗

)
.

The delta method establishes that if f is sufficiently smooth,

∇z

(
z, θ∗

)
(ẑ − z) + fθ

(
z, θ∗

)
(θ̂ − θ∗) + o

(‖ẑ − z‖) = 0 ,

where fθ is the partial derivative w.r.t. θ. Arguments similar to those of
Section 3 yield the CLT

R1/2(θ̂ − θ∗) D→ N
(
0, σ2

)
(4.3)

as R→∞ (provided fθ
(
z, θ∗

) 
= 0), where

σ2 =
Var

(∇zf
(
z, θ∗

)
Z
)

fθ
(
z, θ∗

)2 .

A sample estimate of σ2 is therefore

σ̂2 =

1
R− 1

R∑

r=1

[∇zf
(
ẑ, θ̂

)(
Zr − z

)]2

fθ
(
ẑ, θ̂

)2 ,

from which the asymptotic confidence interval is computed in the obvious
way, cf. (1.5) with ẑ replaced by θ̂.

A still more demanding root-finding problem arises when the objective is
to find the root θ∗ of an equation of the form z(θ) = 0, where z(θ) = EZ(θ)
for each θ.

Example 4.1 (stochastic counterpart method) Suppose that we
wish to numerically minimize a convex function w(θ) over θ ∈ R, where
w(θ) = EW (θ). This requires computing the root θ∗ to z(θ) = 0, where
z(θ) = EW ′(θ). Here, we have assumed that W (θ) is smooth in θ and that
the derivative interchange is valid (see also VII.2). �

The natural estimator θ∗ is of course the root to ẑ(θ̂), where ẑ(θ) def=(
Z1(θ)+· · ·+ZR(θ)

)
/R. Obviously, this assumes that an efficient numerical

procedure for computing the root of the random function ẑ(·) is used. Under
suitable regularity conditions, θ̂ a.s.→ θ∗ as R→∞.

To derive a CLT for θ̂, we suppose here that Z(θ) is smooth in θ and
that the derivative interchange with the expectation is valid. Because θ∗
and θ̂ are the roots of their respective equations,

ẑ(θ̂)− ẑ(θ∗) = z(θ∗)− ẑ(θ∗) . (4.4)

But ẑ(θ̂)−ẑ(θ∗) = ẑ′(ξ)(θ̂−θ∗), where ξ lies between θ̂ and θ∗. If z′(θ∗) 
= 0,
then applying the CLT to the r.h.s. of (4.4) shows that

R1/2(θ̂ − θ∗) D→ N
(
0, σ2

)
, where σ2 =

Var Z(θ∗)
z′(θ∗)2

. (4.5)
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Here the natural estimator for σ2 is

σ̂2 =
1

ẑ′(θ̂)2(R− 1)

R∑

r=1

Zr(θ̂)2 , (4.6)

from which the asymptotic confidence interval is computed in the obvious
way, cf. (1.5) with ẑ replaced by θ̂.

Remark 4.2 Assume in Example 4.1 that W (·) is twice continuously
differentiable with the interchange valid. Then σ̂2 takes the form

σ̂2 =
1

R− 1

R∑

r=1

W ′r(θ̂)
2

/( 1
R

R∑

r=1

W ′′r (θ̂)
)2

. �

The problem of computing a root to z(θ) = 0 becomes more challenging
when Z(θ) is not smooth in θ. We next illustrate this in a setting that is
of particular application relevance (cf., for instance, VaR calculations in
mathematical finance).

4a Quantile Estimation
Suppose that we want to compute the α-quantile, denoted by q = qα, of a
continuous r.v. Z with positive and continuous density. To this end, note
that q is the root of z(θ) = 0, where z(θ) = EZ(θ) and Z(θ) def= 1Z≤θ − α.

Starting from (4.4), the main difficulty is dealing with its l.h.s. If R is
large, we expect that ẑ(θ) will be uniformly close to z(θ), in which case we
might hope that

ẑ(θ̂)− ẑ(θ∗) ≈ z′(θ∗)(θ̂ − θ∗)

if z is smooth [this smoothness of z(·) = EZ(·) often follows from the
smoothing of the E operator, even if Z(·) is not smooth]. When this
approach is valid, (4.5) continues to hold.

There are two difficulties here, one theoretical and one practical.
The main practical issue is that, in contrast to the root-finding context

explained above, producing a confidence interval for θ∗ is no longer straight-
forward. The obstacle is that the σ̂2 formula of (4.6) no longer applies, since
ẑ′(θ̂) cannot be used to estimate z′(θ∗).

The above analysis suggests that q̂ = θ̂ satisfies the CLT

R1/2(q̂ − q) D→ N
(
0, σ2

)
, where σ2 =

α(1− α)
f(q)2

, (4.7)

and f(·) is the density of Z. An estimator of σ2 must therefore address
the issue of estimating f(·). This is a nontrivial issue that will be discussed
further in Section 6.

The theoretical issue is the need to justify the above Taylor expansion
when z(·) is not smooth. One means of addressing this is to apply ideas
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from the theory of Gaussian processes. Let z be a continuous real function
defined on an interval I and having a unique zero θ∗, where z′(θ∗) > 0.
Assume that a simulation with run length R generates a process {ZR(t)},
such that

{√
R
(
ZR(t)− z(θ)

)}

θ∈I
D→ {G(θ)}θ∈I ,

where {G(θ)} is a Gaussian process satisfying suitable continuity require-
ments, and define

θ̂R
def= inf {θ ∈ I : ZR(θ) ≥ 0} .

Then θ̂R
P→ θ∗, and by similar calculations as those for (4.7),

√
R (θ̂R − θ∗) D→ N

(
0, Var G(θ∗)

z′(θ∗)2

)
. (4.8)

In the context of quantile estimation, we take as above z(θ) def= F (θ)−α,
so that z(θ∗) = 0, where θ∗ def= q, and as ZR(t), we take the empirical c.d.f.
centered around α,

ZR(t) def=
1
R

R∑

r=1

1 {Zr ≤ t} − α.

Since the sum is binomial
(
R,F (θ)

)
, the assumptions above hold with

Var
(
G(θ)

)
= F (θ)

(
1 − F (θ)

)
, θ∗ = q. The empirical α-quantile Z(α(R+1))

(the α(R+ 1)th order statistic) is close to θ̂R above, and so as for (4.7) we
are led to the same conclusion that

√
R
(
Z(α(R+1)) − q

)
is asymptotically

normal with variance α(1 − α)/f(qα)2, where f = F ′ is the density. This
leads to the 95% confidence interval

Z(α(R+1)) ±
1.96

√
α(1− α)

f̂(q)
√
R

for q = qα, where f̂(q) is an estimate of f(q).
For more detailed and rigorous discussions of the material of the present

section, see further van der Vart [356, Chapter 21], Serfling [333], or
Borovkov [52].

Exercises

4.1 (TP) Find the bias of the quantile estimator Z(α(R+1)). [Hint: Consider first
the case in which the Zr are uniform.]

5 Sectioning, Jackknifing, and Bootstrapping

The discussions of Sections 3 and 4 illustrate the point that the construction
of suitable confidence intervals (and bias-corrected estimators) can become
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nontrivial in some settings, not least because of a potential need to com-
pute large numbers of partial derivatives in some problems. This section is
concerned with providing alternative methods that seek to avoid some of
these difficulties.

5a Sectioning. The Delta Method in Function Space
Starting at an abstract level, we note that all the problems described thus
far in this chapter are special cases of a general problem, namely the com-
putation of a quantity ψ(F ), where F is the distribution of some underlying
random element Z and ψ is a real-valued functional on the space of prob-
ability distributions. For example, the problem of estimating z = EZ is
the special case in which ψ(F ) =

∫
xF (dx). Assuming that one can draw

i.i.d. replicates Z1, . . . , ZR from F , the natural estimator for ψ(F ) is ψ(F̂R),
where F̂R is the sample (or empirical) distribution defined by

F̂R(dx) def=
1
R

R∑

r=1

δZr (dx) ,

where δZr (·) is a unit point mass distribution at Zr. If Z ∈ R, the
corresponding c.d.f. is

F̂R(x) def=
1
R

R∑

r=1

1{Zr ≤ x} ,

but more general sets of values of Z are needed for many problems. This
estimator is, of course, the one suggested in the examples of Sections 2 and
3. Under minor topological conditions, ψ(F̂R) a.s.→ ψ(F ) as R→∞.

To develop confidence intervals for ψ(F ), one needs to apply a general
version of the delta method to the functional ψ. More precisely, the program
for rigorously verifying the requisite smoothness is to find a Banach space(
V, ‖ · ‖) of (signed) measures such that one is willing to assume that both
F and F̂R are in V , and that ψ is defined on all of V and Fréchet or
Hadamard differentiable at F . See, for example, Gill [130] or van der Vart
[356, Chapter 20] for surveys.

When this program works, one is led to the CLT

R1/2
(
ψ(F̂R)− ψ(F )

) D→ N
(
0, σ2

)

as R → ∞, where σ2 depends on the (Fréchet or Hadamard directional)
derivative (Dψ)(F ) of ψ at F . In other words,

ψ(F̂R)
D≈ ψ(F ) + Y , where Y ∼ N

(
0, σ/

√
R
)

(5.1)

for R large, but where σ2 may be difficult to estimate directly via an
estimator σ̂2.
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Suppose now that R = NK and split the sample into N “sections”, each
of length K. Set

F̂n,K(dx) def=
1
K

nK∑

r=(n−1)K+1

δZr(dx) ,

and let ψ(F̂n,K) be the estimator of ψ(F ) constructed from the nth section
of the sample. According to (5.1), when K is large,

ψ(F̂n,K)
D≈ ψ(F ) +

σ√
K
Yn , (5.2)

where the Yi are i.i.d. N (0, 1) r.v.’s. Furthermore, because the above
Banach space machinery leads to the Taylor-type expansion

ψ(F̂R) ≈ ψ(F ) + (Dψ)(F )(F̂R − F ) ,

it follows that

R1/2
(
ψ(F̂R)− 1

N

N∑

n=1

ψ(F̂n,K)
)

P→ 0 (5.3)

as R→∞ with N fixed. It is evident from (5.2) and (5.3) that

N1/2
(
ψ(F̂R)− ψ(F )

)
/√√
√
√ 1
N − 1

N∑

n=1

(
ψ(F̂n,K)− ψ(F̂R)

)2

D→
N∑

n=1

Yn

/√√√
√ 1
N − 1

N∑

n=1

(
Yn −N−1

N∑

m=1

Ym

)2

(5.4)

as R → ∞ with N fixed. The limiting r.v. in (5.4) is both free of the
difficult-to-estimate σ2 and also has a standard distribution, namely that
of a Student t with f

def= N − 1 degrees of freedom. Letting tα be the α-
quantile of this distribution and noting that the t distribution is symmetric,
this sectioning idea therefore leads to the asymptotic confidence interval
(
ψ(F̂R)− t1−α/2σ̂/

√
N, ψ(F̂R)− tα/2σ̂/

√
N
)

def= ψ(F̂ ) ± t1−α/2σ̂/
√
N ,

(5.5)
where

σ̂2 def=
1

N − 1

N∑

n=1

(
ψ(F̂n,K)− ψ(F̂R)

)2

is the corresponding estimator for the variance.
Note that this method relies on K being large enough that the approx-

imation (5.2) is reasonable. In view of the fact that a t distribution with
f ≥ 30 is very close to N (0, 1), it is therefore recommended that N be
chosen relatively small, and certainly not larger than 30.
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5b The Jackknife
We next turn to the jackknife method, and focus our attention on the
smooth functions of expectations problem discussed in Section 3. One diffi-
culty there was the significant potential effort in developing a bias-corrected
estimator for f(z) based on second-order Taylor expansions. We further
argued that

Ef(ẑR) = f(z) +
c

R
+

β

R2
+ o(1/R2) ,

where we now choose to write ẑ = ẑR to indicate the dependence on R,
the number of replications. Because c is now troublesome to estimate, we
follow the same idea as that used for sectioning. In particular, we seek a
method that “cancels out” the constant c, eliminating our need to estimate
it.

Note that

REf(ẑR) = Rf(z) + c +
β

R
+ o(1/R) ,

so that

E
[
Rf(ẑR)− (R − 1) f(ẑR−1)

]
= f(z) +

β

R2
+ o(1/R2) . (5.6)

Of course, we can view ẑR−1 as the estimator obtained by leaving out ZR
and averaging over the remaining R − 1 replications. Since Z1, . . . , ZR are
i.i.d., each of the quantities

Ĵ(r)
def= Rf(ẑR) − (R− 1)f

( 1
R − 1

∑

r′ �=r
Zr′

)

has expectation equal to the r.h.s. of (5.6). This leads to the jackknife
estimator

1
R

R∑

r=1

Ĵ(r) .

By virtue of (5.6), the estimator is bias-corrected, in the sense that its bias
(of order R−2) is of smaller order than the R−1 of f(z). Of course, it comes
at a significant additional cost (because computing the Ĵ(r) may be costly
when R is large). If this is a concern, one way to mitigate this cost is to
apply the jackknife idea to the sections described earlier, by averaging over
each of the N values

N f(ẑR) − (N − 1)f
( 1

(N − 1)K

∑

r′ �∈{nK+1,...,(n+1)K}
Zr′

)
,

which again reduces the bias to order R−2 but with a substantially lower
cost.
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However, the jackknife estimator comes with other advantages. If one
treats the Ĵ(r) as i.i.d. r.v.’s (they are, in fact, highly dependent!) and
computes their sample variance

1
R− 1

R∑

r=1

(
Ĵ(r) − 1

R

R∑

r′=1

Ĵ(r′)

)2

, (5.7)

this sample variance estimator converges (surprisingly!) to the σ2 of (3.2)
as R → ∞. Note that (5.7) is an estimator of σ2 that avoids the need to
compute ∇f and can be used in place of the σ̂2 of (3.5) in the confidence
interval.

5c The Bootstrap
Bootstrapping (e.g., Davison & Hinkley [82]) is a general term for a set of
methods for performing statistical inference by resampling from the empir-
ical distribution F̂R. We focus here on the implementation for producing
confidence intervals for ψ(F ). As pointed out in Section 5a, the natu-
ral estimator for ψ(F ) is ψ(F̂R), where F̂R is the empirical distribution
of Z1, . . . , ZR. Suppose, for the moment, that the distribution of the r.v.
ψ(F̂R) − ψ(F ) is known, continuous, and strictly increasing. We can then
compute the (unique) α/2 and 1− α/2 quantiles z1, z2 satisfying

P
(
ψ(F̂R)− ψ(F ) < z1

)
= P

(
ψ(F̂R)− ψ(F ) > z2

)
= α/2 ,

so that

P

(
ψ(F ) ∈ (ψ(F̂R)− z2, ψ(F̂R)− z1

))
= 1− α .

In other words,
(
ψ(F̂R)− z2, ψ(F̂R)− z1

)

is a 100(1 − α)% confidence interval.2 We conclude that the construction
of an exact confidence interval is straightforward, given that quantiles of
ψ(F̂R)− ψ(F ) can be calculated.

To make clear the dependence of the distribution of ψ(F̂R)−ψ(F ) on the
underlying distribution F , we write PF

(
ψ(F̂R)− ψ(F ) ∈ ·) for P

(
ψ(F̂R)−

ψ(F ) ∈ ·). The bootstrap principle asserts that since F̂R ≈ F when R is
large, the sampling distribution of the estimator under F̂R should be close
to that under F . Observe that the quantity ψ(F̂R) is the value of ψ(·)
when the underlying distribution is F̂R rather than F . This suggests that

2Note that (when α < 1/2) the upper quantile z2 determines the left endpoint of the
confidence interval and the lower z1 the upper; this is disguised in the most traditional
setting of normal confidence interval because the normal distribution is symmetric.
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good approximations z∗1 , z∗2 to z1, z2 can be computed as approximative3

quantiles. That is, we look for z∗1 , z∗2 satisfying

PF̂R

(
ψ(F̂R)− ψ(F ) < z∗1

) ≈ PF̂R

(
ψ(F̂R)− ψ(F ) > z∗2

) ≈ α/2 .

It remains to describe how z∗1 , z
∗
2 can be efficiently computed. Sampling

represents one obvious alternative. To be precise, generate b = 1, . . . , B so-
called bootstrap samples Z∗1b, . . . , Z

∗
Rb by sampling the Z∗rb with replacement

from the set Z1, . . . , ZR. That is, P
(
Z∗rb = Zr′

)
= 1/R and the Zrb, b =

1, . . . , B, r = 1, . . . , R are i.i.d. L̇et

F̂ ∗Rb(·) def=
1
R

R∑

r=1

P(Zrb ∈ ·)

be the empirical distribution of the bth bootstrap sample, and compute
z∗1 , z

∗
2 as the empirical quantiles of the B i.i.d. r.v.’s

ψ(F̂ ∗R1)− ψ(F̂R), . . . , ψ(F̂ ∗RB)− ψ(F̂R) . (5.8)

The standard convention is to take the empirical β quantile of a set of B
i.i.d. r.v.’s as the �β(B + 1)�th order statistic, so one conveniently chooses
B such that α(B+1)/2 and (1−α/2)(B+1) are both integers (say B = 999
or B = 9,999 when α = 5%).

Remark 5.1 Note that the bootstrap confidence interval requires drawing
RB i.i.d. r.v.’s from the empirical distribution F̂R, and computing ψ(·) B
times (for each of the B independent bootstrap samples of size R). Given
thatB must be large in order that the quantile estimators z∗1 , z∗2 be accurate
(certainly, B of the order of hundreds is necessary), the construction of a
bootstrap confidence interval for ψ(F ) can be expensive, rising to the point
where the computer time expended in computing the confidence interval
potentially dominates the computer time for generating the originalR r.v.’s
Z1, . . . , ZR and ψ(F̂R). �

Remark 5.2 One way to minimize the problem raised in Remark 5.1 is
by combining the bootstrap with sectioning. Suppose that R = NK, so
that the sample Z1, . . . , ZR may be thought of as N i.i.d. sections, each
section n with its own empirical distribution F̂n. We now draw a bootstrap
sample of size R by sampling each of its N sections at random from the N
sections of Z1, . . . , ZR. This reduces the amount of bootstrap sampling to
BN . However, in contrast to Section 5a, one needs now N to be reasonably
large in order that

(
F̂ ∗1,K + · · ·+ F̂ ∗N,K

)
/N look like a sample from F̂R. �

Example 5.3 For quantile estimation, one has (in the setting of Section
1) that ψ(F ) = the α-quantile of F . One first draws i.i.d. replications
Z1, . . . , ZR from F and next b = 1, . . . , B bootstrap samples, each of

3Since F̂R is a discrete distribution, exact quantiles typically are not unique.
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which consists of R observations Z∗1b, . . . , Z
∗
Rb from the empirical distri-

bution of Z1, . . . , ZR. For each bootstrap sample, ψ(F̂ ∗Rb) is computed as
the empirical α-quantile T ∗b

def= T (Z∗1b, . . . , Z
∗
Rb)

def= Z∗(α(R+1)),b, and one lets

Δ∗b
def= T ∗b − t, where t def= Z(α(R+1)) is the value computed from Z1, . . . , ZR.

The order statistics Δ∗(1), . . . ,Δ
∗
(B) are then computed and the desired con-

fidence interval (say an equitailed 95% one, i.e., β = 0.05) is finally obtained
as

(
Z(α(R+1)) −Δ∗(0.975(N+1)), Z(α(R+1)) + Δ∗(0.025(N+1))

)
. �

Exercises

5.1 (A) Complement your solution of Exercise II.3.8 by giving an upper 95%
bootstrap confidence limit for the VaR. For simplicity, you may consider the
multivariate Gaussian copula only.
5.2 (A) The Kolmogorov–Smirnov test for testing whether n observations
X1, . . . , Xn are i.i.d. with a given common c.d.f. F rejects for large values of∥
∥F̂n − F

∥
∥, where

∥
∥·∥∥ is the supremum norm and F̂n is the empirical c.d.f. of

n i.i.d. observations. More precisely, the rejection region at the 95% level is ap-
proximately {∥∥F̂n − F

∥
∥ >
√

nq}, where q is the 95% quantile of the maximum

M
def
= sup0≤t≤1

∣
∣B(t)− tB(1)

∣
∣ of the absolute value of the Brownian bridge (B is

standard Brownian motion). Give a simulation estimate of q and an associated
95% bootstrap confidence interval.4

6 Variance/Bias Trade-Off Issues

We have seen earlier in this chapter that estimating the variance parameter
σ2 that arises in quantile estimation (see Section 4a) involves computing
the density of the r.v. Z. Of course, density estimation is also of interest in
its own right.

The density-estimation problem is representative of an important class
of computational problems, in which the object to be calculated cannot
be expressed directly in terms of the expectation of a simulatable r.v.
Rather, in the density-estimation setting, the density is defined as a limit
of simulatable r.v.’s, specifically

f(q) = lim
h↓0

E1{q < Z ≤ q + h}
h

def= lim
h↓0

ED(h) . (6.1)

More generally, there are many problems in which the quantity of interest
can be expressed only as a limit (in expectation) of simulatable r.v.’s.

If W is an estimator of w, the quantity EW −w is called the bias of W .
The estimator is said to be unbiased for w if the bias is zero; otherwise,

4The distribution of M is known, but the form is complicated, see [98] p. 335.
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the estimator is biased. The bias measures the systematic error in W that
cannot be eliminated through sampling i.i.d. copies of W . In the setting
of (6.1), it is clear that D(h) is biased for each h > 0. However, the bias
disappears as h ↓ 0, creating a preference for estimating f(q) via repeated
sampling of the r.v. D(h) with h small.

On the other hand,

VarD(h) =
1
h2

(
F (q + h)− F (q)

)(
1− F (q + h) + F (q)

)
,

which is asymptotic to f(q)/h as h ↓ 0. Thus, the variance blows up as
h ↓ 0. This suggests that the right choice for h must involve some kind
of “trade-off” between variance and bias. It is this variance/bias trade-off
that is the key to the design of a good simulation scheme when one is
presented with computing quantities that are expressible only as limits of
“simulatable expectations”.

Remark 6.1 Note that if the bias is analytically computable, one would
subtract an estimator of the bias off the original estimator. On the other
hand, if the bias cannot be estimated and the bias is of order R−1/2 or
more, then the estimator’s standard deviation σ/

√
R is dominated by the

bias, so the only reasonable candidate ẑR ± 1.96σ̂R/
√
R for the confidence

interval is centered at the wrong point (due to the bias), and the resulting
coverage may be disastrous. Thus, one has the following general principle:
the standard deviation should dominate the bias in order that confidence
intervals be meaningful. �

To make concrete the typical theoretical approach used to study the
variance/bias trade-off, consider the density estimator

∑R
1 Dr(h)/R, where

the Dr(h) are i.i.d. replications of D(h). For a given simulation budget
(corresponding to the number of simulation runs one is willing to do), the
goal is to select h optimally.

Of course, the notion of optimality depends on the objective that is
chosen. The most analytically tractable measure of estimator quality is
that of mean square error (MSE). A key to the tractability of MSE is that

MSE(W ) = VarW +
(
bias(W )

)2
.

In our density-estimation example,

MSE
(
R−1

R∑

1

Dr(h)
)

=
1
R

Var D(h) +
[
bias

(
D(h)

)]2
.

Note that the second term is unaffected by sending R→∞, thereby offering
further support to our prior assertion that the bias measures the systematic
error associated with the estimator. To proceed further, we need to study
the bias of D(h). Note that

bias
(
D(h)

)
=

F (q + h)− F (q)− hF ′(q)
h

∼ h

2
F ′′(q) =

h

2
f ′(q) .
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Given our analysis of VarD(h), this suggests that

MSE
(
R−1

R∑

1

Dr(h)
)
≈ f(q)

hR
+
h2

4
f ′(q)2 . (6.2)

For a given R, we should select h so that it roughly balances the terms on
the r.h.s. of (6.2). More precisely, the function a/h+ bh2 of h is minimized
for h = (a/2b)1/3, so letting a = f(q)/R, b = f ′(q)2/4, it follows that (6.2)
is minimized by taking h of order R−1/3, in which case the MSE goes to 0
at rate R−2/3. For further calculations of this type, see VII.1.

A frequently used alternative to the density estimator D(h) above is a
kernel estimator, defined as

f̂k(x) =
1
hR

R∑

r=1

k
(
(Zr − x)/h

)
,

where the kernel k is a probability density (often just the standard normal).
An example of a kernel estimate for a density is given in Figure 6.1 for
R = 5 observations and h = 0.5. Note that in practice, the choice of h is
crucial for the quality of the density estimate; too large an h will yield an
oversmoothed estimate, too large an h a too jaggy one.

7 Multivariate Output Analysis

Our discussion thus far has focused on a generic situation in which our goal
is to compute some scalar quantity (e.g., z = EZ). We briefly describe here
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the generalization to the setting in which we wish to compute a vector.
For concreteness, suppose our goal is to compute the multivariate quantity
z = EZ, where Z ∈ R

d.
From an estimation viewpoint, the problem is straightforward: we clearly

should estimate the ith component zi of z via ẑiR, where ẑiR
def= R−1(Zi1 +

· · ·+ZiR) and Zr = (Z1r, . . . , Zdr) is the rth copy of the r.v. Z generated.
However, the construction of an asymptotic confidence region for z involves
new ideas.

Let

Σ̂ def=
1

R− 1

R∑

r=1

(Zr − ẑ)T(Zr − ẑ)

be the sample covariance matrix associated with the R multivariate outputs
Z1, . . . ,ZR. Then Σ̂ a.s.→ Σ as R → ∞, where Σ is the d × d covariance
matrix E

[
(Z − z)T(Z − z)]. It follows that

(ẑR − z)TΣ̂
−1

(ẑR − z) D→ χ2
d

as R → ∞, so that if x is the 1 − α quantile in the χ2
d distribution and E

the ellipsoid

E
def= {w : (ẑR −w)TΣ̂

−1
(ẑR −w) ≤ x} ,

then

P(z ∈ E) → 1− α . (7.1)

In other words, the ellipsoid E contains z with probability converging to 1−
α as R→∞. This is the desired confidence region in the above multivariate
context.

Remark 7.1 When sectioning is applied to the d-dimensional context,
ψ(F ) is then d-dimensional, as is ψ(F̂R) and the ψ(F̂n,K), n = 1, . . . , N .
The analogue of (7.1) is then

P
(
ψ(F ) ∈ ER) → 1− α ,

where ER is the d-dimensional ellipsoid

ER
def=

{
w : N

(
ψ(F̂R)−w)TŜ−1

N

(
ψ(F̂R)−w) ≤ d

N − 1
N − d

f
}
,

f is the 1 − α quantile of an F distribution with (d,N − d) degrees of
freedom, and

ŜN
def=

1
N − 1

N∑

n=1

(
ψ(F̂n,K)−ψ(F̂R)

)T(
ψ(F̂n,K)−ψ(F̂R)

)
. �
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8 Small-Sample Theory

The confidence intervals described in the preceding sections of this chapter
are asymptotic in nature, and depend on the use of limit theorems. In
particular, all the asymptotic confidence intervals of this chapter depend,
in a fundamental way, on the central limit theorem.

Note that the normal approximation associated with the CLT is exact
if the underlying distribution of the Zr is normal. Thus, the error in the
normal approximation to the distribution of ẑ can be attributed to non-
normality in the underlying distribution of the Zr. As one might expect,
the more nonnormal this distribution, the slower the convergence to the
normal distribution in the CLT. This is quantified through the Edgeworth
expansion ([116, p. 538])

P
(
R1/2(ẑR − z) ≤ σx

)

= Φ(x) +
E(Z − z)3

6σ3
√
R

(1− x2)ϕ(x) + o(1/
√
R) . (8.1)

Hence, the larger the skewness E(Z − z)3/σ3, in absolute terms, the slower
the rate of convergence. Such Edgeworth-type expansions hold for many
complex estimators, including those that arise in computing a smooth func-
tion of expectations; see, for example, Battacharya & Ghosh [43]. Similar
confidence-interval concerns arise there.

Some Monte Carlo computations give rise to large skewness coefficients,
thereby leading to slow rate of convergence in the CLT. These slow rates
manifest themselves, in the confidence interval context, through poor cov-
erage probabilities. For example, it may be that a sample size R on the
order of thousands is required in order that a 95% asymptotic confidence
interval cover z more than 90% of the time (although, thankfully, usually
smaller sample sizes suffice). An example is sampling from the Bernoulli(p)
distribution with p small, for example of order 10−3 or less, as occurs in
rare event simulation implemented via the crude Monte Carlo method; see
Chapter VI.

Given the fact that the convergence rate in the CLT (and the associated
coverage of the confidence intervals) is problem dependent, examining the
degree of nonnormality in the underlying sampling population provides
one means of assessing the magnitude of the problem. An alternative is to
build a confidence-interval methodology with guaranteed performance (i.e.,
a 95% confidence interval is guaranteed to cover at least 95% of the time).
Such intervals can be constructed when Z is a bounded r.v. (with known
bounds) but typically leads to intervals that are significantly “fatter” than
those based on asymptotic theory; see, for example, Fishman [118] and
Exercise 8.1.

The bootstrap presents one more means of addressing this problem.
While the bootstrap procedure described in Section 5c does not improve
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upon coverage error, a modified bootstrap procedure does so (in some set-
tings), and often significantly improves upon coverage at a practical level
as well. The idea is not to bootstrap the r.v. ψ(F̂R)− ψ(F ) but instead to
bootstrap the standardized (Studentized) r.v.

(
ψ(F̂R) − ψ(F )

)
/σ̂R. Thus,

from a bootstrap sample Z∗1b, . . . , Z
∗
Rb one generates

(
ψ(F̂ ∗Rb)−ψ(F̂R)

)
/σ̂∗Rb,

where F ∗Rb is the empirical distribution of the bootstrap sample and σ̂∗Rb an
estimate of the standard deviation for the problem based on Z∗1b, . . . , Z

∗
Rb.

When ψ(F ) is the mean of F ( so that we are computing a confidence inter-
val for EZ), this procedure can be shown to improve asymptotic coverage
relative to the standard normal confidence interval (1.4).

One also sometimes encounters the suggestion of using the t distribution
as a basis for confidence intervals, leading to ẑ ± s t1−α/2/

√
R, where tα

is the α-quantile of the t distribution with f = R − 1 degrees of freedom.
The motivation behind this is that the normalized average (ẑR−z)/s

√
R of

normal r.v.’s is tf distributed. However, since the sampling distribution of
the Zr is typically highly nonnormal, our view is that t confidence intervals
very rarely improve upon normal ones. We will, however, encounter one
very convincing example in connection with batch means; see IV.5.

Exercises

8.1 (TP) Explain how Chebyshev’s inequality P
(|ẑ − z| > ε

) ≤ Var(Z)/Rε2

leads to the asymptotic 95% confidence ẑ ± 4.47s/
√

R.

9 Simulations Driven by Empirical Distributions

Most often, the r.v. Z in the CMC method is produced from other r.v.’s
belonging to parametric distributions. Say that in a queuing simulation one
uses a Gamma service time distribution. In this example, the exact form
is, however, seldom known but some statistical observations are available,
and it is then appealing not to fit a parametric distribution but to simulate
directly from the empirical distribution of the observed service times. A
terminology that is often used in such a situation is trace-driven simulation
or resampling. In mathematical finance, one often talks about historical
simulation; see, for example, McNeil et al. [252, Section 2.3.2].

To illustrate how to perform output analysis in such situations, we con-
sider a simple case in which x1, . . . , xm are i.i.d. observations from an
unknown distribution F . The aim is to estimate ψ(F ) = EF g(X1, X2, . . .),
where X1, X2, . . . are i.i.d. with distribution F , by simulation based on
drawings from the empirical distribution F̂m of x1, . . . , xm (F̂m is the dis-
tribution putting mass 1/m at each xk). Say g is the length of the busy
period in a D/G/1 queue with service-time distribution F and constant
interarrival times, or max1≤n≤NWn, where R is fixed and Wn the waiting
time of customer n.
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The naive procedure is to use Monte Carlo with

Zr
def= g

(
xK(r,1), xK(r,2), . . .

)
, r = 1, . . . , R,

where the K(r, j) are i.i.d. and uniform on {1, . . . ,m}. The problem is that
thereby one estimates z def= EZ = ψ(F̂m), so that the confidence interval
produced in this way is a confidence interval for ψ(F̂m), not ψ(F ) as desired:
the stochastic variation in ψ(F̂m) is ignored.

To resolve this problem, note that typically ψ(F̂m) has an asymptotic
normal distribution with mean ψ(F ) and variance of the form ω2/m for
some ω2 as m→∞. More precisely, as in Section 5a and references there,
the program for rigorously verifying this is to find a Banach space (V, ‖ · ‖)
of (signed) measures such that one is willing to assume that F ∈ V , that
Fm ∈ V , and that ψ is defined on all of V and Fréchet or Hadamard
differentiable at F .

It follows that in the Monte Carlo setting, we can write

ẑ = ψ(F̂m) +
σF̂m√
R
V1 = ψ(F ) +

σF̂m√
R
V1 +

ω√
m
V2 ,

where V1, V2 are independent and asymptotically standard normal when
both R and m are large. To produce a confidence interval, we need there-
fore an additional estimate of ω2. In some cases, ω2 has been evaluated
analytically, but typically, an estimate needs to be produced by simulation
and to this end a variant of the CMC method is required.

The idea is similar to sectioning. We divide the m observations into
groups, say k groups of size � (assuming for convenience that m can be
written as m = k�) and perform p (say) simulations within each group,
using the empirical distribution F̂�,i in group i. For each group, we thus in a
straightforward way obtain an estimate ψ̂(F̂�,i) of ψ(F̂�,i) and an associated
estimate σ̂2

F̂�,i
of σ2

F̂�,i
. The estimator of ψ(F ) is

ψ̂ =
1
k

(
ψ̂(F̂�,1) + · · ·+ ψ̂(F̂�,k)

)
.

We can write

ψ̂(F̂�,i) = ψ(F̂�,i) +
σF̂�,i√
p
V1,i = ψ(F ) +

σF̂�,i√
p
V1,i +

ω√
�
V2,i ,

where the Xij are independent and asymptotically standard normal when
both p and � are large. When � is large, we can replace σ2

F̂�,i
by σ2 def= σ2

F ,

and so the asymptotic variance of ψ̂ becomes

σ2

kp
+
ω2

k�
. (9.1)
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The natural estimates of σ2, ω2 are

σ̂2 =
1
k

(
σ̂2
F�,1

+ · · ·+ σ̂2
F�,k

)
, ω̂2 =

�

k − 1

k∑

i=1

(
ψ̂(F�,i)− ψ̂

)2

,

and so the confidence interval is

ψ̂ ± 1.96

√
σ̂2

kp
+
ω̂2

k�
. (9.2)

An obvious question is how k and p should be chosen based on a budget
of c drawings from an empirical distribution. Clearly, c = kp, so since both c
and m = k� are fixed, (9.1) shows that in terms of minimizing the variance,
the answer is that the choice is unimportant. However, consider next the
variance of the variance estimator. Since Var(σ̂2) ∼ c1/kp = c1/c, Var(ω̂2)
∼ c2�/k,

Var

(
σ̂2

kp
+
ω̂2

k�

)
∼ c1

c3
+
c2�

2

m3
.

This indicates that choosing � small or, equivalently, the number of groups
k large is preferable. But note that the largest possible choice k = m is not
feasible because the asymptotics used in the arguments require that also
� = m/k be sufficiently large for the CLT for ψ(F�) to be in force.

Exercises

9.1 (A) The Pollaczeck–Khinchine formula for the expected waiting time w (say)
in the M/G/1 queue states that

w = w(F ) =
ρEV 2

2(1− ρ)EV
,

where ρ is the traffic intensity and V an r.v. having the service-time distribution
F .
For ρ = 0.8 and service-time density xe−x, simulate m service times vr,1, . . . , vr,m

for r = 1, . . . , R, compute (without simulation!) the wr corresponding to the
empirical distributions F̂r,m, and plot a histogram of the wr. Experiment with
different values of m to see how big m needs to be for the distribution of w(F̂m)
to look reasonably normal.

10 The Simulation Budget

At first sight, it may appear that the variance is the universal measure
of efficiency of an MC estimator. In particular, given the choice between
two Monte Carlo schemes based on r.v.’s Z,Z ′ with variances σ2

Z , σ
2
Z′ ,

one should choose the one with smallest variance. However, this argument
cheats because it does not take into account that the expected CPU times
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T, T ′ required to generate one replicate may be very different. Instead,
one can formulate the problem in terms of a constraint on the simulation
budget: given that we are prepared to spend c units of CPU time for the
simulation, will Z or Z ′ give the lower variance? The answer is that by
renewal theory, the number of replications obtained within time c will be
R ∼ c/T , respectively R′ ∼ c/T ′, and so the variances on the estimates are
σ2
ZT/c, respectively σ2

Z′T ′/c (that the appropriate CLT holds also for such
random sample sizes follows from Anscombe’s theorem; cf. A2). Thus, we
should prefer Z if σ2

ZT < σ2
Z′T ′ and Z ′ otherwise.

The interpretation of σ2
ZT is variance per unit CPU time, and the inverse

1/σ2
ZT may be taken as a measure of efficiency of the estimator Z. To quote

Hammersley & Handscombe [173], “The efficiency of a Monte Carlo process
may be taken as inversely proportional to the product of the sampling
variance and the amount of labour expended in obtaining this estimate.”

It is of course rarely the case that the simulator will specify c in advance.
Nevertheless, considerations like the above are appealing from a conceptual
point of view. A general decision-theoretic formulation was given by Glynn
& Whitt [156] and involves the following ingredients in the estimation of a
number z by simulation:

(i) A loss function L(y, z), specifying the loss in estimating z by y;

(ii) the experiment, a stochastic process {(Y (t), C(t)
)}t≥0 with t rep-

resenting simulated time (not CPU time), Y (t) the corresponding
estimator of z, and C(t) the cost of obtaining the estimator Y (t);

(iii) a budget constraint c;

(iv) the realized length T (c) def= sup{t : C(t) ≤ c};
(v) the budget-constrained estimator Y

(
T (c)

)
;

(vi) the risk function R(c) def= EL
(
Y
(
T (c)

)
, z
)
;

(vii) the efficiency e(c) def= 1/R(c).

The idea is to take properties of R(c) and e(c) for large c as measures of
performance of a given simulation scheme.

Example 10.1 The loss function is often the mean squared error E
(
Y (t)−

z
)2, which reduces to the variance in the unbiased case EY (t) = z, and

the cost C(t) is often the CPU time. In the i.i.d. Monte Carlo setting,
t = R is the number of replications, C(t) is a random walk, T (c) is roughly
proportional to c, T (c) ∝ c by renewal theory, and hence R(c) ∝ 1/c,
e(c) ∝ c. Different cases occur, for example, in Gaussian processes in which
the cost to generate a sample path of length t is O(t3) for some algorithms
and O(t log t) for others; see Chapter XI. Then T (c) ∝ c1/3, respectively
T (c) ∝ t/ log t (which is not necessarily an indication that the O(t log t)
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algorithms are preferable: in fact, some will typically have a larger bias
and hence a larger loss; see again Chapter XI). �

The large-c asymptotics will often be of the form

crR(c) → 1/v (10.1)

as c → ∞, where r, v > 0 are constants. When comparing two estimators
with different characteristics (r1, v1), (r2, v2), one therefore prefers the one
with the larger r and, if r1 = r2, the one with the larger v. A statement of
type (10.1) will typically be based on a functional CLT of the form

{
ε−γ

(
Y (t/ε)− z

)}
t≥0

D→ {W (t)}t≥0 in D[0,∞) (10.2)

as ε ↓ 0, where W is often Brownian motion but can also be another
Gaussian process, a stable process, fractional Brownian motion, or another
process. Similarly, it is often reasonable to assume that

t−βC(t) P→ 1/λ (10.3)

as t→∞ for some constant 0 < λ <∞. We then get

c ≈ C
(
T (c)

) ≈ T (c)β/λ , T (c) ≈ (λc)1/β ,

and, taking ε = 1/T (c) in (10.2),

cγ/β
[
Y
(
T (c)

)− z
] D→ λ−γ/βW (1) ; (10.4)

the rigorous proof requires the additional assumption that W is continuous
at t = 1. Taylor expanding L around y = z and making the (reasonable)
assumptions that L(z, z) = 0, Ly(z, z) = 0 (partial derivative) then yields
(10.1) with

r = 2β/γ, v =
2λ2β/γ

Lyy(z)EW (1)2
. (10.5)

Exercises

10.1 (TP) What is your guess of the analogue of (10.5) for the C(t) = O(t log t)
situation in Gaussian processes?
10.2 (TP) What is your guess of the analogue of (10.5) for L(y, z) = |y − z|p?



Chapter IV
Steady-State Simulation

1 Introduction

Let Y = {Y (t)}t≥0 be a stochastic process in continuous time.1 Suppose
that the time-average limit for Y exists, in the sense that there exists a
(deterministic) constant z such that

1
t

∫ t

0

Y (s) ds P→ z (1.1)

as t → ∞. The steady-state simulation problem is concerned with
computing z.

Given the limit (1.1), the most natural estimator for z is to simulate Y
up to time t, and to use the time-average

Y (t) def=
1
t

∫ t

0

Y (s) ds

as the estimator for z. There are two principal difficulties inherent in this
approach:

(i) The estimator Y (t) is generally biased as a consequence of an ini-
tial transient that is induced by the fact that the process is usually
initialized from a nonequilibrium distribution.

1The small differences that arise in discrete time are discussed in Section 6a.
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(ii) Because Y (t) is based on a single realization of the process, computing
variance estimates is problematic, thereby creating challenges in the
construction of confidence intervals.

In many applications, Y (t) can be represented as Y (t) = f
(
X(t)

)
,

where f is a real-valued function defined on the state space E of a Markov
process X . This is the setting on which we focus in this section and Sec-
tions 2, 4, and which is the one arising in most applications; we comment
on the generality in Section 6. When X is suitably positive recurrent, (1.1)
then typically follows as a consequence of a stronger ergodic theorem, as-
serting that there exists a (deterministic and independent of the initial
distribution) probability distribution π(·) for which

1
t

∫ t

0

g
(
X(s)

)
ds P→

∫

E

g(x)π(dx) (1.2)

as t → ∞, for all bounded and/or nonnegative functions g. Furthermore,
the distribution π generally satisfies the integral equation

π(dy) =
∫

E

P
(
X(t) ∈ dy

∣
∣X(0) = x

)
π(dx) (1.3)

for y ∈ E and t ≥ 0. Because of (1.3), the distribution π is variously called
the equilibrium distribution, the invariant distribution, and the stationary
distribution. In addition, π is often called the steady-state distribution, in
part because of its interpretations as a limit in (1.2).

In view of (1.2), the quantity z can be expressed as

z =
∫

E

f(x)π(dx) .

It follows that if one can generate variates X(∞) from the distribution π,
then z = EZ, where Z def= f

(
X(∞)

)
, reducing the computation of z to the

problem studied in Chapter III. If E is low-dimensional and π is known
explicitly, the methods of Chapter II may be applicable to efficient random
variate generation for X(∞). On the other hand, if π is known and E is
high-dimensional, it may be that computing π through the time average
(1.2) is more efficient than available algorithms based on direct variate
generation from π itself.

More commonly, π is not known explicitly. Perhaps surprisingly, there
exist algorithms (for certain classes of Markov chains) that offer the ability
to generate variates from the distribution π based on one’s ability to dy-
namically simulate paths of the process X . In Sections 8 and XIV.7b, we
study the extent to which this is possible for Markov chains with a discrete
state space. The answer is that algorithms exist for E finite (|E| <∞) but
not in general for E countably infinite.

The case |E| < ∞ is, however, special, and even there the algorithms
are often prohibitively inefficient in terms of computer time. The most
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commonly used algorithm for computing such steady-state quantities z are
therefore based on the LLN (1.1).

Remark 1.1 An alternative view of the of steady-state simulation is
that the LLN (1.1) provides a simulation-based method for solving the
integral equation (1.1), in particular for computing an “inner product”∫
E f(x)π(dx). �

In great generality, the LLN (1.1) is accompanied by a central limit
theorem (CLT) taking the form

t1/2
(
Y (t)− z

) D→ N
(
0, σ2

)
, (1.4)

where σ2 is a (deterministic) constant, called the TAVC (time average
variance constant) in the following. So,

Y (t)
D≈ z +

σ√
t
V ,

where V ∼ N (0, 1), when t is large. Assuming appropriate uniform
integrability,

Var Y (t) ∼ σ2/t and
(
bias

(
Y (t)

)2 = o(1/t)

as t→∞. It follows that the bias of Y (t) is small relative to the standard
deviation when t is large.

Remark 1.2 To get a better sense of the relative magnitude of the bias
and the standard deviation, suppose that the underlying Markov process
X is suitably aperiodic, so that

P
(
X(t) ∈ ·) D→ π(·)

as t→∞. Again, assuming suitable uniform integrability,

Ef
(
X(t)

) → z

as t→∞. Suppose that the convergence is rapid enough so that the integral

b
def=

∫ ∞

0

[
Ef
(
X(s)

)− z
]
ds (1.5)

converges absolutely. Then

EY (t)− z =
b

t
− 1

t

∫ ∞

t

[
Ef
(
X(s)

)− z
]
ds =

b

t
+ o(1/t) , (1.6)

so that the bias is an order of magnitude smaller than the estimator’s
O(t−1/2) sampling variability.

Returning to the absolute convergence of the integral (1.5), note that
the rate at which EY (t)− z converges to zero is related to the mixing rate
of X (mixing rates are measures of the rate at which the autocorrelations
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decay). In fact, for Markov processes that mix exponentially rapidly,

∣
∣Exf

(
X(t)

)− Ef
(
X(∞)

)∣∣ ≤ c(x)e−λt (1.7)

for some function c(·) and positive λ, where Ex(·) def= E
[· ∣∣X(0) = x

]
(for

precise conditions guaranteeing (1.7), see Meyn & Tweedie [255]). Hence,

∣
∣EY (t)− z

∣
∣ ≤ e−λt

λt
Ec
(
X(0)

)
, (1.8)

so that

bias
(
Y (t)

)
=

b

t
+ O

(
e−λt/t

)
. (1.9)

Thus, in contrast to the smooth estimation problem of III.3, the bias of
Y (t), when written as a power series in 1/t, has vanishing coefficients except
for the first term. �

In the following, we write

fc(x)
def= f(x) − z = f(x)− π(f) , (1.10)

c(s) def= Covπ
(
Y (0), Y (s)

)
= Eπ

[
fc
(
X(0)

)
fc
(
X(s)

)]
, (1.11)

ρ(s) def= Corrπ
(
Y (0), Y (s)

)
=

Eπ

[
fc
(
X(0)

)
fc
(
X(s)

)]

√
Eπf2

c

(
X(0)

)
Eπf2

c

(
X(s)

)

=
Eπ

[
fc
(
X(0)

)
fc
(
X(s)

)]

Eπf2
c

(
X(0)

) =
c(s)
c(0)

, (1.12)

σ2
0

def= Var
[
f
(
X(∞)

)]
= VarπY (0) . (1.13)

That is, c(s) is the steady-state covariance at lag s and ρ(s) the correlation.
Returning again to the CLT (1.4), it seems reasonable to expect (in view
of the fact that the initial transient affects only the initial segment of the
process) that the same CLT should hold under any initial distribution for
X , specifically its stationary distribution π. This leads to the following:

Proposition 1.3 Assume
∫∞
0

∣∣ρ(s)
∣∣ ds < ∞ and σ2

0 < ∞. Then the
TAVC σ2 in (1.4) is given by

σ2 = lim
t→∞ tVar Y (t) = 2σ2

0

∫ ∞

0

ρ(s) ds .
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Proof. Write c(s, v) def= Covπ
(
Y (s), Y (v)

)
and note that c(s, v) = c(|s− v|).

Hence

tVarπ Y (t) =
1
t

Eπ

(∫ t

0

fc
(
X(s)

)
ds
)2

=
1
t

Eπ

∫ t

0

∫ t

0

fc
(
X(s)

)
fc
(
X(v)

)
ds dv

=
1
t

∫ t

0

∫ t

0

c(s, v) ds dv =
2
t

∫ t

0

ds
∫ s

0

c(s, v) dv

=
2
t

∫ t

0

ds
∫ s

0

c(s− v) dv = 2
∫ t

0

(1− s/t)c(s) ds

→ 2
∫ ∞

0

c(s) ds .

Since c(s) = σ2
0ρ(s), the result follows. �

Note that if we simulate X for σ2t time units, then (1.4) establishes that
Var

(
Y (σ2t)

) ∼ 1/t as t→∞. Similarly, if we had the ability to simulate
�σ2

0t� i.i.d. replicates of f
(
X(∞)

)
, the resulting sample mean would have

variance 1/t. So, the factor

σ2

σ2
0

= 2
∫ ∞

0

ρ(s) ds (1.14)

has an interpretation as the amount of time one must simulate X in order
that the time average over [0, σ2/σ2

0 ] contain as much information as a
single sample of f

(
X(∞)

)
. Therefore, the factor σ2/σ2

0 given by (1.14) is
of great interest in the steady-state simulation context.

In addition, it is evident that the steady-state variance σ2
0 can be easily

estimated via the sample quantity

1
t

∫ t

0

f
(
X(s)

)2 ds − Y (t)2 .

Therefore, the entire difficulty in estimating the TAVC σ2 (and hence in
producing a confidence interval for z based on (1.4)) is the need to estimate
the factor (1.14).

1a The Relaxation Time
To get a handle on the steady-state autocorrelation function ρ(·), we take
advantage of the fact that for Markov chains exhibiting exponentially rapid
mixing, one can typically refine (1.7) to

Exf
(
X(t)

)− z ∼ c̃(x)tk−1e−γt (1.15)

as t → ∞, for some suitable function c̃(·), some positive constant γ (that
clearly must be larger than the λ of (1.7)), and some k. For example,
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when X is an irreducible finite-state continuous-time Markov process, the
constant γ is typically the eigenvalue of the rate matrix A having the
second-largest real part (the principal eigenvalue is 0) and k its multiplicity.
In queuing, more precisely the GI/G/1 queue, one has

γ = min
s>0

Ees(V−T ) , k = −1/2 ,

where V, T are independent such that V follows the service-time distribu-
tion and T the interarrival-time distribution; see [16, Section XIII.2].

It follows that

ρ(t) =
Eπ

[
fc
(
X(0)

)
fc
(
X(t)

)]

Eπf2
c

(
X(0)

)

=
Eπ

[
fc
(
X(0)

)
E
[
f
(
X(t)

)− z
∣
∣X(0)

]]

Eπf2
c

(
X(0)

)

∼ Eπ

[
fc
(
X(0)

)
c̃
(
X(0)

)]

Eπf2
c

(
X(0)

) tke−γt . (1.16)

Neglecting the presence of the constant multiplier in (1.16) and tk, we
conclude that the factor (1.14) is roughly of order 1/γ. In other words,
1/γ is a rough measure of the amount of time X must be simulated in
order to provide roughly the same amount of statistical information as
that contained in a single sample from the system in equilibrium.

Of course, the asymptotic (1.15) suggests that the amount of time t =
t(ε) required in order that the bias satisfy

∣
∣Exf

(
X(t)

)− z
∣
∣ ≤ ε

obeys the asymptotic t(ε) ∼ γ−1 log(1/ε) as ε ↓ 0. Hence, the quantity 1/γ
not only is critical to determining the TAVC σ2 but also governs the rate
at which the initial transient dissipates. In view of these considerations,
the quantity 1/γ is of great interest in the context of steady-state simu-
lation, since this constant is intimately connected to both of the principal
difficulties described at the outset of this chapter.

The quantity 1/γ is often called the relaxation time of the system, since it
represents a rough measure of how long it takes to relax to the equilibrium
state (in other words, to decorrelate). As indicated above, in the finite case
γ is typically characterized as the second-largest eigenvalue of the rate
matrix A for the process. Consequently, bounds on this second eigenvalue
are of great interest for purposes of planning steady-state simulations.

In general, such bounds can be very difficult to compute. Eigenvalue
estimates for a matrix generally take advantage of the Rayleigh–Ritz char-
acterization of its eigenvalues and eigenvectors (see Parlett [285]). This
tool is most straightforward to apply in the context of symmetric ma-
trices. Given that reversibility of a Markov chain is closely related to
self-adjointness of A, it is not surprising that the great majority of analytic
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bounds on the second eigenvalue assume reversibility. Reversibility is nat-
ural in some application areas such as mathematical physics, but it rarely
arises in others such as performance engineering. On the other hand, in the
Markov chain Monte Carlo context, sampling algorithms are typically de-
signed so as to generate reversibility, see XIII.3.2 for details. In this latter
context, analytic bounds on the second eigenvalue are sometimes explicitly
computable and can be quite useful in planning steady-state simulations.
Such bounds are discussed, for example, in Brémaud [57], and we also later
outline a case study in which they are essential, see XIV.3.

Remark 1.4 A pragmatic approach that is often used to mitigate the
initial transient problem is to use a burn-in or warm-up period of lenght
v (say), hoping that the bias have been substantially reduced by time v.
Instead of Y (t), the estimator of z based on simulation in [0, t] is then

1
t− v

∫ t

v

Y (s) ds .

Knowledge of γ may of course help to provide guidelines for how large
v needs to be. In absence of such knowledge often more ad hoc rules are
used, for example setting v = s/10. �

2 Formulas for the Bias and Variance

When X = {X(t)}t≥0 is a finite Markov process, explicit formulas for
the bias and TAVC are available. Let A =

(
A(x, y)

)
x,y∈E be the rate

matrix and P (t) def=
(
P (t, x, y)

)
x,y∈E the lag-t transition matrix of X ,

i.e., P (t, x, y) = Px

(
X(t) = y

)
. Assuming that A is irreducible, a unique

stationary distribution π exists. Representing π as a row vector π def=(
π(x)

)
x∈E , π is uniquely characterized by the equation πA = 0 together

with the normalization π1, where 1 is the column vector of ones. Further,
if Π def= 1π is the matrix in which each row is identical to π, then P → Π
(exponentially rapidly) as t→∞ and

ΠP (t) = P (t)Π = Π2 = Π .

For these and other relevant facts on finite Markov processes, see [16,
Chapter II].

The initial bias of Y (t) is given by the following result, where (Π−A)−1

is known as the fundamental matrix (the existence of the inverse follows
from the proof below):

Proposition 2.1 Let μ be the row-vector representation of the initial dis-
tribution. Then the constant b in (1.6), (1.9) is given by b = μ(Π−A)−1fc,
where fc is the column-vector representation of fc(·) = f(·)− z.
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Proof. It is well known that the P (t) satisfy the backward equation P ′(t) =
AP (t) subject to P (0) = 0, so that

P (t)− I =
∫ t

0

AP (s) ds .

Now, t
[
ExY (t) − z

]
is the xth entry of the column vector

∫ t
0
P (s)f c ds.

Observe that

(Π−A)
(∫ t

0

(
P (s)−Π

)
ds + Π

)
= Π− P (t) + I

because ΠA = AΠ = 0. Since P (t) → Π exponentially rapid, this implies

(Π−A)
(∫ ∞

0

(P (s)−Π) ds + Π
)

= I ,

so that (Π−A)−1 exists. So,
∫ t

0

P (s)fc ds = (Π−A)−1(Π− P (t) + I)fc − Πfc ,

from which the result follows since Πfc = 0. �

Also, the TAVC can be easily computed from knowledge of the funda-
mental matrix (or, more precisely, from knowledge of the solution g =
(Π−A)−1fc to Poisson’s equation Ag = −fc; see [16, Section II.4d]):

Proposition 2.2 The TAVC is given by

σ2 = 2
∑

x∈E
π(x)fc(x)

(
(Π−A)−1fc

)
(x) .

Proof. We have

σ2 = 2
∫ ∞

0

Eπ

[
fc
(
X(0)

)
fc
(
X(t)

)]
dt

= 2Eπ

[
fc
(
X(0)

) ∫ ∞

0

(
P (t)fc

)(
X(0)

)
dt
]

= 2Eπ

[
fc
(
X(0)

)(
(Π−A)−1fc

)(
X(0)

)
,

which is the same as the asserted expression. �

When one can explicitly perform such calculations,2 one can invariably also
analytically (or numerically) compute z. Hence, the discussion of this sec-
tion is not generally intended as a guide to computing either b or σ2 for
practical simulations. Rather, it is intended to provide the reader with a
taste of the analytical theory that is bound up with computing such con-
stants in general. Such formulas also turn out to be valuable in validating

2For analogues of Propositions 2.1, 2.2 for finite discrete-time Markov chains, see [16,
Section I.7].
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various steady-state simulation output analysis algorithms empirically for
simple models in which the constants can be explicitly calculated.

Remark 2.3 There is, however, one useful application of such formulas.
Suppose that one can explicitly compute the necessary constants for a
model that is believed to be a good approximation to the system to be
simulated. This opens the possibility of using the constant for the approxi-
mating model when planning steady-state simulations for the model under
consideration. This approach can be nicely illustrated by considering a
GI/G/1 queue in heavy traffic, i.e., a situation in which the traffic inten-
sity ρ is close to 1. It can then be shown ([16, Section X.7], [361]) that
such a queue satisfies a functional limit theorem as ρ ↑ 1, in which the ap-
proximating limit process is a one-dimensional reflecting Brownian motion
(RBM). In view of the abundance of explicit formulas and computational
methods for Brownian motion, the quantitites γ, b, and σ2 are explicitly
available for RBM. This permits us to easily compute an approximation
to the relaxation time of the queue, and to determine an approximation
to the amount of simulated time t0 required to reduce the half-width of a
100(1 − δ)% confidence interval to ε (t0 ≈ σ2z2/ε2, with z

def= z1−δ/2 the
1− δ/2 quantile of the standard normal distribution; cf. (1.4)). See further
Whitt [360] and Asmussen [12]. �

3 Variance Estimation for Stationary Processes

As discussed earlier, the rate t−1/2 at which the sampling variability goes
to zero is much slower than the rate t−1 at which the systematic error as-
sociated with the bias decays to zero. Furthermore, one has only a single
realization of the process from which to attempt to estimate the effect of the
initial transient, so that statistical approaches to initial transient determi-
nation are likely to be problematic. As a consequence, both theoretical and
pragmatic considerations suggest that the dominant problem in steady-
state simulation is the estimation of the TAVC σ2 (and the associated
construction of confidence intervals based on (1.4)).

Given that

σ2 = 2
∫ ∞

0

c(s) ds , where c(s) def= Eπ

[
fc
(
X(0)

)
fc
(
X(s)

)]
, (3.1)

note that c(s) can be estimated via

ĉ(s) def=
1

t− s

∫ t−s

0

Y (u)Y (s+ u) du − Y (t)2 .

The ergodic theorem guarantees that when Y is a square integrable process,
ĉ(s) → c(s) as t → ∞. Of course, when the lag s corresponding to the
covariance c(s) is large, ĉ(s) involves an average over a relatively short
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time interval and hence ĉ(s) tends to be a noisy estimator of c(s) when s
is large. On the other hand, it is necessary that the lag s covariance with s
large be included in the integral (3.1) in order that the bias for an estimator
of σ2 be made small. Therefore, the development of a good estimator for
σ2 depends on trading off variance against bias (see III.6). In particular,
consider an estimator of the form

σ̂2 = 2
∫ t

0

wt(u)ĉt(u) du ,

where wt(u) is a weighting function chosen to minimize mean-square error
and having the properties that wt(u) → 1 as t → ∞ and wt(u) → 0 as
u ↑ t. Such estimators arise as special cases of spectral density estimators
(because σ2 is a constant multiple of the spectral density of a stationary ver-
sion of the process Y at frequency 0). With an appropriate choice of wt(·),
one obtains a root-mean-square convergence rate of t−1/3; see Grenander
& Rosenblatt [167].

An alternative variance estimation method is to fit a finite-order autore-
gressive process to Y , and to use the fact that the TAVC for such a process
can be easily computed in closed form. One then uses the TAVC for the
fitted process as an estimator for the simulated process. The theoretical
justification for such a method rests on the Wold representation theorem
(which asserts that a large class of stationary sequences can be represented
as infinite-order autoregressions). A key complication in this approach is the
need to determine the appropriate model order for autoregressive processes,
which is a nontrivial problem. However, the Akaike information criterion
(AIC) is one common tool for determining model order.

Exercises

3.1 (TP) Assume that we simulate kR values X1, . . . , XkR from a stationary
process and in addition to the sample mean ẑkR also consider the alternative
estimator ẑ

(k)
kR =

(
Xk + X2k + · · · + XkR

)
/R, the idea being that the spacings

typically will reduce dependence and thereby possibly the overall variance. Show
that this is not the case, i.e., that Var

(
ẑkR

) ≤ Var
(
ẑ
(k)
kR

)
.

4 The Regenerative Method

Suppose that Y (t) = f
(
X(t)

)
, where X is positive recurrent and suitably

irreducible. Let g be a solution to Poisson’s equation Ag = −fc, where A is
the generator of the Markov process X . In great generality (see, e.g., [112]),

M(t) def= g
(
X(t)

)
+
∫ t

0

fc
(
X(s)

)
ds

is then a martingale (adapted to the natural filtration of X). It follows that
if the optional sampling theorem EM(T ) = EM(0) (see again [112]) can
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be applied at the stopping time T , then

Eg
(
X(T )

)
+ E

∫ T

0

(
f
(
X(s)

)− z
)
ds = Eg

(
X(0)

)
.

Hence, the steady-state mean satisfies

z =
1

ET

[
Eg
(
X(T )

) − Eg
(
X(0)

)
+ E

∫ T

0

f
(
X(s)

)
ds
]
.

Assume that we can find a time T at which X regenerates in the sense that
X(T ) has the same distribution as X(0).3 In this case,

z =
1

ET
E

∫ T

0

f
(
X(s)

)
ds . (4.1)

Formula (4.1) is known as the regenerative ratio formula for z.
For discrete-state-space irreducible positive-recurrent Markov processes,

determination of such regeneration times is straightforward. In particular,
choose any state x∗ ∈ E as “return state.” If we initialize X in x∗ and
choose T def= inf{t > 0 : X(t) = x,X(t−) 
= x∗} to be the first return time
to x∗, X(T ) clearly has the same distribution as X(0) and (4.1) holds. We
adhere to this framework for the rest of this section and discuss extensions
in Section 6.

The regenerative ratio formula (4.1) shows that the quantity z, which
in general depends on the entire infinite history of X , in the regenerative
setting reduces to a ratio of two finite-horizon expectations. This suggests
that z and an associated confidence interval can be computed by the smooth
function estimation ideas of III.3.

Specifically, let

τ
def= T , Ỹ

def=
∫ T

0

f
(
X(s)

)
ds ,

and suppose that we simulate R i.i.d. copies
(
Ỹ1, τ1

)
, . . . ,

(
ỸR, τR

)
of the

random vector
(
Ỹ, τ

)
. Thus, z = EỸ1/Eτ1 can be estimated via

ẑR
def=

R−1
(
Ỹ1 + · · ·+ ỸR

)

R−1
(
τ1 + · · ·+ τR

) =
Ỹ1 + · · ·+ ỸR
τ1 + · · ·+ τR

. (4.2)

By recurrence, the epochs T (1) def= T < T (2) < · · · of return to x∗ form
an infinite sequence of regeneration points, and the r.h.s. of (4.2) has the
same distribution as the r.v.

1
T (R)

∫ T (R)

0

f
(
X(s)

)
ds , (4.3)

3See Section 6 for terminology and further discussion.
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that is, a time average over the first R “regenerative cycles.” The simulation
can therefore be performed simply by simulating the process up to T (R),
i.e., by taking

Ỹr
def= T (r)− T (r − 1) , τr

def=
∫ T (r)

T (r−1)

f
(
X(s)

)
ds .

Moreover, on the scale of regenerative cycles, the bias in this ratio estimator
manifests itself as the bias associated with estimating a nonlinear function
of a vector-valued expectation. Here, z = k

(
EỸ,Eτ

)
where k(x1, x2) =

x1/x2. Because the bias on the regenerative cycles scale arises as nonlinear
function estimation bias, the methods of Chapter III (e.g., III.(3.4) using
Taylor expansions or jackknifing as in III.5b) apply directly here as a means
of reducing bias. This serves to address one of the two principal difficulties
associated with steady-state simulation and described at the outset of this
chapter.

As for the other principal difficulty, note that the i.i.d. cycle structure
permits one to obtain confidence intervals in a completely straightforward
manner:

Proposition 4.1 The estimator ẑR in (4.2) satisfies the CLT

R1/2
(
ẑR − z

) D→ N
(
0, η2

)

as R→∞, where

η2 def=
EZ2

1

(Eτ1)2
, Z1

def= Ỹ1 − zτ1 .

Hence, an asymptotic 100(1− δ)% confidence interval is given by

ẑR ± z1−δ/2η̂R/
√
R , (4.4)

where z1−δ/2 is the 1− δ/2 quantile of N (0, 1) and

η̂2
R

def=
1

R − 1

R∑

r=1

(
Ỹr − ẑRτr

)2/( 1
R

R∑

r=1

τr

)2

.

The interval (4.4) is the basic confidence interval for z (in the time scale of
regenerative cycles).

Proof. Define as above k(x1, x2)
def= x1/x2, z1

def= EỸ1, z2
def= Eτ1. Then

z = k(z1, z2), and the delta method, when applied to the ratio function
k(x1, x2) = x1/x2, yields the asserted CLT with η2 as the variance of the
r.v.

(Ỹ1 − z1)kx1(z1, z2) + (τ1 − z2)kx2(z1, z2)

= (Ỹ1 − z1)/z2 − (τ1 − z2)z1/z2
2 =

1
z2

(
Ỹ1 − z1 − zτ1 + z1

)
=

Z1

Eτ1
.

The remaining assertions are then obvious. �
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A closely related cousin to the estimator ẑR is the time average Y (t) =
t−1

∫ t
0
Y (s) ds, in which the time horizon is specified in terms of the time

scale of “simulated time.” We have already established that the bias of Y (t)
takes the form b1/t + b2/t

2 + · · · , where bk = 0 for k ≥ 2 often holds. Of
course, for producing confidence intervals, a CLT is needed.

Proposition 4.2 The TAVC σ2 is given by σ2 = EZ2
1/Eτ1.

Proof. We give a heuristic derivation and refer to [16, Section VI.3] for a
rigorous proof. Observe that if

N(t) def= max{n ≥ 0 : T (n) ≤ t}
is the number of regenerative cycles completed by time t, then N is a
renewal counting process. The LLN for such processes ([16, p. 140]) asserts
that N(t)/t a.s.→ λ

def= 1/Eτ1 as t → ∞. Hence t ≈ ∑N(t)
1 τj ,

∫ t
0
Y (s) ds ≈

∑N(t)
1 Ỹj , and so

t1/2(Y (t)− z) ≈ t1/2
(N(t)∑

j=1

(Ỹj − zτj)
)/N(t)∑

j=1

τj

≈ t−1/2


λt�∑

j=1

Zj
D→ N

(
0,EZ2

1/Eτ1
)
.

�

Remark 4.3 Because we expect the effect of the initialization to wear
off after a period of time roughly proportional to the relaxation time, the
asymptotic distribution of the time average should be independent of the
initialization. It follows that z and σ2 are quantities that do not depend on
the state x∗ chosen as a means of defining the cycles that play a role in the
theoretical analysis associated with the CLT for the time average. Hence,
the choice of the return state x∗ has no effect on the asymptotic efficiency
of the time-average estimator Y t for the steady-state mean z. �

Remark 4.4 In contrast, the choice of x∗ has an effect on the asymptotic
efficiency of the estimator for the TAVC σ2. Specifically, let

σ̂2(t) def=
1
t

N(t)∑

j=1

(
Ỹj − Y (t)τj

)2 ; (4.5)

then σ̂2(t) → σ2 as t → ∞. The definition of the TAVC estimator σ̂2(t)
depends on the choice of x∗ in a critical way, so (not surprisingly) its
statistical efficiency as an estimator of σ2 does so too. More precisely, one
can use delta method ideas to establish a CLT of the form

t1/2
(
σ̂(t)− σ) D→ N

(
0, ν2

)
,
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see Glynn & Iglehart [151] for details. The variance constant ν2 depends
on the return state x∗. Examples in [151] show that ν2 is not minimized
by choosing the x∗ with the smallest expected cycle duration Eτ1. Never-
theless, choosing the state x∗ that maximizes frequency of regeneration is
a rule of thumb that often works quite well empirically. In discrete time,
this rule of thumb is equivalent to choosing x∗ with maximal stationary
probability; cf. the discussion around (6.3) below. �

In any case, the regenerative method for producing an asymptotic 100(1−
δ)% steady-state confidence intervals (on the time scale of simulated time
rather than cycles) takes the form

Y (t) ± z1−δ/2σ̂(t)/
√
t ,

where σ̂2(t) is defined as in (4.5).

For exercises in regenerative simulation, see the end of Section 6.

5 The Method of Batch Means

Perhaps the most straightforward and generally applicable approach to con-
structing confidence intervals is the method of batch means. This method
requires only that the process Y satisfy a functional version of the CLT,
namely

ε−1/2t{Y (t/ε)− z}t≥0
D→ {σB(t)}t≥0 (5.1)

as ε ↓ 0 in the sense of weak convergence in D[0,∞), where B is standard
Brownian motion. Such a functional CLT requires no Markovian assump-
tion, and from a practical standpoint is typically applicable when the
one-dimensional CLT (1.4) holds. The key idea is that under the assumption
(5.1), the so-called batch means

Y k(t)
def=

1
t/m

∫ kt/m

(k−1)t/m

Y (s) ds ,

k = 1, . . . ,m, are asymptotically i.i.d. with N
(
z, σ2m/t

)
marginals. It

follows that the sectioning approach of III.5a is applicable in this context.
In particular, since Y (t) =

(
Y 1(t) + · · ·+ Y m(t)

)
/m,

m1/2Y (t)− z

sm(t)
D→ Tm−1 (5.2)

as t → ∞, where Tm−1 is a Student t r.v. with m− 1 degress of freedom,
and

s2m
def=

1
m− 1

m∑

k=1

(
Y k(t)− Y (t)

)2
.
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Hence, if t1−δ/2 is the 1− δ/2 quantile of Tm−1, an asymptotic 100(1− δ)%
confidence interval for z is given by

Y (t) ± t1−δ/2
sm(t)√
m

.

The quality of this confidence interval (as determined by how close the
coverage probability is to 1− δ) depends on the degree to which the batch
means are i.i.d. normal r.v.’s. Each of these three characteristics (inde-
pendence, identical marginals, Gaussianity) are improved by taking large
batches. This suggests that one should choose the number m of batches to
be reasonably small, say 5 to 30. Choosing m to be in the upper end of this
range leads to confidence intervals with potentially poorer coverage but
with half-width characteristics closer to those obtained when one attempts
to consistently estimate σ (as in the methods of Section 3).

The key idea underlying the method of batch means is to cancel the un-
known parameter σ appearing as a common scale factor in the asymptotic
distribution of both the numerator and denominator in (5.2), thereby re-
moving the need to estimate σ explicitly. The method of batch means is
a special case of “cancellation methods” known as standardized time series
methods; see Schruben [332] and Glynn & Iglehart [154] for details.

6 Further Refinements

6a Discrete Time Modifications
A discrete-time sequence {Yn}n∈N can formally be embedded in continuous
time by setting Y (t) def= Y
t� for t ≥ 0. However, the more natural approach
is most often just to use a discrete-time interpretation of formulas for the
continuous-time case, for example to interpret integrals as sums with ap-
propriate conventions for when endpoints of the range of integration should
be included or not.

One important such modification is that the TAVC σ2 in Proposition 1.3
becomes

σ2 = VarπY0 + 2
∞∑

n=1

Covπ(Y0, Yn) (6.1)

(this holds also beyond the Markov case). Another is that in the regene-
rative setting X0 = x∗, T def= {n > 0 : Xn = x∗}, one has to take Ỹ1

def=∑T−1
0 f(Xn) rather than

∑T
0 . Thus, for discrete Markov chains, formula

(4.1) becomes

π(f) = Eπf(X0) =
1

Ex∗T
Ex∗

T−1∑

n=0

f(Xn) =
1

Ex∗T
Ex∗

T∑

n=1

f(Xn) . (6.2)
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In particular, taking f(y) def= 1{y = x}, this yields the standard regenera-
tive representation of the stationary distribution,

πx =
1

Ex∗T
Ex∗

T−1∑

n=0

1{Xn = x} =
1

Ex∗T
Ex∗

T∑

n=1

1{Xn = x} , (6.3)

which as a special case contains the formula πx∗ = 1/Ex∗T .

6b Regenerative Processes

The definition of regeneration that we have used so far, that Y (0) D= Y (T )
for a suitable stopping time T such as the first return to the initial state
x∗, is more general than the traditional one, in which a stochastic process
Y = {Y (t)}t≥0 is called regenerative if there exists a sequence 0 = T (0) <
T (1) < T (2) < · · · < ∞ of random times (the regeneration points) such
that the cycles

{Y (T (k) + s
)}0≤s<T (k+1)−T (k) (6.4)

are independent for different k and have the same distribution for k ≥ 1.
The interpretation of the different distribution for k = 0 is as a delay, for
example when Y is a function of a Markov chain, T (1), T (2), . . . are the
returns of X to x∗, but P(X0 = x∗) < 1, say X0 = y 
= x∗ or X0 is
chosen with the stationary distribution π. For expositions of the theory of
regenerative processes, see [16, Chapters VI, VII] and [354].

In contrast, focusing on returns to a fixed state as regeneration points,
as we have done for expository purposes, is of course more restrictive than
the above definition.

A zero-delayed (T (1) = 0) regenerative process Y can be viewed as a
function of a Markov process X : just define A(t) def= t− T (k) as the age of
the cycle when T (k) ≤ t < T (k + 1), and let X(t) def=

(
A(t), Y (t)

)
. In the

delayed case the same is possible under certain conditions on cycle 0.
The existence of limiting time averages of functions f of a regenerative

process holds without further conditions, provided only that the mean cycle
length E

(
T (2)− T (1)

)
is finite. The existence of a limiting distribution, in

the sense of weak convergence or total variation convergence, is a more
technical topic and involves conditions on the distribution of the cycle
length T (2)−T (1); see, e.g., [16]. However, for the purpose of steady-state
simulation it is the existence of time averages that matters, not of a limit
distribution.

Apart from the wider definition of regeneration, the methodology of Sec-
tion 4 for simulation and variance estimation applies unchanged. However,
beyond discrete-state Markov processes and chains, the identification of
regeneration points is sometimes straightforward and sometimes requires
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more sophistication, as illustrated by the following examples. Further
examples are in the exercises; see also Section 6d on Harris chains below.

Example 6.1 For the GI/G/1 queue in continuous time and Y (t) the
workload at time t or the queue length, one can let T (0), T (1), . . . be the
epochs with a customer entering an empty system. Thus, cycles 1, 2, . . .
are simply the conventional busy cycles (a busy period followed by an idle
period).

For the M/G/1 queue, one can alternatively let T (0), T (1), . . . be the
epochs with a customer departing to leave the server idle. Thus, a cycle
becomes an idle period followed by a busy period. This definition does
not work for the GI/G/1 queue, because the evolution of the process after
the start of an idle period depends on the residual arrival time at that
instant (for M/G/1, one can just appeal to the memoryless property of the
exponential distribution). �

Example 6.2 Reflected Brownian {Y (t)} can be viewed as a continuous-
state queuing or storage model, so it is tempting to copy the busy
period construction from Example 6.1 by (in the zero-delayed case
Y (0) = 0) letting T (0) = 0, T (1) def= inf{t > 0 : Y (t) = 0}, T (2) def=
inf{t > T (1) : Y (t) = 0}, and so on. However, sample path properties of
Brownian motion imply that this definition yields the unusable 0 = T (0) =
T (1) = T (2) = · · · .

Two among many alternatives are

T (k + 1) def= inf{t > T (k) + 1 : Y (t) = 0} ,
T (k + 1) def= inf

{
t > T (k) : Y (t) = 0, sup

T (k)≤s≤t
Y (s) ≥ 1

}

(“up to 1 and back to 0”). �

6c On the Necessity of Regenerative Structure
Our regenerative discussion in Section 4 has focused on discrete state space
Markov processes, in which the regenerative structure is particularly trans-
parent (as defined through the sequence of times at which the process
enters a fixed state x∗). However, it turns out that regenerative structure
must necessarily exist whenever the steady-state simulation problem is well
posed in the following sense:

Definition 6.3 Let X = {X(t)}t≥0 be a Markov process taking values in
a separable metric space E. We say that the steady-state simulation problem
for X is well posed if for each bounded measurable function f : E → R

there exists a number z(f) such that for y ∈ E,

Ey
1
t

∫ t

0

f
(
X(s)

)
ds → z(f) , t→∞.
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The key point of this definition is that the time-average expectation
converges to a quantity independent of the initial state y.

Theorem 6.4 If the steady-state simulation problem is well posed, there
exist randomized stopping times (relative to the filtration induced by X)
T (0) < T (1) < · · · <∞ such that:

(i) The processes θT (i)X
def= {X(T (i) + s

)}s≥0 have the same distribu-
tion for all i;

(ii) The cycles {X(T (i) + s
)}0≤s<T (i+1)−T (i) form a sequence of one-

dependent random elements, i.e., the ith cycle is independent of the
cycles j with |j − i| ≥ 2.

Proof. See Glynn [145]. �

Theorem 6.4 guarantees that X
(
T (0)

)
has the same distribution as

X
(
T (1)

)
. In view of the argument leading to (4.1), it follows that the

steady-state mean z can be expressed in terms of the ratio estimation
problem

z = EỸ1/τ1 , where τj
def= T (j)− T (j − 1) , Ỹj

def=
∫ T (j)

T (j−1)

f
(
X(s)

)
ds .

As in the discrete-state-space setting, one can now compute z by generating
i.i.d. copies of the cycle

{X(T (0) + s
)}0≤s<τ1 . (6.5)

Remark 6.5 It is no longer the case, however, that generating R such
i.i.d. copies is probabilistically equivalent to simulating X up to time T (R),
because the cycle structure is generally one-dependent rather than i.i.d.
Therefore, an alternative implied estimation algorithm for computing z is
obtained by simulating X to time T (n) and using the time average over
that time interval to estimate z. In view of the one-dependence, the CLT
for the time average Y (t) takes the form

t1/2
(
Y (t)− z

) D→ N
(
0, σ2

)
, t→∞,

where now

σ2 def=
E
(
Z2

1 + 2Z1Z2

)2

EỸ1

, Zj
def= Ỹj − zτj , j ≥ 1.

Given that we expect the cycle quantities Z1 and Z2 to be generally
positively correlated, this analysis suggests that a variance reduction in
computing z can be obtained by generating i.i.d. copies of the cycle (6.5)
rather than by generating a single path of X . The construction of confi-
dence intervals then follows the approach described earlier in this section
for regenerative processes with i.i.d. cycle structure. �
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Of course, the algorithms just described rely heavily on the ability to
computationally identify the cycle boundaries T (0), T (1), . . .. While com-
puting the regeneration times T (0), T (1), . . . is a triviality in discrete state
space, we note that Theorem 6.4 does not provide a constructive definition
of these random times in general. We therefore next discuss this issue in
greater generality.

6d Regeneration in Harris Chains
We focus on the case of most practical interest, in which X = {Xn}n∈N

is a discrete time Markov chain (taking values in a general state space E).
In this setting, Theorem 6.4 is established by showing that X is a positive
recurrent Harris chain. Such chains are guaranteed to possess a set A for
which one can find an integer m ≥ 1, a λ > 0, and a probability ϕ(·) for
which

Px(Xn ∈ A i.o.) = 1 , x ∈ E , (6.6)
Px(Xm ∈ ·) ≥ λϕ(·) , x ∈ A . (6.7)

Note that condition (6.7) permits one to write the m-step transition
probability for X on the set A in the form

Px(Xm ∈ ·) = λϕ(·) + (1− λ)Q(x, ·) ,
where

Q(x, dy) def=
Px(Xm ∈ dy)− λϕ(dy)

1− λ

is a Markov transition kernel. Hence, if X� ∈ A, we may generate X�+m

as a mixture of the distributions ϕ and Q(x, ·). Conceptually, we may view
the corresponding variate generation in terms of a coin flip, in which we
distribute X�+m according to ϕ if the coin comes up heads (w.p. λ) and
according to Q(X�, ·) otherwise. So, every time we visit A and observe
a head on our coin toss, we regenerate m time units later (because the
distribution at that time is ϕ, regardless of our position on A). [Condition
(6.6) is a technical condition guaranteeing that infinitely many coin tosses
will occur and therefore infinitely many successful ones, thereby producing
an infinite sequence of regeneration times.]

Remark 6.6 Assume that Px(Xm ∈ ·) has a transition density p(x, ·)
relative to a reference measure φ, i.e.,

Px(Xm ∈ dy) = pm(x, y)φ(dy) .

In this case, natural candidates for ϕ and λ are

ϕ(dy) def=
1
λ

inf
x∈A

pm(x, y)φ(dy) , λ
def=

∫

E

inf
x∈A

pm(x, y)φ(dy) . (6.8)
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In most applications, the set A will be chosen as some compact subset of
the state space. In the presence of modest continuity restrictions on pm, λ
will be positive and ϕ will indeed be a probability, so that the candidates
in (6.8) do indeed satisfy (6.5). �

There are two difficulties with direct implementation of the above idea
computationally. The first problem is that we have said nothing about how
to generate the intermediate path values X�+1, . . . , X�+m−1 when m > 1.
The most obvious mechanism for accomplishing this is to generate the set(
X�+1, . . . , X�+m−1

)
directly from its conditional distribution givenX� and

X�+m. This variate generation approach is problematic, because generat-
ing high-dimensional random vectors (as would occur when m is large)
is generally both theoretically and practically challenging. Further, the
form of the conditional distribution given X� and X�+m may not be easily
available. An alternative idea is to generate the path

(
X�+1, . . . , X�+m

)
as

usual, that is, using the one-step transition kernel or the one-step stochastic
recursion underlying X . Having now generated X�+m, we need to deter-
mine whether a regeneration has occurred there. We can do this with an
acceptance–rejection step. In particular, let

ω(x, y) def=
λϕ(dy)

Px(Xm ∈ dy)
.

Generate a uniform r.v. U . If U ≤ ω(X�, X�+m), we may accept X�+m as
having been distributed according to ϕ, so that a regeneration has occurred
at the time �+m. If U > ω(X�, X�+m), a rejection occurs and no regenera-
tion is present at time �+m. This A-R implementation is clearly preferable
to the direct coin toss idea described above.

The second implementation difficulty is more problematic from a prac-
tical standpoint. The formulas (6.8) for λ and ϕ rely on knowledge of pm.
While computing pm is often straightforward when m = 1, it can be very
challenging for m > 1. Unfortunately, there are many models for which it
is known theoretically that m∗ > 1, where m∗ is the smallest m∗ for which
conditions (6.6), (6.7) hold. For example, in applying these ideas to the
discrete-event simulations that can be characterized as GSMPs, m∗ corre-
sponds to the minimal number of events that are simultaneously scheduled
at any given time t. As a result, the single-server queue, when viewed as a
GSMP, has m∗ = 1 (since only one arrival event is scheduled at times at
which the server is idle), while multistation networks give rise to m∗ > 1.
The implementation of regenerative simulation methodology in problems in
which m > 1 in (6.6), (6.7) is an area of ongoing research; see, for example,
Henderson & Glynn [182].
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6e Stationary Processes. Palm Structure
A stochastic process Y = {Y (s)}s≥0 is called strictly stationary or just
stationary if the shift θtY

def= {Y (t+ s)}s≥0 has the same distribution as
Y = θ0Y for all t ≥ 0. A main example is Gaussian processes and derived
processes. For example, let W = {W (t)} be a stationary Gaussian process
and assume that the goal of the simulation is to produce an estimate of

z
def= P

(
sup

0≤t≤1
W (t) > 1

)
.

This could be performed by simulating W with the methods of Chapter XI
and letting

Y (t) def= 1
{

sup
t≤s≤t+1

W (s) > 1
}
, ẑ

def= Y (t) =
1
t

∫ t

0

Y (s) ds .

Consistency, i.e. ẑ → z as t → ∞, in this and other stationary settings is
usually established via the ergodic theorem, for which one in turn needs
to verify that the shift-invariant σ-field of W is trivial. For the purpose of
variance estimation, the representation of the TAVC σ2 in Proposition 1.3
continues to hold for a stationary process, but in the Gaussian max example
and many others, no regenerative structure is available, and so the TAVC
has to be estimated via the methods of Sections 3 or 5.

Remark 6.7 Of course, the simulation of the steady-state mean Ef
(
W (0)

)

of a function of the Gaussian process W itself is uninteresting: if we are in
position to generate W , we also know the mean and the variance of W (0).
The relevant examples are functionals of the entire path.

The setup of a general stationary process Y is not more general than
a function of a time-homogeneous Markov process X : just define X(t) def=
{Y (s)}−∞<s≤t, with the state space defined as an appropriate function
space. This remark is formal rather than practically useful! �

Another type of path functional deals with cycle properties. In the sta-
tionary process, one then assumes that X can be divided into cycles, as
defined by (6.4), separated by 0 = T (0) < T (1) < T (2) < · · · . Cycle
stationarity means that the cycles form a stationary sequence of random
elements. Thus, we are dealing with a setup with a generality one level
higher than the one-dependence in Harris chains, going under the name of
Palm theory ([34], [341], [16, Section VII.6], or [354]), an area connecting
time and cycle stationarity.

Example 6.8 A cycle-stationary version Y ∗ expresses properties of Y as
viewed from a “typical” start of a cycle. Consider for example a stationary
Gaussian process with differentiable sample paths, and let the T (k) be the
times of upcrossings of level 0, i.e., Y

(
T (k)

)
= 0, Y ′

(
T (k)

)
> 0. Then

the cycles of Y ∗ can be viewed as “typical” cycles of Y separated by the
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upcrossings, whereas the cycles of Y itself do not even form a stationary
sequence. For a relevant example of the cycle-stationary point of view, see
Aberg et al. [3] and Exercise XI.4.1 �

Given a cycle-stationary process Y ∗, one can define a time-stationary
version Y by the Palm inversion formula

P(X ∈ F ) =
1

ET (1)
E

∫ T (1)

0

1{θtX∗ ∈ F} dt . (6.9)

Conversely, a cycle-stationary version can be constructed from a time-
stationary one by

P(X∗ ∈ F ) =
1
λh

E

∑

k: 0≤T (k)≤h
1{θT (k)X ∈ F} , (6.10)

where λ = E#{k : 0 ≤ T (k) ≤ 1} is the rate of cycle starts (here h = 1 is
a common choice, but any positive value is in principle possible).

In simulation, the ability to simulate a cycle-stationary version permits
one to estimate z = Ef

(
X(0)

)
because

z =
1

ET (1)
E

∫ T (1)

0

f
(
X(t)

)
dt

by (6.9). One would thereby ideally generate i.i.d. cycles; cf. the discussion
in Remark 6.5. However, we know of few implementations of this beyond
one-dependence such as in Harris chains, and rather it is formula (6.10) that
is the more useful one. For example, in the Gaussian process Example 6.8,
the time-stationary version is readily simulated, but the cycle-stationary
version is not, and one could use (6.10) to estimate the probability of
exceedance of level x in a cycle by

P

(
max

0≤t<T (1)
Y ∗(t) > x

)
=

1
λh

E

∑

k: 0≤T (k)≤h
1
{

max
T (k)≤t<T (k+1)

Y (t) > x
}
.

This means simulating Y in [0, h], completing the cycle straddling h, if
any, counting the number of cycles with exceedance of x, replicating the
experiment R i.i.d. times, and averaging over the R copies. A competing
estimator is the time-average, that is, the frequence of cycles exceeding x
among all cycles initiated in [0, Rh]. Our i.i.d. estimator based on (6.10)
enjoys two advantages. The first is that the i.i.d. structure permits confi-
dence intervals to be easily computed. The second is that in the presence of
positive correlation in the cycle exceedance sequence, this estimator can be
expected to be more efficient than the one based on a single run of duration
Rh.
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Exercises

6.1 (TP) Consider a stochastic sequence {Xn}n∈N
given by the recursion

Xn+1 =
√

βXn + Zn+1 ,

where the Zn are i.i.d. exponential r.v.’s with rate parameter λ. Use the memo-
ryless property of the exponential distribution to identify regeneration points for
{Xn}.
6.2 (A) A supermarket has on a given day n a demand for a Poisson(20) number
Yn of packages of raw oysters, and a contract with a supplier to deliver 20 packages
daily. A package can be sold only on the day of supply or the following day, and
the supermarket has a clever way of arranging the packages that ensures that one-
day-old packages will be sold before the freshly delivered ones. Find a recursion for
Xn, the number of one day old packages for sale, and use regenerative simulation
to find the expected steady-state number of packages that have to be trashed per
day.
6.3 (A) Consider an (s, S) inventory system in which the number of items stored
at time t is V (t). Demands arrive (one at a time) according to a Poisson process
with intensity λ. When V (t−) = s+1, V (t) = s, an order of size S−s is placed and
arrives after a random time Z (the lead time). Demands arriving while V (t) = 0
are lost. It is assumed that S − s > s.
Write a program for regenerative simulation of p, the long-run probability that a
demand is lost. Use whatever values of s, S, λ you like and whatever distribution
of Z you prefer. Save your program for Exercise 6.4.
6.4 (A) Consider again the model of Exercise 6.3, but assume that λ is small
compared to Z in the sense that the event that V (t) = 0 in a cycle is rare.
Improve your program for Exercise 6.3 by combining it with a variance reduction
technique.
You can, for example, use a change of λ depending on the value of Z. Be also clever
and use the fact that the expected number of demands lost in a cycle depends
only on the residual lead time at the time at which V (t−) = 1, V (t) = 0.

See also Exercise VI.2.6.

7 Duality Representations

Our starting point is the following example :

Example 7.1 In the GI/G/1 queue, we have the representation W D= M ,
where W is the steady-state waiting time, M = supn=0,1,... Sn, and {Sn} is
a random walk with increments Xk distributed as the difference between
a service time and an independent interarrival time, cf. I.1. Assume that
we want to estimate z = P(W ≥ x). We can then write z = P(M ≥ x) =
P(τ(x) <∞), where τ(x) def= inf {n > 0 : Sn ≥ x}. In this way the problem
of simulating a stationary characteristic is converted to the problem of
simulating a first-passage probability.
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The difficulty is of course that CMC is not feasible, since P(τ(x) <∞) <
1 under the stability condition ρ < 1 (equivalent to EX < 0) and so
1{τ(x) <∞} cannot be generated by simulating {Sn} up to a stopping
time. However, in this example a classical importance sampling technique
based on exponential change of measure exists and not only does resolve the
infinite horizon problem but does in fact give extremely accurate estimates
also for very large x. We return to this in VI.2a. �

Here are two further less-standard examples:

Example 7.2 The GI/G/1 queue waiting-time process can be viewed as a
random walk reflected at zero in view of the two equivalent representations
Wn+1 = (Wn+Xn)+ (the Lindley recursion) andWn = Sn−inf0≤k≤n Sk. In
many problems involving a finite buffer K <∞, one has instead a random
walk reflected both at 0 and K,

Vn+1 = min
(
K,max(0, Vn +Xn)

)
.

Also in this case, there is a first-passage representation of the stationary
r.v. V (Siegmund [339]):

P(V ≥ x) = P(Sτ [x−K,x) ≥ x), 0 ≤ x ≤ K,

where τ [x −K,x) def= inf{n > 0 : Sn 
∈ [x−K,x)}. In this example, τ [x −
K,x) < ∞ a.s., and hence CMC simulation of z def= P(V ≥ x) is feasible
with Z def= 1{Sτ [x−K,x) ≥ x}. �

Example 7.3 Let {V (t)}t≥0 be a storage process with release rule r(x)
and compound Poisson input {A(t)}, i.e., A(t) =

∑N(t)
1 Yi, where {N(t)}

is a Poisson process with intensity β and the Yi are independent of {N(t)}
with distribution B concentrated on (0,∞),

V (t) = V (0) + A(t) −
∫ t

0

r
(
V (s)

)
ds.

Then, similarly to the two preceeding examples, the stationary distribution
can be represented as a first-passage probability

P(V ≥ x) = P(τ(x) <∞) , (7.1)

where τ(x) def= inf{t > 0 : R(t) ≤ 0 |R(0) = x} and {R(t)}t≥0 is given by

R(t) def= R(0) +
∫ t

0

r
(
R(s)

)
ds − A(t) .

Again, Monte Carlo estimation of either side of (7.1) leads to an infinite-
horizon problem, and we briefly mention a relevant importance sampling
scheme in XIV.6c. �

The examples above all fit into a common framework in which one has two
processes {V (t)}, {R(t)} with state space [0,∞], or subintervals, connected
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via the formula (7.1). The first such general construction is due to Sieg-
mund [339] in a Markov-process context. Starting from {V (t)}, Siegmund
constructed {R(t)} in terms of its transition probabilities by

P
(
R(t) ≤ y

∣
∣R(0) = x

)
= P

(
V (t) ≥ x

∣
∣V (0) = y

)
. (7.2)

For this to define a transition semigroup, it is necessary and sufficient that
{V (t)} be stochastically monotone and that P

(
V (t) ≥ x

∣
∣V (0) = y

)
be

right-continuous in y for any fixed x. Note that taking x = y = 0 shows
that state 0 is absorbing for {R(t)}. If (7.2) holds, one then obtains (7.1)
by taking y = 0 and letting t → ∞. The processes {V (t)} and {R(t)} are
said to be in Siegmund duality.

In Example 7.1 with V = W , one can define Rn = x − Sn as long as
x−Sn > 0; when (−∞, 0] is hit, Rn is reset to 0 and remains there forever.
Example 7.2 is the same except for a further resetting to ∞ when (K,∞]
is hit. Example 7.3 is also a particular case.

Asmussen & Sigman [29] gave a generalization beyond the Markov case
by considering a recursive discrete-time setting in which {Vn} is given re-
cursively by V0 = y, Vn+1 = f(Vn, Un), where the driving sequence {Un}
is not i.i.d. as for the Markov case, but strictly stationary, w.l.o.g. with
doubly infinite time (n ∈ Z). Assuming f(v, u) to be nondecreasing in v
for fixed u, one then defines g by letting g(·, u) be a (generalized) inverse
of f(·, u) and letting R0 = x, Rn+1

def= g(Rn, U−n). Then again (7.2) holds,
and hence so does (7.1).

Steady-state simulation via (7.1) is typically elegant and (when combined
with say importance sampling) efficient when it is feasible. The main lim-
itation is that monotonicity and existence of the inverse of f(·, u) (which
most often limits the state space to be one-dimensional) are required; some
progress to get beyond this was recently obtained by Blaszczyszyn & Sig-
man [49], but the practical usefulness for simulation seems questionable so
far. Also a general non-Markovian theory in continuous time is missing.
Some further relevant references for duality are [16, Sections IX.4, XIV.3]
(a general survey and references), Asmussen & Rubinstein [27] (simulation
aspects) and Asmussen [14] (Markov-modulated continuous-time models).

8 Perfect Sampling

Obviously, one could avoid concerns relating to the burn-in period and
bias if it were possible to generate an r.v. with the stationary distribution
π, because then we could just take X0 = Z and would have a stationary
Markov chain.

If such a Z can be generated, one speaks of perfect sampling, also going
under names such as exact sampling, perfect simulation, etc. It is not a priori
obvious whether perfect simulation is possible, but in fact, the answer is
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positive in the case of a finite Markov chain. The first algorithm was given
by Asmussen, Glynn, & Thorisson [19] in 1992, but it was prohibitively
inefficient in terms of computer time. We describe here some algorithms
developed by Propp & Wilson [295] in 1996 and later (the area of perfect
simulation remains an active research area).

Write E = {1, . . . , p} and denote the transition probabilities by qij , i, j ∈
E. We assume the Markov chain to be ergodic, which in the finite case
just means that it be irreducible and aperiodic. It will be convenient to
represent the Markov chain simulation in terms of an updating rule. By
this we understand a random vector

Y =
(
Y (1), . . . , Y (p)

)

such that Y (i) ∈ E has distribution qi·, i.e., P(Y (i) = j) = qij (note
that the p components of Y are not necessarily independent; we return
to this point later). From Y , we construct a doubly infinite sequence
(Yn)n=0,±1,±2,... of i.i.d. random vectors distributed as Y . We can then
construct {Xn}n=0,1,... recursively by Xn+1 = Yn(Xn) and X0 = i, where
i is the initial state. More generally, we can for each N ∈ Z and each i ∈ E
define a version

{
XN
n (i)

}
n=N,N+1,...

of {Xn} starting at i at time N by

XN
N (i) = i, XN

N+1(i) = YN (i) = YN
(
XN
N (i)

)
, . . . , XN

n+1(i) = Yn
(
XN
n (i)

)
.

Note the important point that if N,N ′ ≤ n, then the updatings of XN(i)
and XN ′

(i′) from n to n+ 1 use the same Yn.
The forward coupling time is defined as

τ+
def= inf{n = 1, 2, . . . : X0

n(1) = . . . = X0
n(p)} ,

i.e., as the first time at which the Markov chains

{X0
n(1)}n=0,1,..., . . . , {X0

n(p)}n=0,1,...

started at time 0 in the p different states coalesce. See Figure 8.1.
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FIGURE 8.1: The forward coupling

Whether this forward coupling time is a.s. finite depends on the updating
rule, i.e., the specific dependence between the p components of Yn. Call
the updating rule independent if these p components are independent.
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Proposition 8.1 In the case of independent updating, P(τ+ <∞) = 1.

Proof. Let q(n)
ij

def= P(Xn = j |X0 = i) be the n-step transition probabilities.
Since q(n)

ij → πj > 0, n → ∞, we can choose first some arbitrary state j
and next N such that q(N)

ij > ε > 0 for all i ∈ E. Since the probability of
coalescence before N is at least the probability that p independent Markov
chains starting at time 0 in the p different states will all be in state j at
time N , we get P(τ+ ≤ N) ≥ εk. Similarly, P(τ+ ≤ 2N |τ+ > N) ≥ εk, so
(“geometric trial argument”)

P(τ+ > N) ≤ 1− εk, P(τ+ > 2N) ≤ (1− εk)2, . . . ,

which implies that τ+ <∞ a.s. �

Rather than forward coupling, the Propp–Wilson algorithm uses coupling
from the past. The backward coupling time is defined as

τ
def= inf{n = 1, 2, . . . : X−n0 (1) = · · · = X−n0 (p)} ,

i.e., as the first time at which the Markov chainsX−n(1), X−n(p) started at
time −n in the p different states coalesce. Equivalently, coalescence means
that the value set

{
X−n0 (1), . . . , X−n0 (p)

}

contains only one point (note that the cardinality of this set is a
nonincreasing function of n). See Figure 8.2.
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FIGURE 8.2: The backward coupling

Theorem 8.2 Assume that the updating rule is such that τ+ < ∞ a.s.
Then τ < ∞ a.s. as well, Z = X−τ0 (i) does not depend on i, and Z has
distribution π.

Proof. The first statement follows since P(τ ≤ k) = P(τ+ ≤ k) goes to 1
as k → ∞. That Z does not depend on i is immediate from the definition
of τ .

Now consider X−n0 (i) for some fixed i. On τ ≤ n, we have X−n0 (i) = Z
and hence P(X−n0 (i) = j) → P(Z = j) for all j. On the other hand,
P(X−n0 (i) = j) = qnij → πj . Hence P(Z = j) = πj as desired. �
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Remark 8.3 The forward coupling time enters only as a tool to show that
the backward coupling time is finite. It is definitely not correct that X0

τ+(i)
has the stationary distribution! �

Corollary 8.4 (general Markov chain, independent updating) In
the case of independent updating, one has τ < ∞ a.s., Z = X−τ0 (i) does
not depend on i, and Z has distribution π.

Now assume that there is defined some partial order � on {1, . . . , p}
such that 1 is a minimal element and p a maximal one, 1 � i � p for all
i = 1, . . . , p.

Recall that X = {Xn} is called stochastically monotone if i � j implies
that X0

1 (i) � X0
1 (j) in stochastic order. In terms of transition probabilities,

for any �,
∑

k: ��k
qik ≤

∑

k: ��k
qjk if i � j .

Example 8.5 A first simple example of a monotonic Markov chain is a
random walk reflected at the barriers 0 and p, cf. Example 7.2,

Xn+1 = min
(
p,max(0, Xn +Bn)

)

where B1, B2, . . . are i.i.d. on Z. Such chains show up in many finite buffer
queuing problems. A particular case is Moran’s model for the dam, where
Xn is the content of a water reservoir at time n and Bn = Vn −m, where
Vn is the amount of water flowing into the reservoir at time n, and m the
maximal amount of water that can be released. �

Example 8.6 In many applications in mathematical physics and image
analysis, the state space E is the set of all −1, 1 configurations on a finite
lattice, say {1, . . . , N}2. Thus, the number of states is 2N

2
. The order is

defined componentwise so that if we identify the configuration of all −1’s
with state 1 and the configuration of all 1’s with state p = 2N

2
, we have

1 � i � p for all configurations i. �

Under such monotonicity assumptions, a variant of the Propp–Wilson
algorithm is often more efficient. It is defined by monotone updating,
requiring

Y (i) � Y (j) if i � j.

This implies XN
n (i) � XN

n (j) for all N and all n ≥ N , in particular

XN
n (1) � XN

n (i) � XN
n (p) (8.1)

for all i and all n ≥ N . For example, in Example 8.5 the natural monotone
updating rule is Y (i) = min

(
p,max(0, i+B)

)
with the same B for all i (in

the case of independent updating, one would need to take the B’s to be
independent for different i). We define

τm
def= inf{n = 1, 2, . . . : X−n0 (1) = X−n0 (p)} .
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FIGURE 8.3: The monotone coupling

Corollary 8.7 (stochastically monotone Markov chain, mono-

tone updating) In the case of monotone updating, τm = τ < ∞ a.s.,
Z = X−τ

m

0 (i) does not depend on i, and Z has distribution π.

Proof. That τ+ < ∞ a.s. follows since τ(p, 1) def= inf
{
n : X0

n(p) = 1
}

is
finite by recurrence and X0

τ(p,1)(i) = 1 for all i by (8.1).
Clearly, by definition τm ≤ τ , where as above, τ is the backward coupling

time. On the other hand,X−τ
m

0 (i) = X−τ
m

0 (1) = X−τ
m

0 (p) for all i by (8.1).
�

Remark 8.8 In the monotone case, Propp & Wilson suggest to take
alternatively

τ̃m
def= inf

{
n = 1, 2, 4, 8, . . . : X−n0 (1) = X−n0 (p)

}
,

Z̃ = X−τ̃
m

0 (1) = X−τ̃
m

0 (p). That τ̃m < ∞ follows since τ̃m ≤ 2k when
τm = τ ≤ 2k, and P(Z̃ = j) = πj then follows exactly as above. For the
advantages of using monotone updating and Z̃, see the original Propp–
Wilson paper [295]. �

Wilson’s forward algorithm [365] is an algorithm developed for the
purpose of requiring less storage than the backward algorithms. In the
monotone case, it is as follows:

(i) Run two coupled versions {X(−)
n }, {X(+)

n } starting from X
(−)
0 = 1,

X
(+)
0 = p in forward time until they meet. Let t be the next multiple

of m and X∗t = X
(+)
t = X

(−)
t .

(ii) Simulate {X∗n}n=t,...,t+m, {X̃(−)
n }n=t,...,t+m, {X̃(+)

n }n=t,...,t+m start-
ing from X̃

(−)
n = 1, X̃(+)

n = p.

(iii) If X̃(+)
t+m = X̃

(+)
t+m, return X∗t (not X∗t+m!). Otherwise, let t = t + m

and return to 2.
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For tutorials on perfect sampling, see Kendall [214] and references in
[214, p. 96]. Some further interesting papers in the area are Fill [117], Foss
& Tweedie [121], Møller [264] and Propp & Wilson [296]. An extensive
bibliography can be found at the web site [w3.24].

Exercises

8.1 (A) Perform perfect sampling of the Moran dam (Example 8.5) for the case
in which V is geometric with mean 2 and m = 3, and p is variable. Use both
independent updating and monotone updating, and compare the two methods
in terms of the size of values of p for which you are able to produce Z within
reasonable time.
8.2 (TP) Let {Yn} be a Markov chain and Xn = f(Yn). Assume that it is possible
to perform perfect sampling from {Yn}, say Te units of computer time are needed
on average to produce one copy Y ∗ of the stationary r.v. For estimating f(Y ∗),
we start {Yn} with Y0 = Y ∗, run the chain up to time m− 1, and let Z = Zm =∑m−1

0 Yn/m.
If one updating of {Yn} requires T units of computer time and the stationary
covariance function of {Xn} has the form ρk = zk with 0 < z < 1, how would
you choose m to minimize the variance for a given simulation budget c? Give
numerical examples for different values of z, Te, T , say Te = 10T, 100T, 1000T .



Chapter V
Variance-Reduction Methods

The aim of variance reduction is to produce an alternative estimator ẑVR

of a number z = EZ having, one hopes, much smaller variance than the
crude Monte Carlo (CMC) estimator ẑCMC. The study of such methods is
a classical area in simulation, and the literature is considerable.

Variance reduction is typically most readily available in well-structured
problems. Also, variance reduction typically involves a fair amount of both
theoretical study of the problem in question and added programming effort.
For this reason, variance reduction is most often worthwhile only if it is
substantial. Assume, for example, that a sophisticated method reduces the
variance by 25% compared to the CMC method, i.e., σ2

VR = 0.75σ2
CMC in

obvious notation, and consider the numbers RCMC, RVR of replications to
obtain a given precision ε (say in terms of half-width of the 95% confidence
interval). Then

ε =
1.96σCMC√
RCMC

=
1.96σVR√
RVR

, RVR =
σ2

VR

σ2
CMC

RCMC = 0.75RCMC ,

so that at best (assuming that the expected CPU times TCMC, TVR for
one replication are about equal), one can reduce the computer time by
only 25%. This is in most cases of no relevance compared to the additional
effort to develop and implement the variance reduction method. If TVR >
TCMC/0.75, as may easily be the case, there is no gain at all.

Perhaps the most commonly used methods are importance sampling,
control variates, and stratification, for which there is a large number of
examples in which the variance reduction has turned out to be considerable.
However, variance reduction is a favorite topic of both textbooks and the
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research literature, and many other interesting and clever ideas have been
developed. We aim here for a broad survey. The examples we give are
mainly at a toy level, but we will meet more substantial examples later in
the text.

1 Importance Sampling

1a Basic Theory and Examples
Suppose that we want to compute an expectation of the form z = EZ.
Importance sampling obtains its variance reduction by modifying the sam-
pling distribution P so that most of the sampling is done in that part of the
state space that contributes the most to z (and is therefore most “impor-
tant”). Specifically, if we choose a sampling (or importance) distribution
P̃ for which there exists a density (or Radon–Nikodym derivative) L such
that

1{Z(ω) 
= 0}P(dω) = 1{Z(ω) 
= 0}L(ω) P̃(dω) , (1.1)

in the sense of equality of measures, then

z = EZ = Ẽ[ZL] ,

where Ẽ is the expectation associated with P̃. Output analysis is performed
precisely as for the crude Monte Carlo method: generate R i.i.d. replicates
Z1L1, . . . , ZRLR from P̃, estimate by z by the average, and use the empirical
variance to form a confidence interval.

Example 1.1 For a simple example, let P be the distribution of n
i.i.d. r.v.’s X1, . . . , Xn with a common density f(x) and assume Z =
g
(
X1, . . . , Xn

)
. We can then again let X1, . . . , Xn be i.i.d. under P̃ but

with the density changed to say f̃(x). If f and f̃ have the same support,
then P(dω) = L(ω) P̃(dω), where

L =
n∏

i=1

f(Xi)

f̃(Xi)
,

and so certainly (1.1) holds. �

Variance reduction may or may not be obtained: it depends on the choice
of the importance measure P̃, and the problem is to make an efficient choice.

There is an easily described optimal importance distribution:

Theorem 1.2 Let P
∗ be defined by

dP
∗

dP
=

|Z|
E|Z| , i.e., P

∗(dω) =
|Z|

E|Z| P(dω)
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or L∗ = E|Z|/|Z|. Then the importance sampling estimator ZL∗ under
P
∗ has smaller variance than the estimator ZL under any other P̃. If in

particular Z ≥ 0 P-a.s., then the P
∗-variance of ZL∗ is 0.

Proof. The stated optimality follows immediately from the Cauchy–
Schwartz inequality: we have

E
∗[(ZL∗)2

]
=
(
E|Z|)2 =

(
Ẽ
[|Z|L])2 ≤ Ẽ

[
(ZL)2

]
,

so that the estimator under P
∗ has the smaller second moment and hence

the smaller variance. If Z ≥ 0 P-a.s., then

Var∗(ZL∗) = E
∗[(ZL∗)2

]− (E∗(ZL)
)2 =

(
EZ
)2 − z2 = 0 . �

The optimal choice P̃ = P
∗ can, however, never be implemented in prac-

tice, since if say Z ≥ 0, the evaluation of the estimator involves knowledge
of the unknown z. Nevertheless, Theorem 1.2 suggests that large variance
reduction can be achieved by sampling outcomes ω ∈ Ω in rough proportion
to
∣
∣Z(ω)

∣
∣.

Example 1.3 (computing probabilities) If Z = P(A), then

P
∗(dω) =

1{ω ∈ A}
P(A)

P(dω) ,

so that P
∗(·) = P(· |A). Thus, when computing probabilities, we wish

to use a sampling distribution P̃ that resembles as closely as possible the
conditional distribution of P given A. This insight underlies many of the
most succesful “rare event” importance sampling algorithms in Chapter VI.

�

Example 1.4 Consider Monte Carlo integration of g : [0, 1]d → R, i.e.,
we wish to compute

z
def=

∫

[0,1]d
g(u) du = Eg(U) ,

where U follows the uniform distribution P(du) = du over the hypercube
(0, 1)d. In this case,

P
∗(du) =

∣
∣g(u)

∣
∣

z
dx .

The key here is therefore to create an importance distribution that samples
more frequently from the part of [0, 1]d in which |g| is largest (and hence
most “important”). While creating such a sampling distribution is straight-
forward when d = 1 (where, of course, conventional numerical integration
generally is more efficient), the challenges of creating an efficient P̃ can be
substantial for large values of d. �
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Example 1.5 (computing gaussian probabilities) Suppose that we
want to compute z = P(X ∈ A), where X is a d-dimensional Gaussian
random vector with mean 0 and covariance matrix C. If A contains the
mean 0, the event X ∈ A is typically not rare, and the use of importance
sampling is generally unnecessary. If, on the other hand, 0 
∈ A and z
is small, one may wish to consider the use of importance sampling. The
measure P

∗ suggests sampling in proportion to

ϕC(x)1{x ∈ A} dx ,

where ϕC(·) is the density of X. Given the rapid decay of ϕC(x) for large
x, most of the mass of P

∗ is typically located at the maximizer x∗ of ϕC(·)
over A (which we assume exists uniquely). This suggests using a sampling
distribution P̃ that concentrates most of its mass near x∗, that makes L
easily computable, and from which variates can efficiently be generated.
One such distribution is the Gaussian distribution having mean x∗ and
covariance matrix C, in which case

L = exp
{
−x∗TC−1X +

1
2
x∗TC−1x∗

}
.

When A ⊆ ∏d
1[xi,∞), the resulting variance reduction can often be

substantial. �

Example 1.6 Consider the problem of evaluating P(X > K) or E[X −
K]+, where X is a r.v. and K a constant; thus, Z = 1{X > K} or Z =
[X−K]+. For example, X is the potential loss of an insurance company or
investment fund in a certain period, or, as in option pricing, the price of an
underlying asset at maturity. Suppose further that K substantially exceeds
the typical range of X (the “out-of-the-money” case in option pricing) and
that X has a distribution F that can naturally be viewed as a member of a
certain parametric class (Fθ)θ∈Θ, say F = Fθ0 . A simple way to implement
the idea of making large values of Z more likely is to use an importance
sampling in which θ0 is replaced by a θ̃ with the property that K is in the
center of Fθ̃. For example, this may be achieved by choosing θ̃ to satisfy
Eθ̃X = K; we discuss this choice in more detail in VI.2c. In the option
pricing example, a natural alternative is Eθ̃ logX = logK.

In Asian options, X is the (discretely or continuously sampled) average
of a geometric Brownian motion S(0)eW (t), i.e., W is a Brownian motion
with drift say θ and variance σ2. The equation Eθ̃X = K is somewhat
complicated, though certainly solvable numerically, but a naive way to make
large values of Z more likely is to replace θ by a larger θ̃. �

1b Exponential Change of Measure
The approach followed in Example 1.5 can easily be generalized. If X is a
random vector for which E exp{θTX} <∞, then the “exponentially tilted
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measure”

Pθ(X ∈ dx) def= exp{θTx− κ(θ)}P(X ∈ dx) (1.2)

(where κ(θ) def= log E exp{θTX}) is a probability distribution that in many
cases has the same parametric form as that of X, so that variates can
easily be generated. The family of all distributions of this form is called the
exponential family generated by (the distribution of) X.

One-dimensional examples are the following (f(x) is the density of X
in the continuous case, p(k) the probability mass function in the discrete
case):

(i) the exponential distribution f(x) = λe−λx, where fθ(x) = λθe−λθx

where λθ = λ− θ, −∞ < θ < λ. More generally, for the Gamma den-
sity f(x) = λαxα−1e−λx/Γ(α), one gets fθ(x) = λαθ x

α−1e−λθx/Γ(α),
where again λθ = λ− θ;

(ii) the binomial (N,α) distribution p(k) =
(
N
k

)
αk(1 − α)N−k, k =

0, . . . , N , where pθ is binomial (N,αθ) with αθ = αeθ/
(
1−α+ αeθ

)
,

θ ∈ R;

(iii) the Poisson distribution p(k) = e−μμk/k!, where pθ is again Poisson
with μθ = μeθ, θ ∈ R;

(iv) The N
(
μ, σ2

)
distribution, where fθ(x) is the N

(
μ+ θσ2, σ2

)

density.

A standard multivariate example is

(v) the N (μ,C) distribution, where the exponentially tilted measure is
N (μ+Cθ,C).

Example 1.7 (i.i.d. sampling from exponential families) As in Ex-
ample 1.1, let X1, . . . , Xn be i.i.d. with common density f(x) and suppose
that the importance distribution preserves the i.i.d. property but changes
f(x) to f̃(x) = fθ(x) = eθx−κ(θ)f(x). Then the likelihood ratio takes a
particularly simple form,

L =
n∏

i=1

f(Xi)

f̃(Xi)
= e−θSn+nκ(θ) ,

where Sn
def= X1 + · · ·+Xn. �

Exponential tilting is often used in problems involving light-tailed r.v.’s
(meaning that κ(θ) exists for all sufficiently small θ > 0) to make, for
instance, large values of Sn = X1+ · · ·+Xn more likely. If we aim for values
of x0 or larger, a common choice is to choose θ such that EθSn = x0; this θ
is often referred to as a saddle point (analytically, we have EθSn = nκ′(θ)).
In fact, in VI.2c we will show certain optimality properties of exponential
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change of measure in this setting. It should be stressed, however, that
exponential change of measure implemented via the saddle-point method
often is efficient in situations not incorporated in this i.i.d. sums setting. For
detailed efficiency analysis in some simple examples of exponential change
of measure, see VI.1.1–1.4.

For some distributions, the exponentially tilted distribution does not
belong to the same parametric family as f ; an example is the Pareto dis-
tribution with f(x) = α/(1 + x)α, x > 0, where fθ(x) is well defined for
θ < 0 but is not a standard distribution. In such examples, r.v. generation
may not always be straightforward.

1c Stochastic Process Examples
Example 1.8 (brownian motion) Let {W (t)}0≤t≤T be Brownian mo-
tion with drift μ and variance constant σ2 on an interval [0, T ]. Consider
the likelihood dP̃/dP = eθW (T )−κT (θ) where

κT (θ) def= log EeθW (T ) = Tμθ + Tθ2σ2/2 .

Then under P̃, {W (t)} is Brownian motion with drift μ + θσ2 and the
same the variance σ2. Indeed, the discussion in Section 1b shows that for
any n the increments W (iT/n) − W ((i − 1)T/n), i = 1, . . . , n, are i.i.d.
and N

(
(μ+ θσ2)T/n, σ2T/n

)
as should be, and this is sufficient for the

Brownian property (the continuity of sample paths follows by absolute
continuity).

The quadratic variation
〈
W,W

〉
T

of the Brownian motion in [0, T ] is
Tσ2, which implies that the set A(σ2) given by

A(σ2) def=
{ 1
T

2k
∑

i=1

[
W (iT/2k)−W

(
(i− 1)T/2k

)]2 a.s.→ σ2
}

has P-probability 1. Therefore, if P̃ is a distribution under which {W (t)}
is Brownian motion with some arbitrary drift μ̃ and variance σ̃2 
= σ2,
P̃ is concentrated on A

(
σ̃2
)
, so that P̃

[
A(σ2)

]
= 0, which together with

P
[
A(σ2)

]
= 1 excludes the absolute continuity. Therefore, importance sam-

pling using a changed variance is not possible in the idealized situation in
which one could generate a whole trajectory and not just discrete skeletons.

�

Example 1.9 (stopped sequences) As an extension of Example 1.1,
let X1, X2, . . . be i.i.d. with common density f(x) and assume Z =
g
(
X1, . . . , Xτ

)
1{τ < ∞}, where τ is a stopping time adapted to the Xi.

The formulas of Example 1.1 can then easily be generalized to

z = EZ = Ẽ
[
g
(
X1, . . . , Xτ

)
Lτ ; τ <∞] = Ẽ[ZLτ ] , (1.3)
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where Ln
def=

∏n
i=1 f(Xi)/f̃(Xi). To see this, assume w.l.o.g. Z ≥ 0. We

then get

EZ = E[Z; τ <∞] =
∞∑

n=1

E[Z; τ = n] =
∞∑

n=1

Ẽ[ZLn; τ = n]

= ẼZLτ1{τ <∞} = Ẽ[ZLτ ] .

�

Example 1.10 (markov chains in discrete time) Suppose that we
wish to compute z def= E

[
g
(
X0, X1, . . . , Xτ

)
; τ <∞], where τ is a stopping

time adapted to {Xn}n∈N
. If {Xn} evolves as an E-valued Markov chain

(possibly time-inhomogeneous) under P, it is natural to use importance
measures preserving the Markov property (so as to guarantee that the
paths can be efficiently simulated under P̃). Assume that the importance
measure satisfies

P(X0 ∈ dy) = p0(y)P̃(X0 ∈ dy),

P
(
Xn ∈ dy

∣∣Xn−1 = x
)

= pn(x, y)P̃
(
Xn ∈ dy

∣∣Xn−1 = x
)

for n ≥ 1. It follows that

z = Ẽ
[
g
(
X0, X1, . . . , Xτ

)
Lτ ; τ <∞] ,

where Lτ is the likelihood ratio

Lτ
def= p0(X0)

τ∏

i=1

pn(Xi−1, Xi) .

Note that Ln can be recursively computed as a function of n. Of course,
only importance measures with P̃(τ < ∞) = 1 are practicable, and then
z = Ẽ

[
g
(
X0, X1, . . . , Xτ

)
Lτ
]
.

In particular, if P, P̃ correspond to discrete time-homogeneous Markov
chains with transition probabilities pij , p̃ij and the same initial distribution,
then Ln =

∏n
1 pXi−1Xi/p̃Xi−1Xi . �

Example 1.11 (discrete markov processes in continuous time)

Let {X(t)}t≥0 be a stochastic process taking values in a discrete state
space E and evolving under P as a nonexplosive time-homogeneous Markov
chain with intensity matrix A =

(
A(x, y)

)
x,y∈E. Let J(t) be the number

of jumps of {X(t)} in [0, t] and T1, T2, . . . the consecutive jump epochs.
If we choose an importance measure P̃ under which {X(t)} continues to
be time-homogeneous Markov, with intensity matrix Ã =

(
Ã(x, y)

)
x,y∈E

satisfying

P
(
X(0) ∈ dy

)
= p0(y)P̃

(
X(0) ∈ dy

)
, A(x, y) = a(x, y)Ã(x, y) ,
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then

z = E
[
g
((
X(s)

)
0≤s≤τ

)
; τ <∞] = Ẽ

[
g
((
X(s)

)
0≤s≤τ

)
Lτ ; τ <∞] ,

where

Lτ = p
(
X(0)

) J(τ)∏

i=1

a
(
X(Ti−1), X(Ti)

)

× exp
{
−
∫ τ

0

Ã
(
X(s), X(s)

)[
1− a

(
X(s), X(s)

)]
ds
}
,

provided that τ is a stopping time adapted to {X(t)}. �

Example 1.12 (generalized semi-markov processes) Let {S(t)}t≥0

be a nonexplosive S-valued process that evolves according to a GSMP under
P, cf. II.6. As in our earlier examples, it is natural to choose P̃ preserving
the GSMP structure. Specifically, suppose that the probability p̃

(
s′; s, e∗

)

governing state transitions from s to s′ initiated by the event e∗ (under P̃)
is positive whenever p

(
s′; s, e∗

)
is positive. In addition, suppose that the

distributions F̃
(·; s′, e′, s, e) used by P̃ to stochastically set clock e′ in state

s′ after a transition from s triggered by event e satisfy

F
(
dt; s′, e′, s, e

)
= f

(
dt; s′, e′, s, e

)
F̃
(
dt; s′, e′, s, e

)
.

Let J(t) be the number of transitions of {S(t)} over [0, t], and let T1, T2, . . .
be the corresponding transition epochs. Then

z
def= E

[
g
(
S(u)

)
0≤u≤t

]
= Ẽ

[
g
(
S(u)

)
0≤u≤tLt

]
,

where

Lt =
J(t)∏

i=1

p
(
S(Ti);S(Ti−), e∗(Ti−)

)

p̃
(
S(Ti);S(Ti−), e∗(Ti−)

)

×
J(t)∏

i=1

∏

e′∈Ni

f
(
Ce′(Ti);S(Ti), e′, S(Ti−), e∗(Ti−)

)
,

where Ni
def= N

(
S(Ti);S(Ti−), e∗(Ti−)

)
. Hence even in the setting of such

general discrete-event systems, the likelihood ratio for complex importance
distributions can easily be computed. �

Example 1.13 (compound poisson processes) Let X(t) = Y1 + · · ·+
YN(t), where {N(t)} , Y1, Y2, . . . are independent, {N(t)} is Poisson(λ) with
epochs T1, T1 + T2, . . ., and the Yi have common density f(y). If we take P̃

to again make {X(t)} compound Poisson with parameters λ̃, f̃ , then

Lt =
e−λR(t)

e−λ̃R(t)

N(t)∏

i=1

f(Yi)

f̃(Yi)
· λe−λTi

λ̃e−λ̃Ti

=
(λ

λ̃

)N(t)

e−(λ−λ̃)t

N(t)∏

i=1

f(Yi)

f̃(Yi)
,
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where R(t) = t− T1 − · · · − TN(t) is the time from the last event to t. �

1d Remarks
Remark 1.14 In choosing the importance distribution in a parametric
class (Pθ)θ∈Θ (say all multivariate normals with a fixed covariance matrix
but varying mean θ as in Examples 1.5, 1.6), the picture is often the fol-
lowing. A certain θ∗ is optimal in the sense of minimizing the variance. In
moving in a wrong direction (away from θ∗ instead of towards θ∗), say by
overdoing the importance sampling in the sense of moving beyond θ∗, the
variance blows up and may even become infinite, so that the usual nor-
mal confidence intervals do not make sense (note that this problem is not
automatically discovered by a simulation run, since the empirical variance
will always be finite!). Even within the range where the variance is finite
but large, the normal approximation to ẑ will be poor, which is reflected in
poor coverage properties of the confidence intervals. For example, in rare
event simulation as studied in Chapter VI, the estimates will have a highly
skewed distribution if the importance sampling is overdone, so that they
are typically on the low side (even if they are unbiased in the statistical
sense), and the variance estimates will be on the low side as well, so that
the confidence interval will end up being below the correct value of z.

To illustrate some of these effects, consider the (highly unrealistic!) ex-
ample of estimating z =

∫∞
0
xe−x dx via the CMC estimator Z = X(1),

where X(λ) is an exponential r.v. with rate λ. Doing importance sampling
by changing 1 to some other λ, the estimator becomes

Z(λ) = X(λ)
e−X(λ)

λe−λX(λ)
= X(λ)e−(1−λ)X(λ)/λ .

Here

EZ(λ)2 =
∫ ∞

0

x2e−2(1−λ)/λ2 · λe−λx dx =

⎧
⎨

⎩

2
λ(2− λ)3

, 0 < λ < 2,

∞ , λ ≥ 2,

so Var Z(λ) = ∞ when λ > 2.
Intuitively, taking λ > 1 is moving in the wrong direction, and indeed

one also finds the optimal λ to be λ∗ = 1/2 (the maximizer of λ(2 − λ)3);
the corresponding variance is Var Z(λ∗) = 2/λ∗(2−λ∗)3−1 = 5/27, to be
compared with Var Z(1) = 1 for the CMC estimator. When moving beyond
λ∗ to smaller λ’s, there is no longer variance reduction when λ(2−λ)3 < 1,
i.e., when λ < 0.161, and as λ ↓ 0, Var Z(λ) →∞.

Similarly,

E
(
Z(λ)3 − z

)3 = EZ(λ)3 − 3zEZ(λ)2 + 3z2
EZ(λ)− z3

=
6

λ2(3 − 2λ)4
− 6
λ(2 − λ)3

+ 3− 1 .
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Thus the skewness E
(
Z(λ)3−z)3/Var3/2Z(λ) goes to∞ as λ ↓ 0 or λ ↑ 3/2,

indicating a degradation of the CLT for ẑ(λ) (recall that the first-order
Edgeworth correction in the CLT for a normalized average is proportional
to the skewness). �

Remark 1.15 Consider a CMC simulation with Z > 0, using i.i.d. repli-
cates Z1, . . . , ZR. Then ωr

def= Zr/(Z1 + · · ·+ZR) is the fraction with which
replication r contributes to the overall estimate ẑ. From the standard fact
that

1
R

≤
R∑

r=1

ω2
r ≤ 1 ,

with the lower bound obtained if and only if all ωr = 1/R and the upper if
and only if one ωr equals 1, one may take a value of

∑
ω2
r that is close to

1 as an indication that a few Zr contain the main contribution to ẑ, which
could motivate trying importance sampling.

Similarly, for a given importance sampling scheme one may take a value
close to 1 of

R∑

r=1

L2
rZ

2
r(∑R

1 L
2
sZ

2
s

)2

as a warning that the importance sampling has not been successful in terms
of sampling evenly in the important area.

See further the discussion in Evans & Swartz [114, pp. 170–171]. �

Example 1.16 In Chapter XIII, we will study the problem of obtaining
information on a distribution Π∗ whose density w.r.t. some μ, say Lebesgue
measure or counting measure, is known only up to a constant. That is,
dΠ∗/dμ = π(x)/π, where π def=

∫
π dμ is unknown but π(x) is known.

If we just want a functional of the form z =
∫
g dΠ∗ =

∫
gπ dμ/π, there

is an easy solution using importance sampling: assume that it is easy to
sample from a distribution with a density f̃(x) w.r.t. μ. Then generate R
replicates X1, . . . , XR from f̃(x) and let

z =
g(X1)π(X1)/f̃(X1) + · · ·+ g(XR)π(XR)/f̃(XR)

π(X1)/f̃(X1) + · · ·+ π(XR)/f̃(XR)
,

noting that the average of the numerator estimates
∫
gπ dμ and the average

of the denominator
∫
π dμ = π.

Note that in this setting, the main goal of importance sampling is not
variance reduction but to obtain information on a distribution that is
not easily simulated itself (cf. also Example I.5.2). Examples and further
discussion will be given in XIV.6e, XIV.2. �
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Remark 1.17 One sometimes hears the claim that importance sampling is
inefficient in high-dimensional spaces because the variance of the likelihood
ratio blows up.

There is certainly some truth to this. Consider just i.i.d. sampling with
R replications, where the nominal density f and the importance density f̃
do not depend on R. The likelihood ratio L = LR in Example 1.1 can then
be written as Y1 · · ·Yn, where Yk

def= f(Xk)/f̃(Xk). Here

δ
def= ẼY 2

k > (ẼYk)2 = 12 = 1 .

Therefore ẼL2
R = δR grows exponentially fast in R and hence so does

Ṽar LR, since ELR = 1.
The same problem occurs in importance sampling for long realizations

of a Markov chain, as will be shown in XIV.5.5.
Consider, however, a single realization of standard Brownian motion

{B(t)} in the interval [0, 1] and an importance distribution that cor-
responds to changing the drift from 0 to μ. High dimensionality then
occurs if the sample path is generated at high resolution by sampling
B(0), B(1/n), . . . , B(1) for some large n. However, according to Exam-
ple 1.8, the likelihood ratio Ln = e−μB(1)+μ2/2 does not depend on n,
and so of course neither does Var Ln! �

Exercises

1.1 (TP) Consider Monte Carlo integration with g ≥ 0 and assume that g ≤ ch

for some c > 1 and some density h. The hit-or-miss estimator of z
def
=
∫ 1

0
g(u) du

is c {Uch(Y ) ≤ g(Y )}, where U,Y are generated independent as uniform(0, 1),
respectively from the density h. Show that its expectation is z =

∫
g as desired,

but that the variance is always at least the variance of the importance sampling
estimator using sampling from h.
1.2 (TP) Let F be N

(
μ, σ2

)
and consider a likelihood ratio (dF̃ /dF )(x)

proportional to eax−bx2
. Identify F̃ .

1.3 (TP) In the counting problem in I.5.3, show that Var Z is minimized by
taking p(·) as uniform on S.
1.4 (A) In Example 1.5, take d = 2, A = {(x, y) : x ≥ a, y ≥ a}. and

C =
( 4 −1
−1 4

)
.

For a = 1, 3, 10:

(i) Try first to give simulation estimates of z = P(X ∈ A) and associated 95%
confidence intervals using the CMC method.

(ii) Find next the point b ∈ A that maximizes the N (0,C) density and repeat
(i), with the CMC method replaced by importance sampling, where the
importance distribution is N (b,C).

(iii) In (ii), experiment with importance distributions of the form N (b, δC) for
different δ ∈ R.

1.5 (TP) Verify the claims (i)–(v) in Section 1b.
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1.6 (TP) Consider as in Exercise I.6.4 the Monte Carlo evaluation of the level
z of the test for θ = θ0 in the binomial distribution, which rejects for large
values of −2 log Q, where Q is the likelihood ratio. An obvious idea is to perform
importance sampling, where one simulates from θ̃ rather than θ0. When doing
so, it was found that this did not provide any variance reduction, but that in
contrast, simulation from θ0 was close to being variance minimal. Can you find
an explanation for this? And can you come up with an idea for how to choose an
importance distribution that does give variance reduction?
1.7 (A) Consider a European call option with a maturity of T = 3 years, strike
price K, underlying asset price process {S(t)}0≤t≤T with S(0) = 100, and risk-
free interest rate 4%. It is assumed that {S(t)}0≤t≤T evolves like geometric
Brownian motion with stochastic volatility σ(t), such that {σ(t)} is Markov with
two states σ = 0.25 (the baseline volatility) and 0.75, and switching intensities
λ+ = 1, λ− = 3 for transitions 0.25→ 0.75, respectively 0.75→ 0.25.
It is easy to see that a risk-neutral measure can be described by

dX(t) =
(
r − σ(t)2/2

)
dt + σ(t) dB(t) ,

where X(t)
def
= log S(t)− log S(0) and B is standard Brownian motion..

Taking K = 150, do importance sampling using a change of drift 0 = μ→ μ∗ for
{B(t)}, choosing μ∗ to satisfy

S(0) exp
{
(r − σ2/2)T + Eμ∗B(T )

} ≈ K

(cf. Example 1.6; the implementation here simply ignores the period with the
higher volatility).
What do you expect from the same idea when K = 100 or 50?
1.8 (A) Consider a European call basket option with payout e−rT

[
S(T )−K

]+

and S(t) = S1(t) + · · · + S10(t), where the log-returns of the 10 spot prices are
geometric Brownian motions and we for simplicity assume independence and that
the yearly volatilities σi all equal σ = 0.25. The initial spot prices are 6, . . . , 15,
we take T = 2 years, r = 4%, and K = 300. Since S(0) = 105, we are thus
in the “out-of-the-money” case. The assignment is to illustrate the efficiency of
importance sampling by comparing the half-width of the confidence interval for
the price Π to that of the crude Monte Carlo method. The importance distribution
(this is only one possibility) is obtained by adding the same μ to the drifts r−σ2

i

under the risk-neutral measure, with μ determined from pivotal runs such that
ẼS(T ) ≈ K.
1.9 (A) Consider the Strauss model for a point process on [0, 4]2 with λ = 1,
r = 0.5; cf. I.5.2. Use Example 1.16 to give histograms of the distribution of the
number m(x) of points for different η.
1.10 (TP) Let X = {Xn}n∈N

be a Markov chain with finite state space E and
transition matrix P = (pxy)x,y∈E. Let B ⊂ E be a proper subset such that all
states in B communicate and that pxy > 0 for some x ∈ B and some y 
∈ B, and
define T

def
= inf{n : Xn 
∈ B}. We are interested in estimating z

def
= Px(T > n),

x ∈ B, by simulation for large n. More precisely, we will suggest an estimator
Z = Zn that has the asymptotically best-possible order of variance (see further
Chapter VI).
To this end, let PB def

= (pxy)x,y∈B. By the Perron–Frobenius theorem, P B has
an eigenvalue 0 < θ < 1 with associated right eigenvector h =

(
h(y)

)
y∈B

with
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strictly positive entries h(y), i.e., P Bh = θh. Define Q def
= (qxy)x,y∈B by

qxy
def
=

1

θh(x)
qxyh(y) , x, y ∈ B .

(i) Show that Q is a transition matrix on B.
(ii) Suppose we simulate X on B according to Q. Compute the likelihood ratio

for X on [0, t].
(iii) Use (ii) and the existence of a limiting stationary distribution for Q to show

that P(T > n) ∼ Cθn for some constant 0 < C <∞.
(iv) If Z is the importance sampling estimator for z = Px(T > n) given by (ii)

and Z∗ any other unbiased estimator, show that

lim sup
n→∞

EZ2

EZ∗2
< ∞ .

1.11 (TP) Find the density of an inhomogeneous Poisson process with intensity
λ(t) on [0, T ] w.r.t. the standard Poisson process at unit rate. Generalize to
multidimensions.

2 Control Variates

The idea is to look for an r.v. W that has a strong correlation (positive or
negative) with Z and a known mean w, generate (Z1,W1), . . . , (ZR,WR)
rather than Z1, . . . , ZR, and combine the empirical means ẑ, ŵ to an
estimator with lower variance than the CMC estimator ẑ of z = EZ.

The naive method is to choose some arbitrary constant α and consider
the estimator ẑ+α(ŵ−w). The point is that since w is known, we are free
just to add a term α(ŵ − w) with mean zero to the CMC estimator ẑ, so
that unbiasedness is preserved. The variance is

σ2
Z + α2σ2

W + 2ασ2
ZW , (2.1)

where

σ2
Z

def= Var Z, σ2
W

def= VarW, σ2
ZW

def= Cov(Z,W ).

In general, nothing can be said about how (2.1) compares to the variance
σ2
Z of the CMC estimator ẑ (though sometimes a naive choice such as α = 1

works to produce a lower variance). However, it is easily seen that (2.1) is
minimized for α = −σ2

ZW /σ
2
W , and that the minimum value is

σ2
Z(1− ρ2) , where ρ

def= Corr(Z,W ) =
σ2
ZW√
σ2
Zσ

2
W

. (2.2)

One then simply estimates the optimal α by replacing σ2
ZW , σ

2
W by their

empirical values,

α̂
def= −s

2
ZW

s2W
,
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where

s2Z
def= s2

def=
1

R− 1

R∑

r=1

(Zr − ẑ)2, s2W
def=

1
R− 1

R∑

r=1

(Wr − ŵ)2 ,

s2ZW
def=

1
R− 1

R∑

r=1

(Zr − ẑ)(Wr − ŵ) ,

and uses the estimator ẑCV = ẑ+ α̂(ŵ−w), which has the same asymptotic
properties as ẑ+α(ŵ−w); in particular, the asymptotic variance is σ2

Z(1−
ρ2)/R, and a confidence interval is constructed by replacing σ2

Z , ρ
2 by their

empirical values s2Z , s4ZW /s
2
Zs

2
W .

The procedure reduces the variance by a factor 1 − ρ2. Thus, one needs
to look for a control variate W with |ρ| as close to 1 as possible. The exact
value of ρ will be difficult to asses a priori, so that in practice one would
just try to make W and Z as dependent as possible (in some vague sense).
It is, however, an appealing feature that even if one is not very succesful,
the resulting variance is never increased.

There is also an interesting relation to standard regression analysis. In
fact, the calculation of ẑCV amounts to using a regression of Z on W , fitting
a regression line by least squares, and calculating the level of the line at
the known value w of EW ; see Figure 2.1. This is seen as follows: The
assumption underlying the regression is

�

�
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•
•

•
•

•••

•
•

•
•

•
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•

w

ẑCV

wr

zr

FIGURE 2.1

EZi = m′ + βwi = m+ β(wi − ŵ) (2.3)
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(m def= m′ + βŵ), with least squares estimates

m̂ = ẑ, β̂ =
∑R

1 (Zi − ẑ)(wi − ŵ)
∑R

1 (wi − ŵ)2
= −α̂ .

Thus, the level of the fitted regression line at the known mean w of the
control is m̂ + β̂(w − ŵ), which (replacing the wi by the Wi) is the same
as ẑCV.

For this reason, often the term regression-adjusted control variates is
used. The similarity is, however, formal: regression analysis via least squares
is based on the assumption of linear dependence (and preferably normal
errors), whereas nothing like this is needed for regression-adjusted control
variates (one may, however view the method as inference in the limiting
bivariate normal distribution of (ẑ, ŵ)). The literature pays quite a lot
of attention to control variates without regression adjustment (i.e., α is
assigned some arbitrary value), but to our mind, it is difficult to imagine
situations in which one would prefer this to regression adjustment.

Figure 2.1 also gives a graphical illustration of why control variates pro-
vide a variance reduction: without controls, the variance of the estimator
of z is given by the variation in the vertical direction, that is, around the
horizontal line with level ẑ, whereas with controls it is given by the varia-
tion around the regression line, which obviously has one degree of freedom
more.

Example 2.1 Consider the estimator Z = 41{U2
1 + U2

2 ≤ 1} of π.
Clearly, the indicator W def= W1

def= 1{U1 + U2 ≤ 1} of the triangle A in
Figure 2.2 is positively correlated with Z and has the known mean 1/2, so
it is a candidate for a control.

A

B

FIGURE 2.2

A simulation run gave 1−ρ2 = 0.727, i.e., some modest variance reduction.
Similarly, the indicator W def= W2

def= 1{U1 + U2 ≤
√

2} of the triangle B is
negatively correlated with Z with mean

(
2−√2

)2
/2, and simulation gave

1−ρ2 = 0.242, i.e., a more substantial variance reduction, as should also be
expected from Figure 2.2. Note that it is unimportant whether to use 1B
or 1Bc as control—for any control W , using a+ bW as alternative control
produces exactly the same estimates.
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In some cases, a clever choice of controls can push ρ2 much closer to 1
than in these examples. For example, in XIV.13c we will see an example in
which ρ = 0.999! �

Example 2.2 Consider Monte Carlo integration for calculating z
def=

∫ 1

0 g(x) dx. A suitable control for Z def= g(U) is then W = f(U), where f is
close to g (to get ρ close to 1) and w = Ef(U) =

∫ 1

0
f(x) dx is analytically

available. �

Example 2.3 A famous example of control variates occurs in Asian op-
tions, where the key step in estimating the price is evaluating the expected
value of

[
S(0)A − K

]+, where A
def=

∑p
1 eB(iT/p)/p is the average of a

discretely sampled geometric Brownian motion {B(t)}, with drift say μ
and variance σ2 (S(0) > 0,K, T are constants). The idea is that whereas
the distribution of A is intractable, such is not the case for the geometric
average

A∗ def=
( p∏

i=1

eB(iT/p)
)1/p

=
p∏

i=1

e(p−i+1)Yi/p ,

where Yi
def= B(iT/p) − B

(
(i − 1)T/p

)
. Namely, since the Yi are i.i.d.

N
(
μT/p, σ2T/p

)
, we have that logA∗ is normal with mean and variance

θ
def=

μT

p2

p∑

i=1

(p− i+ 1), respectively ω2 def=
σ2T

p3

p∑

i=1

(p− i+ 1)2

(θ, ω2 can be reduced but we omit the details). Thus, we can take W def=[
S(0)A∗ −K

]+ as control variate, since the expectation
∫ ∞

log
(
K/S(0)

)(s0ez −K)
1√

2πω2
e−(z−θ)2/2ω2

dz

is explicitly available by the Black–Scholes formula I.(3.4). �

An extension of the control variate method is multiple controls, where
the single control W above is replaced by a (row) vector W

def=
(W1 . . . Wp), with the means w1, . . . , wp explicitly available. Denote by
Wr = (Wr1 . . . Wrp) the copy of W generated together with Zr and let
Ŵ =

(
Ŵ1 . . . Ŵp

)
be the average over r = 1, . . . , R. The multiple-control

estimator is then

ẑ +
p∑

i=1

αi
(
Ŵi − wi

)
= ẑ +

(
Ŵ −w)α (2.4)
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(representing the αi as a column vector α). Writing the covariance matrix
of the (Zr,Wr) as

(
σ2 ΣZW

ΣWZ ΣW W

)
,

the variance of (2.4) is

1
R

(
σ2
Z+αTΣW Wα+2ΣZWα

)
=

1
R

(
σ2
Z+

p∑

i,j=1

αiαjσWiWj +2
p∑

i=1

αiσZWi

)
.

(2.5)
The minimization w.r.t. α is straightforward: equating the partial deriva-
tives w.r.t. the αi to 0 yields a system of linear equations with solution
α̂ = −Σ−1

W W ΣWZ , and (2.5) then becomes

1
R

(
σ2
Z −ΣZW Σ−1

W W ΣWZ

)
=

1
R

(1− ρ2
ZW )σ2

Z ,

where ρ2
ZW

def= ΣZW Σ−1
W W ΣWZ/σ

2
Z is the multiple squared correlation

coefficient between Z and W , commonly interpreted as the fraction of the
variance of Z that can be explained by linear dependence with the Wi.

In practice, the unknowns ΣZW , ΣW W have to be replaced by estimates,
that is, the empirical values

SZW
def=

1
R− 1

R∑

r=1

(Zr − ẑ)(Wr − Ŵ ),

SW W
def=

1
R− 1

R∑

r=1

(Wr − Ŵ )T(Wr − Ŵ ),

so that the multiple-control estimator and its variance estimate are

ẑ − S−1
W WSWZ , respectively

1
R

(
s2 − SZWS−1

W WSWZ

)
.

Again, the calculations of the method are formally similar to regression,
this time the multiple regression model

EZr = z′ +
p∑

i=1

βiwri = z +
p∑

i=1

βi(wri − wi) = z + Tβ , (2.6)

where T has rith element wri − ŵi (here ŵi
def=

∑R
1 wri/R). The least

squares estimator of β def=
(
β1 . . . βp

)T is

β̂ =
(
T TT

)−1
T TZ = S−1

W WSWZ ,

and the residual variance is

1
R− p− 1

∥
∥Z − ẑ − T β̂∥∥2 =

1
R− p− 1

R∑

r=1

(
Zr − ẑ −

p∑

i=1

β̂i
(
wri − ŵi

))2

.
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Example 2.4 Consider the same estimator Z def= 41{U2
1 + U2

2 ≤ 1} of π

as in Example 2.1 and the controls

W1
def= 1{U1 + U2 ≤ 1} , W2

def= 1{U1 + U2 ≤
√

2} .
We add here a third,

W3
def= (U1 + U2 − 1)1{1 < U1 + U2 <

√
2};

since V = U1 + U2 has density 2− v on (1, 2), the mean is

w3 =
∫ √2

1

(v − 1)(2− v) dv =

(√
2− 1

)2

2
−
(√

2− 1
)3

3
.

The motivation for introducing W3 is that E
[
Z |V ] decreases from 1 to 0 as

V varies from 1 to
√

2, and hence a first approximation is a linear function.
Running a simulation with all seven possible subsets of the three controls
gave the following values of 1− ρ2:

1 2 3 1, 2 1, 3 2,3 1, 2, 3
0.727 0.242 0.999 0.222 0.620 0.181 0.175

It is seen that W3 alone is useless as control, but when added to either W1

or W2 produces a notable variance reduction. Considering the full set of
all three controls gives little compared to the combination W2,W3, while
combining W1 and W2 gives little compared to using W2 alone. �

Remark 2.5 If Z has a considerable functional dependence on a single
control W , but this dependence is clearly nonlinear as in Figure 2.1, an
idea (similar to polynomial regression) is to use the Wi

def= W i for some
small i > 1, say 2 or 3, as additional multiple controls (assuming of course
that the means are computable).

The extension to multidimensions is similar. Say we improve two controls
W1,W2 by adding W3

def= W 2
1 , W4

def= W 2
2 , W5

def= W1W2. �

Exercises

2.1 (A) By invoking
∣
∣U1−U2

∣
∣ and/or its powers as control(s) and possible further

ideas of your own, experiment further with variance reduction in the simulation
of π in Example 2.4.
2.2 (A) Consider a European call option in the same stochastic volatility setting
as in Exercise 1.7 and with the same r, T, σ, S(0).
Give simulation estimates of the option price for K = 50, 100, 150 using the
control variates

S(T ), Y (T ), Y (T )2, eY (T ), [S(0)eY (T ) −K]+ ,

where Y (t) is given by Y (0) = 0,

dY (t) = (r − σ2/2) dt + σ dB(t)
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(with the same driving BM B). Use both single and multiple controls and report
on the explanatory power of the control variates in the form of the multiple
correlation coefficient corresponding to various subsets of the controls.

3 Antithetic Sampling

Here one generates the replicates Z1, . . . , ZR of Z not as i.i.d., but as pair-
wise dependent and as negatively correlated as possible. That is, one takes
R = 2M and generates M i.i.d. random pairs

(Z1, Z2), (Z3, Z4), . . . , (ZM−1, ZM ) ,

such that the marginal distribution of Zr is the same (as for the CMC
method) for all r (even and odd) but Z2j−1 and Z2j may be dependent.
The estimator is ẑAnth

def= (Z1 + · · ·+ ZR)/R with variance

1
R
σ2

Anth =
1
M

Var

(
Z1 + Z2

2

)
=

1
4M

(σ2
CMC + σ2

CMC + 2σ2
CMCρ)

=
1
R
σ2

CMC(1 + ρ) ,

where ρ = Corr(Z1, Z2). Thus, ρ should be negative for obtaining variance
reduction, and preferably as close to −1 as possible for the method to be
efficient.

Example 3.1 In Monte Carlo integration (considering dimension d = 1 for
simplicity), a standard choice is to take Z1

def= g(U), Z2
def= g(1− U) when

estimating z =
∫ 1

0 g. If g is monotone, Chebyshev’s covariance inequality
(see A7) then yields ρ ≤ 0.

If g(x) = x, one has Z1 + Z2 = 1, so the antithetic estimator has zero
variance. For g(x) = x2, one gets

ρ =
E
[
U2(1− U)2

] − (EU2)2

Var U2
=

1/5 + 1/3− 1/2− 1/32

1/5− 1/32
= −7

8
.

In general, for g(x) = xn,

|ρ| ≤ E
[
Un(1− U)n

]
+ (EUn)2

Var Un
≤ 1/4n + 1/(n+ 1)2

1/(2n+ 1)− 1/(n+ 1)2
∼ 2

n
,

so that the variance reduction vanishes as n→∞. �

We know of no realistic example in which the variance reduction obtained
by antithetic sampling is dramatic. This may in part be understood from
the following example:
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Example 3.2 For Z1, Z2 having joint c.d.f. F (z1, z2) and the same
marginal c.d.f. F (z), one has

E[Z1Z2] =
∫ ∞

0

∫ ∞

0

[
1− F (z1)− F (z1) + F (z1, z2)

]
dz1 dz2 . (3.1)

The r.h.s. and therefore ρ = Corr(X,Y ) are minimized when Z1 = F←(U),
Z2 = F←(1 − U), where U is uniform(0, 1), cf. the characterization of
the Fréchet–Hoeffding lower bound in II.3.17. For example, if X,Y have
standard exponential marginals, then

ρ = Corr(Z1, Z2) = Cov(Z1, Z2) ≥ E
[
logU log(1−U)

]−1 = −0.645 ,

which shows that the variance can be reduced at most by a factor of 0.355
in estimating z = EZ1 by antithetic sampling. �

For some nonstandard discussion of antithetic sampling, see Evans &
Swartz [114].

Exercises

3.1 (TP) Verify (3.1).

4 Conditional Monte Carlo

Here Z = ZCMC is replaced by ZCond
def= E

[
ZCMC

∣
∣W

]
for some r.v.

W (more generally, one could consider E
[
ZCMC

∣
∣G
]

for some σ-field G).
Clearly, EZCond = EZCMC = z. Since

σ2
CMC = Var(ZCMC) = Var

(
E
[
ZCMC

∣
∣W

])
+ E

(
Var

[
ZCMC

∣
∣W

])

= σ2
Cond + E

(
Var

[
ZCMC

∣
∣W

]) ≥ σ2
Cond,

conditional Monte Carlo always provides variance reduction, which is ap-
pealing. The difficulty is to find W such that the conditional expectation
is computable.

Example 4.1 Consider again as in the previous sections the example of es-
timation of z = π via ZCMC = 41{U2

1 + U2
2 < 1}, with U1, U2 independent

and uniform(0, 1). We can then take

ZCond = E
[
ZCMC

∣∣U1

]
= 4P

(
U2

2 < 1− U2
1

∣∣U1

)
= 4

√
1− U2

1 .

A simulation run gave an estimate of 3.38 of the variance reduction factor
σ2

CMC/σ
2
Cond. �

Example 4.2 Let z def= P(X1 + X2 > x), where X1, X2 are independent
with distribution F (F is known, one can simulate from F , but the con-
volution F ∗2 is not available). Then ZCMC = 1{X1 +X2 > x}, and taking
W

def= X1, we get ZCond = F (x −X1).
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Related algorithms are presented in VI.3a and in fact sometimes provide
a dramatic variance reduction. �

Example 4.3 Conditional Monte Carlo ideas can be applicable to density
estimation as well. As a simple example, let X1, X2, . . . be i.i.d. with density
f(x), so that Sn

def= X1 + · · ·+Xn has density f∗n(x) = P(Sn ∈ dx). The
conditional Monte Carlo estimator of f∗n(x) given Sn−1 is then f(x −
Sn−1). The advantages to the standard kernel-smoothing estimate using
simulated values of Sn (cf. III.6) rather than Sn−1 are, for example, that
the arbitrariness in the choice of the bandwidth h is avoided and that one
avoids such problems that the estimate of f∗n(x) comes out positive for
negative x even if the Xi are nonnegative.
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FIGURE 4.1

As an example, we took f(x) as the Pareto density α/(1 + x)α+1 with
α = 3/2. Here f∗n(x) is not explicitly available for n > 1. Figure 4.1 gives
the conditional Monte Carlo estimates given by the average of R = 10,000
replications of f(x− Sn−1) in the interval 0 < x < 15 for n = 2, 4, 6, 8 [the
small amount of nonsmoothness can be explained by the discontinuity of
F (x) at x = 0, and that the effect increases with n is a scaling phenomenon
because less and less of the mass is in 0 < x < 15]. �

Exercises

4.1 (A) A bank has a portfolio of N = 100 loans to N companies and wants to
evaluate its credit risk. Given that company n defaults, the loss for the bank is a
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N
(
μ, σ2

)
r.v. Xn where μ = 3, σ2 = 1. Defaults are dependent and described by

indicators D1, . . . , DN and a background r.v. P (measuring, say, general economic
conditions), such that D1, . . . , DN are i.i.d. Bernoulli(p) given P = p, and P has
a Beta(1, 19) distribution, that is, density (1 − p)18/19, 0 < p < 1. Estimate
P(L > x), where L =

∑N
1 DnXn is the loss, using both CMC and conditional

Monte Carlo, where the conditioning is on
∑N

1 Dn. For x, take

x = 3EL = 3N EP EX = 3 · 100 · 0.05 · 3 = 45.

4.2 (TP) In Exercise 4.1, identify saddle-point exponential change of measure
given P = p. That is, the conditional likelihood is dP

∗/dP = eθL/ϕ(θ|p), where
ϕ(θ|p)

def
= E

[
eθL

∣∣P = p
]

and θ = θ(p) satisfies Eθ[L |P = p] = x.
4.3 (A) Consider the density proportional to

(
1 − cos(2πx)

)
/(1 + x)α+1. Give

a conditional Monte Carlo estimate of the renewal density
∑∞

n=1 P(Sn ∈ dx) in
the interval 0 < x < 8. Cf. also I.5.21.

5 Splitting

Assume we want to estimate z = EZ, where Z has the form Z = ϕ(X,Y )
for independent r.v.’s X,Y . Assume further that the expected times a, b to
generate X , respectively Y , satisfy a � b but that Z is more influenced
by Y than by X (examples follow below). It is then tempting to reuse the
more difficultly sampled values X1, . . . , XR of X by sampling several (say
S) values Yrs for each Xr, such that the overall estimator takes the form

1
RS

R∑

r=1

S∑

s=1

ϕ(Xr, Yrs) ;

this procedure is called splitting and has a long history in physics.
Splitting may be seen as CMC using the estimator

Z̃
def=

1
S

S∑

s=1

ϕ(X,Ys) .

This estimator is in turn closely related to conditional Monte Carlo, since
it is a Monte Carlo estimate of E

[
Z
∣
∣X
]
.

The question is how to choose S and whether a substantial reduction
of the computational effort can be attained. To analyze this, we have to
compare the variance per unit time of Z̃ with the corresponding quantity
for the CMC estimator Z, which leads to comparing ẽ def= (a + Sb)VarZ̃
and e def= (a+ b)VarZ; cf. III.10. Assume w.l.o.g. that Var Z = 1 and let

ρ
def= Corr

(
ϕ(Xr, Yrs1), ϕ(Xr, Yrs2)

)
, s1 
= s2 .
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Then

Var Z̃ =
1
S2

[
S + 2S(S − 1)ρ

]
, (5.1)

ẽ =
( 1
S

+
2(S − 1)ρ

S

)
(a+ Sb) . (5.2)

Consider first S = 2. Then ẽ < e if (1/2 + ρ)(a + 2b) < a + b, which
is easily seen to mean ρ < a/(2a + 4b). Since a/b is large, this shows in
particular that an efficiency gain cannot be expected when ρ > 1/2. In
general, for the efficiency gain to be considerable, S clearly must be large.
Viewing S as a continuous variable, the approximation (S−1 +2ρ)(a+SB)
for ẽ above is then minimized for S =

√
a/(2ρb) (in practice, this value has

to be rounded), leading to the optimal efficiency

ẽ∗ =
(√

2ρb/a+ 2ρ
)(
a+

√
ab/(2ρ)

)
= a

(√
b/a+

√
2ρ
)2
,

to be compared with e = a+b. This shows that if both b/a and ρ are small,
ẽ/e is of order (b/a) ∧ 2ρ (that ρ being small is a reasonable assumption
follows from Z being more influenced by Y than by X).

Example 5.1 A restaurant has peak hour 12:30–1:30 p.m. where the av-
erage arrival rate exceeds the average service rate. It wants to estimate the
expected number z of lost customers from 12:00 to 2:00. We can then take
X as the number of customers who are present at 12:00, supplemented with
their residual service times, and Y as the point process of arrivals in [12, 14]
marked with the service times. �

Example 5.2 Assume that we want to estimate the expectation of a func-
tional Z = Z(B) of standard Brownian motion B in [0, 1] using 210 = 1024
grid points. The naive method generates B by summing up 1024 i.i.d. nor-
mals with the appropriate variances. For splitting, we could take Y as
the values at a coarser grid, Y =

(
B(i/2k)

)
i=1,...,2k for some small k, say

k = 2, 3, or 4. Then X is the 2k Brownian bridges of length 2−k required
to get the whole path by replacing the linear interpolation between the 2k

points at the coarse grid by a Brownian bridge (recall that a Brownian
bridge of length T ≤ 1 is distributed as {B(T )− tB(T )}0≤t≤T ). Thus (up
to a proportionality factor) a = 2k and b = 2k · 210−k = 1024. Note that
for small k, a + b is for all practical purposes equal to the number 1024
required for the naive method. For example, for k = 3, we get a/b = 128;
the optimal choice of k depends of course on how ρ depends on k. �

Exercises

5.1 (TP) Assume that Z is generated from r.v.’s X, Y and again that the times
to generate are a, b with a 
 b. The simulator judges that only the Y taking
values in a certain set E contribute significantly to z. He therefore does not
necessarily generate X if Y 
∈ E but only if a coin toss comes out with heads; say
the probability is p.
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Write up an unbiased estimator for z and give an efficiency analysis similar to
the one in the text for splitting, discussing in particular the choice of p (you will
need to invoke P(Y ∈ E)).
The procedure is known as Russian roulette.

6 Common Random Numbers

This is a method for comparing the means z′, z′′ of two r.v.’s Z ′, Z ′′ that
depend on the same random input in a way that is in some sense similar.
More specifically, assume that we want to estimate the difference z

def=
z′ − z′′ between the expectations z′, z′′ of two r.v.’s Z ′, Z ′′ of the form
Z ′ = Z ′(U1, . . . , UN), Z ′′ = Z ′′(U1, . . . , UN ) for a fixed number N of i.i.d.
uniforms, and that similarity means that Z ′, Z ′′ have approximately the
same variance σ2 and a relatively high positive correlation ρ when evaluated
for the same U1, . . . , UN . The method would then create R replicates of

Z
def= Z ′(U1, . . . , UN )− Z ′′(U1, . . . , UN )

and take the average ẑ as an estimate of z = z′−z′′, resulting in a variance
of approximately 2σ2(1 − ρ)/R. This is to be compared with independent
sampling in which one would generate R/2 replicates of Z ′ and R/2 inde-
pendent replicates of Z ′′, resulting in an approximate variance of 2σ2/R.
Thus, variance reduction is indeed obtained under the stated assumption
that ρ be positive.

We will see a convincing application of common random numbers in
VII.2a in connection with derivative estimation using finite differences. A
restriction of the method is that similarity is most often lost if N is random,
for example if the r.v. generation involves rejection.

The method of common random numbers is also often used more gen-
erally for functions z(θ) = EZ(U1, . . . , UN ; θ). While it is less clear what
variance reduction means here, the method has the advantage of produc-
ing a smoother (in θ) estimate of the curve z(θ) than the more jagged one
produced by independent sampling.

Example 6.1 Outside the Z ′ = Z ′(U1, . . . , UN), Z ′′ = Z ′′(U1, . . . , UN)
setting, another application of common random numbers is the comparison
of the performance of systems governed by the same input. As a simple
example, we took three symmetric α-stable Lévy processes (cf. XII.1.1) in
the time interval [0, 1000] and plotted sample paths in which the increments
are generated using inversion of common uniforms U1, . . . , U1000; to get a
reasonably easy inversion, we took α = 2 (Brownian motion), α = 1 (the
Cauchy process), and α = 1/2 (the symmetric inverse Gaussian process).
The scale was chosen so as to make the processes comparable on the same
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plot, which was achieved by choosing the c.d.f. of the increments to be

Φ(x), arctan(x/50)/π + 1/2, respectively 1− Φ
(
1/
√
x/500, 000

)

for x > 0 (by symmetry, F (x) = 1 − F (−x) for x < 0). The results are
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FIGURE 6.1

given in Figure 6.1 with α = 2 corresponding to the solid graph, α = 1 to
the dashed line and α = 1/2 to the dash-dotted one. The use of common
random numbers serves to show how the α-stable process becomes more
and more dominated by large jumps (a Uk close to 0 or 1) as α decreases.
�

7 Stratification

Here the sample space Ω is divided into S regions Ω1, . . . ,ΩS , called strata,
and the aim is to eliminate as much of the variation within strata as
possible.

The strata are often obtained by subdividing the range of one or more
of the most important r.v.’s driving the simulation. For a simple exam-
ple, consider Monte Carlo integration of a function g : [0, 1] → R of
a single variable as estimated by Z = g(U). Here an obvious choice is
Ωs = {ω : (s− 1)/S ≤ U(ω) < s/S}. See further Example 7.1 below.

Let Zs be an r.v. having the distribution of Z conditioned on Ωs, i.e.,

P(Zs ∈ A) =
1

P(Ωs)
P
({Z ∈ A} ∩ Ωs

)
.
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Write ps
def= P(Ωs), zs

def= EZs. By the law of total probability, EZ =
p1z1 + · · · + pSzS. So we can divide the total number R of replicates into
R1, . . . , RS , for each s simulate Rs replicates of Zs, estimate zs by the
empirical average ẑs, and estimate z by

ẑStr
def= p1ẑ1 + · · ·+ pS ẑS

(in order that this scheme be feasible, it is of course essential that the ps
be known and that the Zs can be generated).

Let σ2
s

def= VarZs,

σ2
Str

def= RVar ẑStr = R
S∑

s=1

p2
s

σ2
s

Rs
=

S∑

s=1

p2
s

σ2
s

Rs/R
. (7.1)

Then it is clear that
√
R

σStr

(
ẑStr − z

) → N (0, 1) (7.2)

as R → ∞ in such a way that the Rs/R have nonzero limits. The obvi-
ous estimator σ̂2

Str for σ2
Str is obtained by replacing σ2

s with the empirical
variance σ̂2

s within the Rs replicates in strata s, and so the 95% confidence
interval to be used in practice is ẑStr ± 1.96 σ̂Str/

√
R, where

σ̂2
Str

def=
S∑

s=1

p2
s

σ̂2
s

Rs/R
.

It remains to discuss when variance reduction is obtained and what is the
best allocation of the Rs (and possibly the strata).

A frequently made choice is proportional allocation, where Rs/R = ps
(ignoring rounding issues here and in the following). Subject to this choice,

σ2
Str =

S∑

s=1

psσ
2
s . (7.3)

This can be interpreted as E
[
Var(ZJ |J)

]
, where J is a {1, . . . , S} valued

r.v. with P(J = s) = ps. But clearly ZJ
D= Z, so that by a standard variance

decomposition we obtain

σ2 = Var(Z) = Var(ZJ) ≥ E
[
Var(ZJ |J)

]
= σ2

Str,

and it follows that stratification with proportional allocation always
produces variance reduction.

Example 7.1 Consider as above Monte Carlo integration of g : [0, 1] → R

using proportional allocation and the strata

Ωs
def= {ω : us−1/S ≤ U(ω) < us} ,
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where us
def= s/S. Here ps = 1/S and

σ2
s = Var

[
g(U) |us−1 ≤ U < us

]
= Var g

(
us−1 + U/S

)

def= Var
[
g(us−1) +

h(s, S, U)
S

]
= Var

[h(s, S, U)
S

]
,

where, provided g is smooth enough, the h(s, S, ·) are bounded uniformly
in s and S by c def= ‖g′‖∞. Thus σ2

s ≤ c2/S2 and

σ2
Str =

S∑

s=1

S−1O
(
S−2

)
= O

(
S−2

)
,

so that for large S, stratification with proportional allocation reduces the
variance with a factor of S−2.

For further elaboration of these ideas, see Remark 7.4 below. �

Remark 7.2 The smoothness assumption in Example 7.1 is essential,
and without it, one cannot in general expect the rate S−2 of variance
reduction in Example 7.1. As an example, consider the estimator Z =
41{U2

1 + U2
2 < 1} of π and the S = S2

0 strata

Ωij
def= {(i− 1)/S0 < U1 < i/S0 , (j − 1)/S0 < U2 < j/S0} ;

cf. Figure 7.1, where S0 = 16, S = 256.

FIGURE 7.1

In Figure 7.1, σ2
s is nonzero only on the gray-shaded strata (on the strata

to the SW, Zs ≡ 1, so σ2
s = 0, and on the strata to the NE, Zs ≡ 0, so

here also σ2
s = 0). The number of gray-shaded strata is of order S0, and

within each we have binomial sampling with a probability zs, which is
typically not very close to 0 or 1. Therefore in (7.3) we have ps = S−2

0 ,
whereas σ2

s is nonzero on O(S0) strata and then typically not very close to
0, which leads to σ2

Str ≈ S0 ·S−2
0 = S−1/2. Thus for large S, stratification

with proportional allocation reduces the variance with a factor of S−1/2

compared to the S−2 of Example 7.1. �
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More ambitiously than just considering proportional allocation, let us
consider the optimal (in the sense of variance minimization) allocation.
This means minimizing σ2

Str (viewed as function of R1, . . . , RS , cf. (7.1))
subject to R1 + · · · + RS = R. Introducing a Lagrangian multiplier λ, we
get

p2
sσ

2
s

R2
s

= −λ/R, s = 1, . . . , S.

Since the r.h.s. is independent of s, such is the l.h.s., which implies that
the optimal allocation is

R∗s =
psσsR
∑S

1 ptσt
.

The practical implementation of this choice meets the difficulty that the
σ2
s are typically unknown; a possibility is to estimate them by a pilot run

or use an adaptive scheme.
A variant of proportional allocation is poststratification, whereby the

allocation on strata is not determined in advance but by the simulation, in
such a way that the probability of strata s is ps. Formally, let the simulation
generate i.i.d. r.v.’s (Σr, Zr), r = 1, . . . , R, such that P(Σr = s) = pr and
the conditional distribution of Zr given Σr = s is the distribution of Zs,
and let Rs be the number of r with Σr = s. We then estimate zs by the
empirical average

ẑs =
Vs
Rs

, where Vs
def=

∑

r: Σr=s

Zr

(ẑs = 0 if Rs = 0) and z by ẑPostStr
def= p1ẑ1 + · · · + pS ẑS. That is, the

estimator is the same as for a deterministic allocation of the Rr, and further,
a CLT with the same variance constant (7.3) as for proportional allocation
holds. To see this, just note that since the Vr are conditionally independent
given R1, . . . , RS , (7.2) continues to hold given R1, . . . , RS . Since the limit
is independent of the conditioning, it is also an unconditional limit, and in
the variance constant, one can then replace Rs/R by its limit ps.

Despite the identical large-sample properties, it is often argued that pro-
portional allocation is preferable to poststratification, except for situations
in which it is not straightforward to generate the Zs but one nevertheless
wants to take advantage of the knowledge of the ps.

Remark 7.3 Latin hypercube sampling is a sampling scheme for R d-
dimensional r.v.’s V 1, . . . ,VR ∈ [0, 1]d that is somewhat related to
stratification. The scheme has the property that the V r all are uniform
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on [0, 1]d (but dependent), and that in the matrix

V
def=

(
V1 . . . VR

)
=

⎛

⎜
⎝

V11 . . . V1R

...
...

Vd1 . . . VdR

⎞

⎟
⎠ ,

each row is stratified according to the strata

[0, 1/R), [1/R, 2/R), . . . ,
[
(R− 1)/R, 1] .

That is, each of the interval (0, 1)’s R strata is represented exactly once
in each row, and further, the representations in different rows are ran-
dom. This is achieved by generating d random permutations π1, . . . , πd of
{1, . . . , R}, πj def=

(
πj(1) . . . πj(R)

)
, and dR i.i.d. uniform(0, 1) r.v.’s ujr ,

and letting

Vjr
def=

1
R

(
πj(r) − 1 + Ujr

)
.

The dependence between the V r is of course due to the fact that Vjr cannot
be in the same stratum as Vjr′ when r 
= r′.

The scheme was introduced by McKay et al. [251], and a recent
asymptotic study is in Loh [242]. �

Remark 7.4 The ideas of Example 7.1 can be extended to provide an
example of a Monte Carlo estimator with a supercanonical rate (faster
than R−1/2). Consider again Monte Carlo integration of g : [0, 1] → R but
now using the estimator

1
R

R∑

r=1

f
(
(r − 1 + Ur)/R

)
(7.4)

with U1, . . . , UR i.i.d. uniform(0,1). Then, under appropriate smoothness
assumptions, (7.4) has an asymptotic variance of O(R−3) and hence a rate
of O(R−3/2). To see this, just note that as in Example 7.1, the variance
of each term under the sum sign is bounded by c2/R2, and therefore the
variance of (7.4) is O

(
R−2 · R ·R−2

)
) = O(R−3).

A further, somewhat related, example of a supercanonical rate is the
estimator of

∫ 1

0 g given by Yakowitz et al. [369],

R∑

r=−1

(
U(r+1) − U(r)

)g
(
U(r+1)

)
+ g

(
U(r)

)

2
,

where U(1) < · · · < U(R) are the order statistics of R uniforms and U(−1)
def=

0, U(R+1)
def= 1. This estimator even has rate O(R−2). �
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Exercises

7.1 (TP) Suggest some variance reduction methods for evaluating
∫ ∞

0

(x + 0.02x2) exp
{
0.1
√

1 + cos x − x
}

dx

by Monte Carlo integration.

Exercises X.2.1–3 also contain stratification as an essential part.

8 Indirect Estimation

In some cases, some parts of the expectation z of Z can be evaluated
analytically. In others, z may be related to the (known or unknown) ex-
pectations of some further r.v.’s. We give a few examples of how such facts
may be exploited for variance reduction, without attempting a general dis-
cussion (to this end, see Glynn & Whitt [155], who coined the term indirect
estimation).

Example 8.1 (call–put parity) For a European option, we have under
the lognormal model in the usual notation that the call and put prices zcall,
zput are the expectations of

Zcall
def= e−rT

[
S(T )−K

]+
, respectively Zput

def= e−rT
[
K − S(T )

]+
,

under the risk-neutral measure P
∗. The definition of P

∗ (the martingale
property of {e−rtS(t)}) implies E

∗e−rTS(T ) = S(0). Thus a = a+− (−a)+
gives the estimator S(0)−e−rTK+Zput as an (indirect) alternative to Zcall

for estimating the call price zcall.
The following table gives a comparison of the two estimators in terms

of their 95% confidence intervals (we took S(0) = 100, r = 5%, σ = 0.25,
T = 3 and considered different strike prices K; all confidence intervals
are based on the same R = 100,000 normal random numbers, whereas the
figure for zcall is computed from the Black–Scholes formula):

K zcall direct indirect
25 78.48 78.63±0.28 78.48±0.00
50 57.24 57.40±0.28 57.25±0.01
75 38.24 38.39±0.26 38.25±0.04

100 23.84 23.98±0.23 23.83±0.09
125 14.25 14.35±0.19 14.20±0.14
150 8.33 8.39±0.15 8.25±0.18
175 4.83 4.86±0.12 4.72±0.21
200 2.80 2.81±0.09 2.66±0.23

It is seen that the precision of the direct estimator is increasing in K
and that of the indirect estimator decreasing, indicating that each of the
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estimators has its range of superiority (small K, i.e., the in-the-money case,
for the indirect one and vice versa for the direct one). �

Example 8.2 (Little’s formula) The relation L = λW , where L is the
mean queue length, W the mean sojourn time of a customer, and λ the
arrival rate, is one of the most celebrated formulas of queuing theory, for
example because of the great generality in which it holds. Here L, λ,W can
be defined either as the steady-state quantities or as limits as T → ∞ of
the averages

L̂
def=

1
T

∫ T

0

L(t) dt, Ŵ
def=

1
N(T )

N(T )∑

n=1

Wn, λ̂
def=

N(T )
T

, (8.1)

where N(T ) is the number of arrivals in [0, T ], L(t) the number in system
at time t, and Wn the sojourn time of customer n.

In a simulation context, natural direct estimators for L,W are L̂, Ŵ .
Indirect alternatives are λ̂Ŵ , respectively L̂/λ̂, and, assuming that λ is
known (as is often the case), λŴ , respectively L̂/λ.

Here λ̂Ŵ differs from L̂ only by RT , the residual sojourn times of cus-
tomers in system at time T or time t = 0. Typically, λ̂Ŵ and L̂ obey a
CLT with variances of order

√
T , and RT will converge in distribution by

regenerative-process arguments. Thus
√
T
(
λ̂Ŵ − L̂

)
P→ 0 ,

which shows that λ̂Ŵ , L̂ have exactly the same asymptotic properties. A
similar argument shows that indirect estimation via L̂/λ̂ cannot present an
improvement upon Ŵ .

Now suppose that λ is known. In many situations such as the GI/G/s
queue, one expects a positive dependence between the three estimators in
(8.1), so that an association argument (see A7) gives

E
[
λ̂Ŵ

]2 ≥ Eλ̂2 · EŴ 2 ∼ λ2 · EŴ 2,

E
[
L̂/λ̂

]2 ≤ EL̂2 · Eλ̂−2 ∼ EL̂2/λ2.

Thus one expects the indirect estimator λŴ for L to perform better than
the either of λ̂Ŵ or L̂, but the direct estimator for W to be better than the
indirect one. However, the difference is not always that big, as demonstrated
by Glynn & Whitt [155] to whom we refer for further discussion. �

Example 8.3 Let T1, T2, . . . be i.i.d. and nonnegative, and let Z
def=

sup {n : Sn ≤ t} be the number of renewals up to time t, where Sn
def=

T1 + · · · + Tn (z = EZ is then the renewal function at t). Letting
τ

def= inf {n : Sn > t}, we have Z = τ − 1. By Wald’s identity,

ESτ = μEτ = μ(z + 1).
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But we can write Sτ = t+ ξ, where ξ def= Sτ − t is the overshoot. This yields

z =
t+ Eξ

μ
− 1 ,

and an alternative estimator is

Z̃
def=

t+ ξ

μ
− 1.

For example, if the Ti are standard exponential and t = 50, then Z is
Poisson(50), so that VarZ = 50. In contrast, since ξ is again standard
exponential, VarZ̃ = 1. �

For a further example of indirect estimation, see the Minh–Sorli
algorithm in XIV.13.



Chapter VI
Rare-Event Simulation

1 Efficiency Issues

In this chapter, we consider the problem of estimating z = P(A) when z is
small, say of the order 10−3 or less; i.e., A is a rare event. Examples occur
in telecommunications (z = bit-loss rate, probability of buffer overflow),
reliability (z = the probability of failure before t), insurance risk (z = the
ruin probability), etc. Some general references in the area are Asmussen &
Rubinstein [27], Heidelberger [178], and Juneja & Shahabuddin [204].

In the crude Monte Carlo (CMC) method, Z = 1A so we have Bernoulli
sampling and hence a variance of σ2

Z = z(1 − z). This goes of course to
zero as z ↓ 0, i.e., we have a small absolute error σZ for small z. However,
this is not the most important observation to be made from σ2

Z ∼ z. In
fact, rather than the absolute error it is the relative error σZ/z that is the
relevant performance measure, and this is high:

σZ
z

=

√
z(1− z)
z

∼ 1√
z
→ ∞, z ↓ 0.

To motivate focusing on the relative error, suppose, for example, that we ob-
tain a point estimate ẑ of order 10−5 and a confidence interval of half-width
10−4. This confidence interval may look narrow, but it does not help to tell
whether z is of the magnitude 10−4, 10−5, or even much smaller. Another
way to illustrate the problem is in terms of the sample size R needed to
acquire a given relative precision, say 10%, in terms of the half-width of the
95% confidence interval. This leads to the equation 1.96 σZ/(z

√
R) = 0.1,
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i.e.,

R =
100 · 1.962z(1− z)

z2
∼ 100 · 1.962

z
, (1.1)

which increases like z−1 as z ↓ 0. Thus, if z is small, large sample sizes are
required, and when we get to probabilities of the order z ≈ 10−9, which
occurs in many telecommunications applications, CMC simulation is not
only inefficient but in fact impossible.

For a formal setup permitting the discussion of such efficiency concepts,
let {A(x)} be a family of rare events, where x ∈ (0,∞) or x ∈ N, assume
that z(x) def= PA(x) → 0 as x→∞, and for each x let Z(x) be an unbiased
estimator for z(x), i.e., EZ(x) = z(x). An algorithm is defined as a family
{Z(x)} of such r.v.’s.

The best performance that has been observed in realistic rare-event
settings is bounded relative error as x→∞, meaning

lim sup
x→∞

Var Z(x)
z(x)2

< ∞ . (1.2)

In particular, such an algorithm will have the feature that R as computed
in (1.1), with z(1− z) replaced by Var Z(x), remains bounded as x→∞.

An efficiency concept slightly weaker than (1.2) is logarithmic efficiency:
Var

(
Z(x)

)→ 0 so quickly that

lim sup
x→∞

Var Z(x)
z(x)2−ε

= 0 (1.3)

for all ε > 0, or, equivalently, that

lim inf
x→∞

∣
∣log Var Z(x)

∣
∣

∣
∣log z(x)2

∣
∣ ≥ 1 . (1.4)

Note that (1.3) is slightly weaker than bounded relative error. For exam-
ple, if z(x) ∼ Ce−γx, it allows Var Z(x) to decrease like xpe−2γx or even
e−2γx+β

√
x. The reasons for working with logarithmic efficiency rather than

bounded relative error are the following: the difference is minor from a
practical point of view; in some main examples, logarithmically efficient
estimators exist, whereas estimators with bounded relative error do not (or
have at least not yet been discovered); and logarithmic efficiency is often
much easier to verify than bounded relative error.

Asymptotics of the form (1.4), (1.3) are commonly referred to as logarith-
mic asymptotics and are the framework of most of large-deviations theory
(see Section 6 and references there). In practice, requirements (1.2)–(1.4)
are most often verified by replacing Var Z(x) by the upper bound EZ(x)2.

In accordance with discussions of run lengths in III.10, it would have
been more logical to replace Var Z(x) by T (x) Var Z(x) in (1.2), (1.3),
where T (x) is the expected CPU time to generate one Z(x), and also to
include a comparison with the run length of the CMC method. One can
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check that in the examples we discuss, T (x) grows so slowly with x that
this makes no practical difference.

It should be noted that the rare event setting PA(x) → 0 is of course
just a mathematical formalism, and a given rare event A can be embedded
in such a setting in more than one way. For example, if A = {Sn > nx}
for a sum of i.i.d. r.v.’s, A may be rare because of LLN effects (n is large
and x exceeds the mean), but also because x is so large that nx is far out
in the tail. Thus, the limits x→∞ and n→∞ may both be relevant.

Much of the work on rare-events simulation is focused on importance
sampling as a potential (though not the only) way to design efficient al-
gorithms; in fact, many of our main examples in Sections 2 and 3 employ
this method. The optimal change of measure P̃ (as discussed generally for
importance sampling in V.1.2, V.1.3) is given by

P̃(B) = E

[
Z

z
;B
]

=
1
z

P(AB) = P(B |A) .

That is, the optimal P̃ is the conditional distribution given A. However,
just the same problem as for importance sampling in general comes up: it
is usually not practicable to simulate from P( · |A), and we cannot compute
the likelihood ratio since z is unknown. Again, we may try to make P̃ look
as much like P( · |A) as possible; for example, the importance sampling
algorithms in Section 2a and 2c, which are perhaps the two most classical
examples in the area, may be seen in this light.

Our discussion here is mainly focused on algorithms that have bounded
relative error or are logarithmically efficient. In complicated practical sit-
uations, it is usually impossible a priori to assert which algorithms have
these properties, and one will try simpler ideas, say just perform impor-
tance sampling by changing some distribution within its parametric class;
bounded relative error or logarithmical efficiency then may or may not be
achieved. The following (toy) examples illustrate these points.

Example 1.1 Let N be geometric on {1, 2, . . .} with success parameter π,
i.e. P(N = n) = π(1 − π)n−1. Consider

z = P(N ≤ m) =
m∑

n=1

π(1 − π)n−1 = 1− (1 − π)m,

where π = π(x) and m = m(x) both depend on a parameter x such that
z = z(x) → 0 as x → ∞. This means that (1 − π)m → 1, i.e., mπ → 0,
which implies z ∼ mπ.

For simulating z, we consider importance sampling such that N is instead
simulated from P̃ corresponding to a geometric distribution with success
parameter π̃. How should π̃ be chosen?
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The estimator (simulated from P̃) is

Z
def= 1{N ≤ m} π(1 − π)N−1

π̃(1 − π̃)N−1
.

Thus

ẼZ2 =
π2

π̃2
Ẽ

[(
1− π

1− π̃

)2(N−1)

; N ≤ m

]

=
π2

π̃

m∑

n=1

(1− π)2(n−1)

(
1− π̃

)n−1

=
π2

π̃

(1− π)2m/(1− π̃)m − 1
(1− π)2/(1− π̃)− 1

. (1.5)

An obvious candidate for π̃ is obtained by the saddle-point argument,
equating ẼN to m. Since EN = 1/π, this means that π̃ = 1/m. From
π ∼ z/m and (1.5), we then get

ẼZ2 ∼ z2/m2

1/m
1/e−1 − 1

1/(1− 1/m)− 1
∼ z2/m

1/e−1 − 1
1/m

= z2(e− 1) ,

so that the estimator has bounded relative error.
More generally, bounded relative error holds also by taking π̃ = c/m,

since then ẼZ2 ∼ z2(ec − 1)/c2. The optimal c = c∗ is obtained by
minimizing (ec−1)/c2, which yields c∗ = 1.59. The corresponding variance-
reduction factor (e− 1)c∗2/(ec

∗ − 1) = 1.12, is, however, minimal. �

The next two examples, as well as many examples later on, deal with
sums, and the following simple lemma will often be useful:

Lemma 1.2 Let z def= z(x) def= P(Sn > x), where Sn
def= X1 + · · · + Xn

is a sum of a fixed number n of i.i.d. r.v.’s X1, . . . , Xn with density f(x).
Consider importance sampling, where X1, . . . , Xn are simulated as i.i.d.
with density f̃(x); let L be the likelihood ratio and Z def= L1{Sn > x}. Then
ẼZ2 = c−n# P

#(Sn > x), where (c#)−1 def=
∫
f2/f̃ , f# def= c#f

2/f̃ .

Proof.

ẼZ2 = Ẽ

[( n∏

i=1

f(Xi)

f̃(Xi)

)2

; Sn > x
]

=
∫
· · ·
∫

x1+···+xn>x

f(x1)2

f̃(x1)2
· · · f(xn)2

f̃(xn)2
f̃(x1) · · · f̃(xn) dx1 · · · dxn

= c−n#

∫
· · ·
∫

x1+···+xn>x

f#(x1) · · · f#(xn) dx1 · · · dxn

= c−n# P
#(Sn > x) .

�

Example 1.3 Consider the setting of Lemma 1.2 with f(y) = e−y stan-
dard exponential. Since Sn is Gamma(α, λ) with λ = 1, α = n, we
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have

z(x) ∼ xn−1

(n− 1)!
e−x , x→∞. (1.6)

Consider the importance density f̃(x) = λe−λx. Then

1
c#

= λ−1

∫ ∞

0

e−(2−λ)y dy =
1

λ(2 − λ)
, f#(y) = λ#e−λ

#y ,

where λ# = 2 − λ. It seems reasonable to choose λ such that ẼSn = n/λ
is of order x, so we write tentatively λ = c/x. We get

ẼZ2 = c−n# P
#(Sn > x) = c−n#

∫ ∞

x

(2− λ)nyn−1

(n− 1)!
e(2−λ)y dy

= c−n#

∫ ∞

(2−λ)x

zn−1

(n− 1)!
e−z dz ∼ c−n#

(
(2− λ)x

)n−1

(n− 1)!
e−(2−λ)x

=
ecx2n−1

(2− λ)cn(n− 1)!
e−2x ∼ ecx2n−1

2cn(n− 1)!
e−2x ,

which together with (1.6) shows that we have logarithmic efficiency but not
bounded relative error (then the power of x should have been 2n − 2). It
is also seen that the asymptotically optimal c is the minimizer n of ec/cn

that corresponds to ẼSn ∼ x. �

Example 1.4 Consider again standard exponential sums, but assume now
that P̃ corresponds to i.i.d. sampling from the Gamma(α, λ) density with
λ = 1. Then

1
c#

=
∫ ∞

0

e−2y

yα−1e−y/Γ(α)
dy =

{
Γ(α)Γ(2 − α) 0 < α < 2,
∞ α ≥ 2 .

This is discouraging, since for the importance sampling algorithm to have
good properties, one expects α = α(x) → ∞, but we see that we have
infinite variance for α ≥ 2. For α ∈ (0, 2), Γ(α) is bounded below, say by
δ > 0, so that

ẼZ2 = Γ(α)nΓ(2− α)nP
#(Sn > x)

= Γ(α)nΓ(2− α)n−1

∫ ∞

x

y1−αe−y dy

≥ δ2n−1

∫ ∞

x

y−1e−y dy ∼ δ2n−1 1
x

e−x,

which shows that no choice of α can lead to logarithmic efficiency (for this,
it should have been e−2x instead of e−x). �
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Exercises

1.1 (TP) Show that λ = λ(x) = o(1) is necessary and sufficient for logarithmic
efficiency in Example 1.3 whenever λx → ∞. Find similarly the necessary and
sufficient condition when λx→ 0.

2 Examples of Efficient Algorithms: Light Tails

In this and the next section, we give examples of algorithms meeting the
efficiency criteria discussed in Section 1. One will note that they all deal
with extremely simple problems. In more complex situations, one should
not expect to be able to find rare-event estimators that are, say, logarithmi-
cally efficient. Rather, the ideas behind algorithms like the ones we study
will then provide guidelines on how to proceed to obtain some substantial
variance reduction without necessarily meeting the efficiency criteria in full.

We assume in this section that the relevant tails are light, i.e., that they
decay at an exponential rate or faster. More precisely, X1, X2, . . . will be
i.i.d. with distribution F with m.g.f. F̂ [s] def= EesX =

∫
esx F (dx), and we

will need the finiteness of F̂ [s] for certain s > 0 depending on the context.
Exponential change of measure (ECM) is defined as in V.1b by

Fθ(dx)
def=

eθx

F̂ [θ]
F (dx) = eθx−κ(θ) F (dx) ,

where κ(θ) def= log F̂ [θ] is the c.g.f., and will be the main ingredient in the
examples to be presented. The likelihood ratio (dP/dPθ)n for X1, . . . , Xn

is

Ln,θ
def=

n∏

k=1

F̂ [θ]
eθXk

= e−θSnF̂ [θ]n = e−θSn+nκ(θ) ,

where Sn
def= X1 + · · · + Xn. Thus if Yn is σ(X1, . . . , Xn)-measurable, we

have

EYn = Eθ

[
YnLn,θ

]
= Eθ

[
Yne−θSn+nκ(θ)

]
. (2.1)

A convenient condition ensuring the finiteness of the F̂ [s] that will be
needed is that F̂ be steep. For the definition, let θmax

def= sup{θ : F̂ [θ] <∞}
(for light-tailed distibutions, 0 < θmax ≤ ∞). Then steepness means F̂ [θ] ↑
∞ as θ ↑ θmax.

An illustration of the m.g.f. F̂ [θ] and the c.g.f. κ(θ) of a distribution
F with negative mean is given in Figure 2.1. Here γ0 is the solution of
F̂ ′[θ] = κ′(θ) = 0 or, equivalently, the minimizer of F̂ [θ] and/or κ(θ), and
γ is the nonzero solution of κ(γ) = 0, or, equivalently, of F̂ [γ] = 1. The
particular role of γ and γ0 will become clear later on. When performing
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�

�

�

�

γ0 γ

γ0 γ

F̂ [θ] κ(θ)

θmax θmax

FIGURE 2.1

ECM, it is crucial to understand that the changed drift is

μθ
def= EθX = E

[XeθX

F̂ [θ]

]
=

F̂ ′[θ]

F̂ [θ]
= κ′(θ) . (2.2)

Thus μθ < 0 when θ < γ0, μθ > 0 when θ > γ0, and μγ0 = 0.

2a Siegmund’s Algorithm
Assume that F is not concentrated on (−∞, 0] and that EX < 0. We
consider the problem of estimating

z(x) def= P
(
τ(x) <∞) , where τ(x) def= inf {n : Sn > x} ,

when x is large and hence z(x) small. This problem has many applica-
tions: GI/G/1 waiting times (cf. I.(1.7)), ruin probabilities (cf. I.5.15), and
sequential tests (cf. Exercise 2.4).

When implementing importance sampling via exponential change of
measure, (2.1) takes the form

z(x) = P
(
τ(x) <∞) = Eθ

[
Lτ(x),θ; τ(x) <∞]

= Eθ

[
e−Sτ(x)+τ(x)κ(θ); τ(x) <∞

]
. (2.3)

In choosing θ, the first step is to ensure that Pθ

(
τ(x) < ∞) = 1, i.e.,

EθX ≥ 0. By (2.2), this means that θ ≥ γ0, where γ0 is as in Figure 2.1.
For such a θ, (2.3) becomes

z(x) = P
(
τ(x) <∞) = EθLτ(x),θ = e−θSτ(x)+τ(x)κ(θ) . (2.4)

Thus, we may perform the simulation by the Monte Carlo method with
Z(x) = Lτ(x),θ.
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The crucial fact is now that typically the value γ of θ1 is optimal. We
will assume existence, i.e., that F̂ [γ] = 1 has a solution γ > 0, and further
that F̂ ′[γ] <∞; in view of EX < 0 and convexity, this basically says only
that enough exponential moments exist, cf. Figure 2.1, and steepness is
certainly a sufficient condition. For this special case, (2.4) becomes

z(x) = P
(
τ(x) <∞) = Eγe−γSτ(x) = e−γxEγe−γξ(x) , (2.5)

where ξ(x) def= Sτ(x)−x is the overshoot. Indeed we shall prove the following
result:

Theorem 2.1 The algorithm given by Z(x) = e−γxe−γξ(x) [simulated from
Pγ ] has bounded relative error.

Before giving the proof, we present two simple examples indicating what
the change of measure looks like:

Example 2.2 Assume that F is N (−μ, 1), where μ > 0. Then F̂ [s] =
exp

{−μs+ s2/2
}
, so that γ solves 0 = −μγ+γ2/2, which in view of γ > 0

implies γ = 2μ. We then get

F̂γ [s] = F̂ [s+ γ] = exp
{
μs+ s2/2

}
,

which shows that Fγ is N (μ, 1). �

Example 2.3 Assume that X = U − T is the independent difference be-
tween two exponential r.v.’s with rates δ, respectively β, where β < δ. This
corresponds to the M/M/1 queue with arrival rate β and service rate δ.
Then F̂ [γ] = 1 means that

1 = EeγUEe−γT =
δ

δ − γ

β

β + γ
,

which has the positive solution γ = δ − β. We then get

F̂γ [s] = F̂ [s+ γ] =
β

β − s

δ

δ + s
,

which shows that Fγ is the distribution of the independent difference be-
tween two exponential r.v.’s with respective rates β and δ. That is, the
changed measure corresponds to the M/M/1 queue with arrival rate δ and
service rate β (the rates are switched). �

Proof of Theorem 2.1. The process {ξ(x)}x≥0 is regenerative (cf. IV.6b;
regeneration occurs at each partial maximum of {Sn}). Thus (assuming F
to be aperiodic in the lattice case and nonlattice otherwise) ξ(x) D→ ξ(∞)
and

Eγe−γξ(x) → C
def= Eγe−γξ(∞) , x→∞.

1This number γ is commonly referred to as the Cramér root; in insurance risk, γ goes
under the name of the adjustment coefficient.
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It follows that

z(x) = P
(
τ(x) <∞) ∼ Ce−γx , (2.6)

a celebrated result going back to Cramér in 1930 and commonly referred
to as the Cramér-Lundberg approximation.

The calculations are almost the same as for VarγZ(x). Recalling that
Z = e−γxe−γξ(x), we get

EγZ
2 = e−2γx

Eγe−2γξ(x) ∼ C1e−2γx ,

where C1
def= Eγe−2γξ(∞). By Jensen’s inequality, C1 > C2, and hence

VarγZ(x) ∼ C1e−2γx − (Ce−γx
)2 ∼ C2e−2γx , (2.7)

where C2
def= C1 − C2 > 0. The relative error is thus

√
VarγZ

z(x)
∼ C

1/2
2 e−γx

Ce−γx
= C3

(C3
def= C

1/2
2 /C), which does not increase with x, completing the proof of

Theorem 2.1. �

Note that in the Siegmund algorithm, the expected time T (x) to generate
one replication satisfies T (x) ∼ Eγτ(x) = O(x).

2b Uniqueness of the Change of Measure in Siegmund’s
Algorithm

Consider as above an importance sampling algorithm for estimating z(x) =
P
(
τ(x) < ∞) for a random walk with negative drift μ = μF , with the ex-

tension that we allow an arbitrary candidate F̃ for the changed distribution
of the Xk. That is, we simulate X1, X2, . . . from F̃ and use the estimator

Z(x) def= Lτ(x)(F | F̃ ) =
dF

dF̃
(X1) · · · dF

dF̃
(Xτ(x)) , (2.8)

where dF/dF̃ means Radon–Nikodym derivative (e.g., if F and F̃ both have
densities f , f̃ w.r.t. Lebesgue measure, then (dF/dF̃ )(x) = f(x)/f̃(x)).
Note that we must impose two conditions on F̃ : that dF/dF̃ exist and that
f̃ have positive mean μ̃ (otherwise, the simulation does not terminate in
finite time).

Theorem 2.4 The importance sampling algorithm (2.8) is logarithmically
efficient if and only if F̃ = Fγ .

Proof (Asmussen & Rubinstein [27]). Sufficiency [even with the stronger
conclusion of bounded relative error] is contained in Theorem 2.1, so we
assume that the IS distribution is F̃ 
= Fγ .
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By the chain rule for Radon–Nikodym derivatives,

ẼZ(x)2 = ẼL2
τ(x)(F | F̃ ) = Ẽ

[
L2
τ(x)(F |Fγ)L2

τ(x)(Fγ | F̃ )
]

= Eγ

[
L2
τ(x)(F |Fγ)Lτ(x)(Fγ | F̃ )

]
= Eγ exp{K1 + · · ·+Kτ(x)},

where

Ki
def= log

(
dFγ
dF̃

(Xi)
(

dF
dFγ

(Xi)
)2
)

= − log
dF̃
dFγ

(Xi)− 2γXi.

Here

EγKi = ε′ − 2γEγXi = ε′ − 2γμγ,

where μγ = μFγ > 0 and

ε′ def= −Eγ log
dF̃
dFγ

(Xi) > 0

by the information inequality A.1. Since K1,K2, . . . are i.i.d., Jensen’s
inequality and Wald’s identity yield

ẼZ(x)2 ≥ exp{Eγ(K1 + · · ·+Kτ(x))} = exp{Eγτ(x)(ε′ − 2γμγ)}.
Since Eγτ(x)/x → 1/μγ, it thus follows (using (2.6)) that for 0 < ε′′ < ε′,
0 < ε < ε′′/γμγ,

lim inf
x→∞

ẼZ(x)2

z(x)2−ε
= lim inf

x→∞
ẼZ(x)2

C2−εe−2γx+εγx

≥ lim inf
x→∞

ex(ε
′′/μγ−2γ)

C2−εe−2γx+εγx
= ∞,

which completes the proof. �

2c Efficient Simulation of P
(
Sn > n(μ + ε)

)

Consider again a random walk Sn
def= X1 + · · ·+Xn, where X1, X2, . . . are

i.i.d. with common distribution F with mean μ (the sign of μ is unimpor-
tant). The rare event in question is now A(n) def= {Sn > n(μ+ ε)}, where
ε > 0 [thus the rare-event index is n and not x as before, and is discrete
in this example]. That z(n) = PA(n) → 0 as n → ∞, and hence that the
event A(n) is rare indeed, is immediate from the LLN.

We shall again employ exponential change of measure so that

Z(n) = e−θSn+nκ(θ)1{Sn > n(μ+ ε)} .
The relevant choice of θ turns out to be given by the saddle-point method:

EθX = κ′(θ) = μ+ ε , (2.9)
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which in particular implies θ > 0 (since κ′ is strictly increasing according
to the strict convexity of κ) and I > 0, where I def= θ(μ + ε) − κ(θ). Cf.
Figure 2.2, where μ > 0.

FIGURE 2.2

Theorem 2.5 The exponential change of measure given by (2.9) is loga-
rithmically efficient, and is the only importance distribution F̃ with this
property.

As for Siegmund’s algorithm, the proof is a small variant of the standard
estimates for obtaining the asymptotics of z(n) itself. In this case, these are
given in [16, pp. 355 ff.], but parts are reproduced below (Lemmas 2.6, 2.8)
for the sake of self-containedness.

Lemma 2.6 (chernoff bound) z(n) ≤ e−nI .

Proof. Using the basic likelihood ratio identity and θ > 0, we get

z(n) = PA(n) = Eθ

[
Ln;θ; A(n)

]
= Eθ

[
e−θSn+nκ(θ); Sn > n(μ+ ε)

]

= e−nIEθ
[
e−θ(Sn−n(μ+ε)); Sn > n(μ+ ε)

] ≤ e−nI . (2.10)

�

Lemma 2.7 Varθ Z(n) ≤ e−2nI .

Proof. As in (2.10),

EθZ(n)2 = Eθ

[
e−2θSn+2nκ(θ); Sn > n(μ+ ε)

]

= e−2nI
Eθ

[
e−2θ(Sn−n(μ+ε)); Sn > n(μ+ ε)

] ≤ e−2nI .

�

Lemma 2.8 lim inf
n→∞

(
enI+θ

√
nz(n)

)
> 0.
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Proof. Since

Sn − n(μ+ ε)√
n

D→ N
(
0, σ2

θ

)

in Pθ-distribution (σ2
θ

def= κ′′(θ) > 0), we have

lim
n→∞Pθ

(
Sn − n(μ+ ε)√

n
∈ (0, 1)

)
= Φ

(
1
σθ

)
− Φ(0) def= c > 0 .

Hence by (2.10),

lim inf
n→∞

(
enI+θ

√
nz(n)

)

≥ lim inf
n→∞ eθ

√
n
Eθ

[
e−θ(Sn−n(μ+ε));

Sn − n(μ+ ε)√
n

∈ (0, 1)
]

≥ lim inf
n→∞ eθ

√
ne−θ

√
n
Pθ

(
Sn − n(μ+ ε)√

n
∈ (0, 1)

)

= c > 0 .

�

The first part of Theorem 2.5 now follows by combining Lemmas 2.7 and
2.8. The second (uniqueness of the importance sampling distribution) can
be proved by similar arguments as for Siegmund’s algorithm. �

See Bucklew, Ney, & Sadowsky [63] for further discussion and extension
of the algorithm.

Remark 2.9 As sharpening of Lemmas 2.6–2.8, one can prove one of the
basic results in the theory of saddle-point approximations, that subject to
some smoothness assumptions,

z(n) ∼ e−nI

θκ′′(θ)
√

2πn
;

see, e.g., Petrov [289] and Jensen [196] for this and sharper versions. �

2d Compound Poisson Sums

Consider as in I.5.14 an r.v. C of the form C
def= V1 + · · · + VN , where

V1, V2, . . . are i.i.d. and nonnegative, with distribution say F , and N is an
independent Poisson(λ) r.v. As explained in I.5.14, problems from insur-
ance risk and queues call for the evaluation of the rare-event probability
PA(x), where A(x) def= {C > x} and x is large.

By a variant of the analysis of Section 2c, we shall show that exponential
change of measure is again logarithmically efficient provided F is light-
tailed and satisfies some regularity conditions. To this end, we need first
the c.g.f. ϕ(α) def= log EeαC of C, which by a straightforward conditioning
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on N comes out as λ
(
F̂ [α] − 1

)
, where F̂ [α] def= EeαV is the m.g.f. of F .

Under exponential change of measure, the c.g.f. of C is therefore

ϕθ(α) = ϕ(α + θ)− ϕ(θ) = λ
(
F̂ [α+ θ]− F̂ [θ]

)
= λθ

(
F̂θ[α]− 1

)
,

where λθ
def= λF̂ [θ], Fθ(dx)

def= eθxF (dx)/F̂ [θ]. In this notation, the classical
Esscher approximation for z(x) (Jensen [196] and references there) is

z(x) = P(C > x) ∼ e−θx+ϕ(θ)

θ

√
2πλ F̂ ′′[θ]

, x→∞, (2.11)

where θ def= θ(x) is again determined by the saddle-point argument as the
solution of EθC = x, i.e., by x = ϕ′(θ) = λF̂ ′[θ].

The conditions for (2.11) require some regularity of the density f(x) of
F . In particular, either of the following conditions is sufficient:

A. f is Gamma-like, i.e., bounded with

f(x) ∼ c1x
α−1e−δx, x→∞; (2.12)

B. f is log-concave, or, more generally, f(x) = q(x)e−h(x), where q(x) is
bounded away from 0 and ∞ and h(x) is convex on an interval of the form
[x0, x

∗), where x∗ def= sup {x : f(x) > 0}. Furthermore,
∫∞
0
f(x)ζ dx < ∞

for some ζ ∈ (1, 2).

For example, A covers the exponential distribution, phase-type distribu-
tions, and the inverse Gaussian distribution; B covers distributions with
finite support or with a density not too far from e−x

α

with α > 1. The role
of these assumptions is mainly to verify a (local) CLT in Pθ-distribution for
C as θ ↑ θ∗ def= sup{θ : F̂ [θ] <∞}, with variance constant κ′′(θ) = λF̂ ′′[θ]
and mean x; for details, see [196]. One then gets (2.11) as follows:

z(x) = Eθ [L(0 | θ); C > x] = e−θx+ϕ(θ)
Eθ

[
e−θ(S−x); C > x

]

∼ e−θx+ϕ(θ)

∫ ∞

0

e−θ
√
λF̂ ′′[θ]y 1√

2π
e−y

2/2 dy

=
e−θx+ϕ(θ)

θ

√
2πλF̂ ′′[θ]

∫ ∞

0

e−ze−z
2/(2θ2λF̂ ′′[θ]) dz

∼ e−θx+ϕ(θ)

θ

√
2πλF̂ ′′[θ]

∫ ∞

0

e−z dz =
e−θx+ϕ(θ)

θ

√
2πλF̂ ′′[θ]

.

Theorem 2.10 Assume that either of A,B holds. Then the estimator
Z(x) def= e−θS+κ(θ)1{C > x} for z(x) is logarithmically efficient.
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Proof. The outline of the proof of (2.11) is made precise in, e.g., [196]. In
just the same way as there, one can rigorously verify the heuristics

Eθ

[
e−2θ(C−x); C > x)

] ≈
∫ ∞

0

e−2θ
√
λF̂ ′′[θ]y 1√

2π
e−y

2/2 dy

=
1

2θ
√

2πλF̂ ′′[θ]

∫ ∞

0

e−ze−z
2/(8θ2λF̂ ′′[θ]) dz

∼ 1

2θ
√

2πλF̂ ′′[θ]

∫ ∞

0

e−z dz =
1

2θ
√

2πλF̂ ′′[θ]
.

Thus we get

EθZ(x)2 = e−2θx+2ϕ(θ)
Eθ

[
e−2θ(C−x); C > x)

] ∼ e−2θx+2ϕ(θ)

2θ
√

2πλF̂ ′′[θ]
.

Comparing this expression with (2.11) shows that all that remains to be
verified is

log(θ
√
F̂ ′′[θ]) = o

(
θx− ϕ(θ)

)
. (2.13)

In case A, θmax = δ, and explicit calculus easily yields

F̂ [θ] ∼ c1
(δ − θ)α

, F̂ ′[θ] ∼ c2
(δ − θ)α+1

, F̂ ′′[θ] ∼ c3
(δ − θ)α+2

, θ ↑ θmax.

Since θ = θ(x) ↑ θmax = δ <∞ as x→∞, we get

θx− ϕ(θ) = θλF̂ ′[θ]− λ(F̂ [θ]− 1) ∼ c4F̂
′[θ] ∼ c5

(δ − θ)α+1
,

from which (2.13) immediately follows, .
In case B with θmax = ∞, we write

θx− ϕ(θ) = θϕ′(θ)−
∫ θ

0

ϕ′(s) ds =
∫ θ

0

sϕ′′(s) ds

≥ θ ·
∫ θ

0

s

θ
ds ·

∫ θ

0

ϕ′′(s)
θ

ds =
θ

2
(
ϕ′(θ) − ϕ′(0)

)
,

where we have used the inequality E[f(X)g(X)] ≥ Ef(X) Eg(X) for in-
creasing functions (cf. A7); in the present setting, f(s) = s, g(s) = ϕ′′(s)
andX is uniform on (0, θ)). By equation (4.11) of [196], F̂ ′′[θ] is of the order
of magnitude ϕ′(θ)2ϕ(θ), which is O(ϕ′(θ)3). Since obviously log

(
θϕ′(θ)3/2

)

= o
(
θϕ′(θ)

)
, (2.13) follows. �

Exercises

2.1 (TP) Show that the m.g.f. of the inverse Gaussian distribution fails to be
steep.
2.2 (TP) Verify the formula ϕ(θ) = λ

(
F̂ [θ]− 1

)
in Section 2d.



172 Chapter VI. Rare-Event Simulation

2.3 (TP) Consider as in Section 2d a compound sum C = V1 + · · · + VN , but
assume now that N is geometric rather than Poisson, P(N = n) = (1 − ρ)ρn

(cf. the Pollaczeck–Khinchine formula in queuing and insurance risk). Choose
γ > 0 such that ρ

∫∞
0

eγx F (dx) = 1 and consider the importance distribu-

tion F̃ (dx)
def
= ρeγxF (dx). Let further τ (x)

def
= inf{n : V1 + · · ·+ Vn > x} and

ξ(x)
def
= V1 + · · ·+Vτ(x)−x. Show that the estimator Z(x)

def
= e−ξ(x) is unbiased

for z(x)
def
= P(S > x) and has bounded relative error.

2.4 (TP) Let Y1, Y2, . . . be i.i.d. with common density f(y), and consider the
problem of testing H0 : f = f0 versus the alternative H1 : f = f1. For a given
fixed n, the usual likelihood ratio test rejects if the log likelihood 
n

def
=
∑n

1 Xk

(where Xk
def
= log

[
f1(Yk)/f0(Yk)

]
) is large, say 
n > b′n. The sequential test

(Siegmund [340]) is formed by fixing a < 0 < b and continuing observation until
time τ

def
= inf {n : 
n 
∈ [a, b]}. One rejects if Sτ > b and accepts if 
τ < a. The

level α is the probability of rejecting a true null hypothesis, i.e., P0(
τ > b).
Show that subject to H0, {Sn} is a random walk with negative drift, and that
exponential change of measure with γ chosen as in the Siegmund algorithm gives
relative bounded error in the limit b→∞ with a fixed when estimating α.
2.5 (A) Consider as in Section 2d a compound Poisson sum with λ = 500 and
f(x) = xe−x (this random sum occurs, for example, in insurance risk as the total
claims amount in a given year, where N is the number of claims and Vi the size of
the ith claim). Compare empirically the efficiency of the technique of Section 2d
with those in which instead you change only λ, respectively f .
2.6 (A) Consider the M/D/1 queue with reneging (customers being discouraged
by long lines). That is, a customer arriving when Q(t) = n customers are in
the system leaves without joining the line w.p. pn, where pn is assumed to have
a limit p ∈ (0, 1) as n → ∞. Your assignment is to compute the steady-state
probability P(Q ≥ N) of at least N customers in the system for some large N
by regenerative simulation combined with importance sampling. More precisely,
let λ denote the arrival rate and let services have length d. Then in each cycle,
change the arrival rate to the λ̃ you would use in Siegmund’s algorithm if the
arrival rate were (1− p)λ but only until Q(t) reaches level N , then switch off the
importance sampling.
A main difficulty is to figure out how the naive estimate

∫ C

0

{Q(t)) ≥ N} dt

of

E

[∫ C

0

{Q(t)) ≥ N} dt

]
= EC · P(Q ≥ N)

should be modified by the importance sampling! We recommend that you com-
pute the mean length EC of the busy cycle C by independent sampling without
importance sampling.
Parameters: λ = 1/2, d = 1, pn = (1− 1/2n)/2, N = 6.
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3 Examples of Efficient Algorithms: Heavy Tails

That a distribution F has heavy (right) tails has been given various
meanings. We follow here the tradition of considering subexponential dis-
tributions, which (for the case in which F is concentrated on [0,∞)) means
that

F
∗2

(x)
F (x)

→ 2 or equivalently
P(X1 +X2 > x)

P(X1 > x)
→ 2, x→∞, (3.1)

where X1, X2 are i.i.d. with distribution F . This can in fact be shown to
be equivalent to the apparently stronger

F
∗n

(x)
F (x)

→ n or equivalently
P(X1 + · · ·+Xn > x)

P(X1 > x)
→ n (3.2)

for all n. Practitioners may safely restrict attention to the following main
examples:

Regular variation, F (x) = L(x)/xα, where α > 0 and L is slowly varying,
i.e., satisfies L(tx)/L(x) → 1 for any fixed t > 0.
The lognormal distribution, where X1 = eY with Y ∼ N

(
μ, σ2

)
.

The Weibull distribution with F (x) = e−cx
β

for some 0 < β < 1.

Probably the most important example among these is regular variation.
Here the most prominent example is the Pareto distribution, with tail
1/(1 + x)α and density f(x) = α/(1 + x)α+1, 0 < x < ∞, or (after a
change of location and scale) f(x) = αbα/(b+ x− a)α+1, but also α-stable
distributions with 0 < α < 2 and others are included.

The general theory of subexponential distributions is surveyed in, for
example, Embrechts et al. [108] and Asmussen [15, Section IX.1]. Heavy-
tail modeling has had a boom in the last decade in particular in queuing
theory and its telecommunications applications and in insurance risk2 (it
is also related to long-range dependence, to which we return in XI.6). See,
for example, Adler et al. [5], Resnick [298], and references there. We discuss
statistical and modeling aspects in Section 4.

Rare-event simulation with heavy tails is far less developed than with
light tails. In fact, Asmussen, Binswanger, & Højgaard [18] present a num-
ber of counterexamples showing that the main ideas from the light-tailed
case do not carry over to heavy tails, so that efficient algorithms have to
look different. We will discuss here only a very simple problem, to simulate
z(x) = P(Sn > x), where Sn = X1+· · ·+Xn with X1, X2, . . . i.i.d. and non-

2In mathematical finance, heavy tails usually means tails heavier than the normal,
say NIG tails that are light-tailed in the framework of this chapter. The problems in the
area are usually not rare-event problems anyway, with the possible exception of some
barrier options and out-of-the-money options.
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negative with common subexponential distribution F . Thus z(x) ∼ nF (x)
by (3.2), but it should be noted that there are many reported cases in which
this approximation is very inaccurate, so that simulation may be realistic.
Making n = N random, the P(Sn > x) setting incorporates cases such as
the M/G/1 waiting-time tail (N geometric, cf. the Pollaczeck–Khinchine
formula I.(5.3)) or accumulated claims (say N Poisson) in insurance, but
we will not discuss this here and refer to the original articles cited be-
low. It should be noted than in contrast to the algorithms of Section 2c,
which also deal with P(Sn > x), we study here the limit x→∞ rather than
n→∞ (this is mainly for convenience in order to fit into the subexponential
framework).

3a Conditional Monte Carlo Algorithms

The CMC estimator is Z1(x)
def= 1{Sn > x}, and so a conditional Monte

Carlo estimator has the form P
(
Sn > x

∣∣F
)
, where F ⊂ σ(X1, . . . , Xn).

We recall from V.4 that this always gives variance reduction. The problem
is to find an F for which this is substantial, hopefully so much that the
estimator is logarithmically efficient or even has bounded relative error.

The first and obvious idea (cf. V.4.2) is to condition on X1, . . . , Xn−1,
which leads to

Z2(x)
def= P

(
Sn > x

∣
∣X1, . . . , Xn−1

)
= F (x− Sn−1) .

Thus, we generate only X1, . . . , Xn−1. As a conditional Monte Carlo esti-
mator, Z2(x) has a smaller variance than Z1(x). However, asymptotically
it presents no improvement: the variance is of the same order of magnitude
F (x). To see this, just note that

EZ2(x)2 ≥ E
[
F (x− Sn−1);X1 > x

]
= P(X1 > x) = F (x)

(here we used that by positivity of the Xi, Sn−1 > x when X1 > x, and
that F (y) = 1, y < 0).

The reason that this algorithm does not work well is that the probability
of one single Xi to become large is too big. Asmussen & Binswanger [17]
suggested that one could circumvent this problem by discarding the largest
of the Xi and considering only the remaining ones. For the simulation, we
thus generate X1, . . . , Xn, form the order statistics

X(1) < X(2) < · · · < X(n) ,

throw away the largest one X(n), and let

Z3(x)
def= P

(
Sn > x

∣
∣X(1), X(2), . . . , X(n−1)

)

=
F
(
(x− S(n−1)) ∨X(n−1)

)

F (X(n−1))
,
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where S(n−1)
def= X(1) +X(2) + · · ·+X(n−1) (to avoid multiple-match prob-

lems, we assume the existence of a density f(x) here and in the following).
To check the formula for the conditional probability, note first that

P
(
X(n) > x

∣
∣X(1), X(2), . . . , X(n−1)

)
=

F
(
X(n−1) ∨ x

)

F (X(n−1))
.

We then get

P
(
Sn > x

∣
∣X(1), X(2), . . . , X(n−1)

)

= P
(
X(n) + S(n−1) > x

∣∣X(1), X(2), . . . , X(n−1)

)

= P
(
X(n) > x− S(n−1)

∣
∣X(1), X(2), . . . , X(n−1)

)

=
F
(
(x− S(n−1)) ∨X(n−1)

)

F (X(n−1))
.

Theorem 3.1 In the regularly varying case, the estimator {Z3(x)} is
logarithmically efficient.

This appears to be the first example of a logarithmically efficient algorithm
in the heavy-tailed case. The idea of the proof is to bound the density
fX(n−1)(y) of the r.v. X(n−1) using

fX(n−1)(y) = n(n− 1)Fn−2(y)F (y)f(y) ≤ cF (y)f(y) , (3.1)

and evaluate the second moment of Z3(x) separately over the regions
X(n−1) ≤ x/n, x/n < X(n−1) ≤ x/2, and X(n−1) > x/2. We will, however,
not give the details (but see Exercise 3a.1), since another equally simple
conditional Monte Carlo developed later by Asmussen & Kroese [23] per-
forms better. The idea there is to partition according to which Xi is the
largest, i.e., for which i one has Mn

def= X(n) = Xi, and condition on the
Xj with j 
= i. Since clearly by symmetry z(x) = nP(Sn > x,Mn = Xn),
this gives the estimator

Z4(x)
def= nP

(
Sn > x,Mn = Xn | X1, . . . , Xn−1

)

= nF
(
Mn−1 ∨ (x− Sn−1)

)
. (3.2)

Theorem 3.2 The estimator Z4(x) has bounded relative error in the reg-
ularly varying case, and is logarithmically efficient in the Weibull case
provided β < β = log(3/2)/ log 2 = 0.585.

Proof. We consider only the regularly varying case. If Mn−1 ≤ x/n, then
Sn−1 ≤ (n−1)x/n and therefore alwaysMn−1∨(x−Sn−1) ≥ x/n. Therefore

EZ4(x)2

F (x)2
≤ n2F (x/n)2

F (x)2
= n2L(x/n)2/(x/n)2α

L(x)2/x2α

= n2+2αL(x/n)2

L(x)2
∼ n2+2α .
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Noting that z(x) ∼ nF (x) by subexponentiality completes the proof. �

In the case of a random n = N , it is suggested in [23] suggested that either
N be used as a control variate or that N be stratified, and a substantial
variance reduction was obtained. A theoretical support for the control-
variate approach was provided by Hartinger & Kortschak [176], who showed
that in fact, in this setting the relative error goes to 0 as x→∞.

3b Importance Sampling Algorithms
We first consider an importance sampling scheme in which the density f
of X1, . . . , Xn is changed to f̃ .

Asmussen, Binswanger, & Højgaard [18] considered the case in which f̃
does not depend on x and proved the following:

Proposition 3.3 Let F# be the distribution with density proportional to
f2/f̃ . Assume that F# is subexponential and satisfies

lim inf
x→∞

| logF#(x)|
2| logF (x)

≥ 1.

Then the importance sampling algorithm given by f̃ is logarithmically
efficient.

Proof. Let c−1
#

def=
∫∞
0
f2/f̃ . Then by Lemma 1.2, the second moment of

the estimator is

E
∗
[( n∏

i=1

f(Xi)

f̃(Xi)

)2

; Sn > x
]

= c−n# P
#(Sn > x) ∼ c−n# nF#(x),

where the last step used the subexponentiality of F#. Since z(x) ∼ nF (x)
and c# does not depend on x, the second assumption on F# therefore
immediately implies that (1.4) holds. �

Example 3.4 If F is regularly varying with α > 0, one can take the tail of
F̃ as, e.g., 1/ log(e+x) (then F̃ is a regularly varying distribution with α =
0). Indeed, then f̃(x) = L1(x)/x and Karamata’s theorem

∫∞
x
L(y)/yα dy

∼ L(x)/(α−1)xα−1 for a slowly varying function L (see Feller [116]) implies

F#(x) = c1

∫ ∞

x

L(x)2/x2α+2

L1(x)/x
dx ∼ c2

L2(x)
x2α

,

where L1 and L2
def= L2/L1 are slowly varying. �

Proposition 3.3 is, however, one of the notorius reminders that a limit
theorem does not always tell the truth on how an algorithm performs for a
given set of parameters: all numerical experience shows poor performance.
Juneja & Shahabuddin [203] developed more efficient importance sampling
algorithms by allowing f̃ to depend on x. More precisely, they suggested
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that the tail of F be changed to c1F (x)θ(x) on [x0,∞) and that the density
c2f(x) be used on (0, x0), where θ(x) → 0 and c1, c2 have to be chosen
in a certain way. We will not give the details but only present a simplied
version of the algorithm in the Pareto case, where f̃ again is Pareto where
α̃

def= α̃(x) def= αθ(x) → 0 (the regularly varying case is an easy extension).

Example 3.5 Let f(x) = α(1 + x)−α−1 and f̃(x) = α̃(1 + x)−α̃−1,
where α̃ → 0. By Lemma 1.2, the second moment of the estimator is
c−n# P2α−α̃(Sn > x), where

c−1
# =

∫ ∞

0

α2/(1 + x)2α+2

α̃/(1 + x)α̃+1
dx =

α2

α̃(2α− α̃)
∼ α

2α̃
. (3.3)

Bounding P2α−α̃(Sn > x) above and below by

P2α−ε(Sn > x) ∼ n

x2α−ε , respectively P2α+ε(Sn > x) ∼ n

x2α+ε
,

and letting ε ↓ 0 gives easily that the algorithm is logarithmically efficient
provided α̃ = α̃(x) satisfies log α̃/ logx→ 0.

What is, more precisely, the best choice of α̃? Equation (3.3) suggests (at
least at the heuristical level) that the variance minimizer is the minimizer
α̃∗ = n/ logx of the r.h.s. of

ẼZ2 ∼ c−n# P2α−α̃(Sn > x) ∼
( α

2α̃

)n 1
x2α−α̃ .

Indeed, Juneja & Shahabuddin [203] suggested that one take α̃ = b/ logx
for some unspecified b. We will give an alternative argument for this
choice in Section 8. See in particular Example 8.2, which also leads to
the identification b = n. �

We finally present an algorithm that uses the same symmetry argument
as in (3.2), but now combined with importance sampling rather than con-
ditioning. Changing only the density of Xn, this means that we simulate
X1, . . . , Xn as independent with density f for X1, . . . , Xn−1 and f̃ for Xn.
Thus, the estimator is

n
f(Xn)

f̃(Xn)
1{Sn > x, Mn = Xn} . (3.4)

This was proposed in Asmussen & Kroese [23], who also demonstrated nu-
merically that the algorithm is more efficient than any of the importance
sampling algorithms above (but that still the conditional Monte Carlo es-
timator (3.2) is better) and showed the expected logarithmic efficiency. We
omit the proof, which is somewhat more complicated than the ones above.

Exercises

3.1 (TP) Prove Theorem 3.1 for n = 2.
3.2 (TP) Prove Theorem 3.2 for n = 2 in the Weibull case.
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3.3 (TP) Prove that if F is Weibull, then any regularly varying F ∗ can be used
in Proposition 3.3.

4 Tail Estimation

The fact that the order of rare-event probabilities usually depends crucially
on the tail and that the asymptotics as well as the efficient simulation
algorithms are very different in light- and heavy-tailed regimes poses the
problem of which distributional tail to employ. Of course, this is a general
statistical problem but definitely something that the simulator needs to
take seriously. We give here a brief introduction and refer to Embrechts,
Klüppelberg, & Mikosch [108] and de Haan & Ferreira [84] for more detailed
and broader expositions (one should note, however, that the area is rapidly
expanding).

We will consider the problem of fitting a distribution F with particular
emphasis on the tail to a set of data X1, . . . , Xn ≥ 0 assumed to be i.i.d.
with common distribution F . As usual, X(1), . . . , X(n) denotes the order
statistics.

Inference on F (x) beyond x = X(n) is of course extrapolation of the
data, and in a given situation, it will far from always be obvious that this
makes sense. However, some extrapolation seems inevitable in rare-event
simulation. In particular, trace-driven simulation (r.v. generation from the
empirical distribution F ∗n) as discussed in III.9 is not feasible in rare-event
settings: because F ∗n has the finite upper bound X(n), the method will
invariably underestimate the tail and in particular always postulate that it
is light.

4a The Mean Excess Plot
A first question is to decide whether to use a light- or a heavy-tailed model.
The approach most widely used is based on the mean excess function,
defined as the function

e(x) def= E
[
X − x

∣∣X > x
]

=
1

F (x)

∫ ∞

x

F (y) dy

of x > 0 (in insurance mathematics, the term stop-loss transform is
common).

The reason that the mean excess function e(x) is useful is that it typically
asymptotically behaves quite differently for light and heavy tails. Namely,
for a subexponential heavy-tailed distribution one has e(x) →∞, whereas
with light tails it will typically hold that lim sup e(x) <∞; say a sufficient
condition is

F (x) ∼ �(x)e−αx (4.1)
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for some α > 0 and some �(x) such that �(log x) is slowly varying (e.g.,
�(x) = xγ with −∞ < γ <∞).

The mean excess test proceeds by plotting the empirical version

en(x) =
1

#j : Xj > x

∑

j:Xj>x

(Xj − x)

of e(x), usually only at the (say) K largest Xj . That is, the plot consists
of the pairs formed by X(n−k) and

1
k

n∑

�=n−k+1

(
X(�) −X(n−k)

)
,

where k = 1, . . . ,K. If the plot shows a clear increase to ∞ except possibly
at very small k, one takes this as indication that F is heavy-tailed, otherwise
one settles for a light-tailed model.

Example 4.1 Figure 4.1 contains the mean excesses of simulated data
with n = 1,000 from six different distributions. Each row is generated
from i.i.d. r.v.’s Y1, Y2, . . . such that X = Y1 in the left column and X =
Y1 + Y2 + Y3 in the right. In row 1, Y is Pareto with α = 3/2; in row 2, Y
is Weibull with β = 1/2; and in row 3, Y is exponential; the scale is chosen
such that EY = 3 in all cases.
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To our mind, the story told by these pictures is not all that clear, so
one conclusion is certainly that using the mean excess plot is not entirely
straightforward. �

4b The Hill Estimator
We now assume that F is either regularly varying, F (x) = L(x)/xα, or
light-tailed satisfying (4.1). The problem is to estimate α.

Even with L or � completely specified, the maximum likelihood estima-
tor (MLE) is not adequate in this connection, because maximum likelihood
will try to adjust α so that the fit is good in the center of the distribution,
without caring too much about the tail, where there are fewer observa-
tions. The Hill estimator is the most commonly used (though not the only)
estimator designed specifically to take this into account.

To explain the idea, consider first the setting of (4.1). If we ignore fluc-
tuations in �(x) by replacing �(x) by a constant, the Xj − x with Xj > x
are i.i.d. exponential(α). Since the standard MLE of α in the (unshifted)
exponential distribution is n/(X1 + · · ·+Xn), the MLE α based on these
selected Xj alone is

#j : Xj > x
∑
j:Xj>x

(Xj − x)
.

The Hill plot is this quantity plotted as function of x or the number #j :
Xj > x of observations used. As for the mean excess plot, one usually plots
only at the (say) k largest j or the k largest Xj . That is, one plots

k
∑n
�=n−k+1

(
X(�) −X(n−k)

) . (4.2)

as function of either k or X(n−k). The Hill estimator αHn,k is (4.2) evaulated
at some specified k. However, most often one checks graphically whether
the Hill plot looks reasonably constant in a suitable range and takes a
typical value from there as the estimate of α.

The regularly varying case can be treated by entirely the same method,
or one may remark that it is 1-to-1 correspondance with (4.1) because X
has tail L(x)/xα if and only if logX has tail (4.1). Therefore, the Hill
estimator in the regularly varying case is

k
∑n
�=n−k+1

(
logX(�) − logX(n−k)

) . (4.3)

It can be proved that if k = k(n) → ∞ but k/n→ 0, then weak consis-
tency αHn,k

P→ α holds. No conditions on L are needed for this. One might
think that the next step would be the estimation of the slowly varying func-
tion L, but this is in general considered impossible among statisticians. In
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fact, we will see below that there are already difficulties enough with αHn,k
itself.

Example 4.2 Figure 4.2 contains the Hill plot (4.3) of simulated data
(now with n = 10,000) from the same six distributions as in Example 4.1
and the number k = 10, . . . , 2,000 of order statistics used on the horizontal
axis.
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Of course, only the first row, Pareto(3/2), is meaningful, since the distri-
butions in the remaining rows are not regularly varying. Nevertheless, the
appearance of the second row of plots, Weibull, is so close to the first that
it is hard to assert from this alone that the distribution is not regularly
varying (the evidence from the mean excess plot in Figure 4.1 is not that
conclusive either). The same holds, though maybe in a somewhat weaker
form, for the exponential case in the third row.

The first row also clearly demonstrates the difficulty in choosing k. Maybe
one would settle for a value between 50 and 500 in the left panel, giving
an estimate of α between 1.6 and 1.4. The implications for the correct
estimation of F (x) down to 10−5 (recall that we have 104 observations) are
illustrated in the following table, where the first row gives the theoretical
values of the 99%, 99.9%, and 99.99% quantiles of F1.5:

20.5 99.0 463 2153
1.6 0.007 0.0006 0.00005 0.000005
1.5 0.010 0.0010 0.00010 0.000010
1.4 0.014 0.0016 0.00018 0.000022
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There is also a CLT k1/2
(
αHn,k − α

) → N
(
0, α2

)
. For this, however,

stronger conditions on k = k(n) and L are needed. In particular, the correct
choice of k requires delicate estimates of L. That L can present a major
complication has also been observed in the many “Hill horror plots” in the
literature; cf. Exercise 4.3. �

4c Fitting the Whole Distribution
Even if one believes that one has an acceptable estimate of the tail index
α of a regularly varying distribution F , there are still some steps before
one arrives at the distribution F̂ to be used in the simulation. Figure 4.3
contains histograms of simulated observations from the two distributions
in the first row of Figure 4.1, which have the same α. In the left panel it
may be acceptable to take F̂ to be Pareto, say with α = αHn,k. Even so,
the MLE would probably provide a somewhat better fit in the part of the
support given in the figure.
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In the right panel, the Pareto obviously does not have the right shape,
and neither do any of the standard regularly varying distributions. A so-
lution is to take F̂ as a mixture of the MLE within a parametric (possibly
light-tailed) class, say the Gammas, and a Pareto with support [x0,∞) and
α = αHn,k. However, although this is probably widely done in practice, the
criteria for how to calibrate the parameters appear to be arbitrary, and we
have seen little systematic discussion of this practically important point.
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Exercises

4.1 (TP) Verify that e(x) stays bounded when (4.1) holds.
4.2 (TP) Show that

e(x) ∼ x

α− 1
, e(x) ∼ σ2x

log x
, respectively e(x) ∼ x1−β

β

in the three main examples of subexponentiality listed at the beginning of
Section 3. You will need Karamata’s theorem, cf. Example 3.4.
4.3 (A) Simulate observations from the distribution with tail F (x) = (1+e)/(x+
e) log(x + e), x > 0, and draw a Hill plot. To check your program, first do the
same with F (x) = (1+e)/(x+e) instead and check that your results do not look
too different from the first row in Figure 4.2.
4.4 (A) In the GARCH model II.(4.1), σ2

n can be shown to be heavy-tailed in
the limiting stationary situation. Thus one would expect this to show up in a
mean-excess plot of the first R values in a nonstationary situation. Give some
numerical examples to illustrate this point.
4.5 (A) In Exercise 4.4, it can be shown more precisely (Kesten [215]) that in
stationarity, σ2

n is regularly varying with index α given as the solution of

E
(
α1Z

2
0 + β

)α
= 1 .

Compare this with a Hill plot of σ2
1 , . . . , σ2

R, using some arbitrary initial condition.

5 Conditioned Limit Theorems

The optimal (zero-variance) change of measure for importance sampling
is the conditional distribution P

(x)(·) def= P
(·|A(x)

)
given A(x). Therefore

an obvious way to look for a good importance distribution is to try to
find a simple asymptotic description of P

(x)(·) and to simulate using this
asymptotic description.

For the random-walk setting in Section 2a, where A(x) = {τ(x) < ∞},
it turns out that an asymptotic description of P

(x)(·) is available. The
results state roughly that up to τ(x), the random walk behaves as though
it changed increment distribution from F to Fγ , which is precisely the
type of behavior needed to infer (at least heuristically) the optimality of γ.
A variety of precise statements supporting this informal description were
given by Asmussen [9]. For example:

Proposition 5.1 Let {B(x)} be any sequence of events with B(x) ∈ Fτ(x),
B(x) ⊆ {τ(x) <∞}, Pγ

(
B(x)

) → 1, x → ∞. Then P
(x)
(
B(x)

) → 1 as
well.

Proof. From our basic likelihood ratio identities (e.g., V.1.9) and the
Cramér–Lundberg approximation (2.6), stating that P

(
τ(x) < ∞) ∼
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Ce−γx, we get

P
(x)(Bc(x)) =

P
(
Bc(x); τ(x) <∞)

P
(
τ(x) <∞) =

Eγ

[
Lτ(x);γ ; Bc(x)

]

P
(
τ(x) <∞)

≤ e−γxPγ
(
Bc(x)

)

P
(
τ(x) <∞) ∼ Pγ(Bc(x))

C
→ 0.

�

As a main example, consider the one-dimensional empirical distribution
of the Xi. Define

F ∗n(y) def=
1
n

n∑

i=1

1{Xi ≤ y} .

Corollary 5.2 As x → ∞, P
(x)
(∥∥F ∗τ(x) − Fγ

∥
∥ > ε

) → 0, where ‖ · ‖
denotes the supremum norm.

Proof. By the Glivenko–Cantelli theorem,
∥
∥F ∗n−Fγ

∥
∥→ 0 Pγ-a.s. as n→∞.

Hence also
∥
∥F ∗τ(x)−Fγ

∥
∥→ 0, and we can take B(x) def= {∥∥F ∗τ(x) − Fγ

∥
∥ > ε}.

�

The results of [9] are in fact somewhat more general by allowing inference
also on the dependency structure in the conditional limit. For example, it
is straightforward to show that

1
τ(x)

τ(x)∑

i=1

1{Xi ≤ y1, . . . , Xi+k−1 ≤ yk} → Fγ(y1) · · ·Fγ(yk)

in P(· | τ(x) <∞)-probability for any fixed k.. Perhaps, the most convinc-
ing indication that the Xi are asymptotically conditionally independent is
the fact that variance constants arising in conditional approximations by
Brownian motion and Brownian bridge are the same as in the unconditional
Fγ-random walk. See [9] for more details.

In the setting A(x) = {X1 + · · ·+Xn > n(μ+ ε)} of Section 2c, the
conditioned limit theorem supporting that theXi are i.i.d. with distribution
Fθ given A(x) (where θ def= θ(x) satisfies EθX1 = μ+ ε) is a classical result
from statistical physics going under the name of Boltzmann’s law (but note
that it is not easy to give a reference from the probability literature; cf.
[16, p. 376]).

For heavy tails, the picture is entirely different, and often a rare event
occurs as a consequence of one r.v. being large. The typical example is
exceedance of a random walk Sn = X1 + · · ·+Xn of a high level x, where
in the subexponential case one of the Xi exceeds x and the remaining Xj

basically behave “normally.”
As an example, we took exceedance of a random walk Sn = X1+ · · ·+Xn

of level x before returning to 0. The increments correspond to a D/G/1
queue with traffic intensity 0.8 and service-time density e−x/2/2 in the first
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panel, 1.5/(1 + x)2.5 in the last two. In the first two panels of Figure 5.1,
x is chosen such that the corresponding rare-event probability is of order
0.0002; more precisely, x = 35 and x = 650. The figure gives the sample
paths out of a total of 25,000 in which x was exceeded. The last panel has
the same Pareto service times, but now x = 35 as in the first panel, and
a total of 1,000 runs. One sees clearly the dominant role of the big jumps
in the heavy-tailed case (two last panels) as compared with the gradual
buildup in the first panel (light tails).
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There are exceptions to the “one big jump” heuristics, such as many-
server queues and on–off models in which several of the driving r.v.’s may
need to be large in order for a buildup to occur. See further [16, Notes to
Section X.9].

Different views on conditioned limit theorems are discussed in Sec-
tions 6, 7.

5a A Counterexample
It is important to point out that examples have begun to appear in the
literature that clearly show that using an asymptotic description of P

(x)(·)
as an importance distribution for computing a rare event probability has
its limitations. We give one of them, taken from Glasserman & Wang [140].
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As in Section 2c, we consider exceedances in the LLN but this time
two-sided,

A(n) def= {Sn > nε or Sn < −nε′}
(taking μ = 0). We choose ε′ such that

P(Sn > nε)
P(Sn < −nε′) → ∞ , (5.1)

so that

P
(n)(·) ∼ P(· |Sn > nε) .

Thus, Boltzmann’s law suggests that one use the same exponential change
of measure as in Section 2c and the estimator

Z(n) def= e−θSn+nκ(θ)1{Sn > nε or Sn < −nε′}.
However, we will see that then the contribution to VarθZ(n) from the event
{Sn < −nε′} blows up the variance.

Fix ε, and define θ, θ′ as the solutions of κ′(θ) = ε, respectively κ′(θ′) =
−ε′, and let I = θε−κ(θ), I ′ = −θ′ε′−κ(θ′). We choose ε′ such that I ′ > I
(then (5.1) holds by Lemmas 2.6, 2.7) and that

δ′ = θ(ε+ ε′) + I − I ′ > 0 , (5.2)

which can be otained by first choosing ε′ such that I ′ = I and next replacing
ε′ by a slightly larger value to get I ′ > I without violating (5.2).

Proposition 5.3 If 0 < δ < δ′, then lim inf
n→∞

VarθZ(n)
z(n)2eδn

= ∞.

Proof.

EθZ(n)2 ≥ Eθ

[
L2
n,θ; Sn < −nε′] = E

[
Ln,θ; Sn < −nε′]

= E
[
e−θSn+nκ(θ); Sn < −nε′] ≥ enθε

′+nκ(θ)
P(Sn < −nε′)

≥ c1enθε
′+nκ(θ)e−nI

′−θ′√n

= c1 exp
{
n [θ(ε+ ε′)− I − I ′]− θ′

√
n
}
,

using Lemma 2.8 for the last inequality. Hence by Lemma 2.6,

lim inf
n→∞

VarθZ(n)
z(n)2eδn

≥ c1 lim inf
n→∞ exp

{
n [θ(ε+ ε′)− I − I ′]− θ′

√
n+ 2nI − nδ

}

= c1 lim inf
n→∞ exp

{
n [δ′ − δ]− θ′

√
n
}

= ∞.

�

Exercises

5.1 (TP) In Example 1.3, P( · |Sn > x) can be found explicitly. Do it.
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6 Large-Deviations or Optimal-Path Approach

The large-deviations (LD) approach to optimal exponential change of mea-
sure has several variants. We give one involving the concept of the optimal
path or most likely path, which may be seen as an alternative means of
computing an asymptotic description of the conditional distribution given
the rare event.

We will work in the setting of discrete random walks or continuous-time
Lévy processes, and write κ(θ) def= log F̂ [θ] in the random-walk case, κ(θ) def=
log EeθX1 in the Lévy-process case. We first introduce the function

I(y) def= sup
θ∈Θ

(
θy − κ(θ)

)
, y ∈ Y

def= {κ′(θ) : θ ∈ Θ} ,

which in the literature goes under names such as the LD rate function, the
Legendre transform, the Legendre–Fenchel transform, the Cramér trans-
form (sometimes the sign is reversed). For simplicity, we assume that the
interval Θ is open. For y ∈ Y, we define θ(y) (the saddle-point of y) by
κ′
(
θ(y)

)
= y, so that I(y) = θ(y)y − κ

(
θ(y)

)
. Note that we have already

encountered I(y) once, in Section 2c, where I = I(μ+ε). It is not too hard
to show that I(·) is non-negative, convex, and attains its minimum 0 for
y = κ′(0) = μ.

One of the main themes of LD theory is to give estimates of the probabil-
ity that a random walk (or some more general process) follows an atypical
path. In the random-walk setting, this means that S(n)(·) follows a path
different from the one ϕ0(t)

def= μt given by the LLN, where S(n)(t) def=
S
nt�/n, 0 ≤ t ≤ 1 (here �·� = integer part). The relevant LD result,
known as Mogulskii’s theorem (Theorem 5.1 in Dembo & Zeitouni [87]),
states that under appropriate regularity conditions,

P(S(n)(·) ∈ S) ≈ exp

{

−n inf
ϕ∈S

∫ 1

0

I
(
ϕ′(t)

)
dt

}

(6.1)

for suitable subsets S of continuous paths with ϕ0 
∈ S. In many examples,
there is a single path ϕ∗ for which the minimum is attained, and this is the
optimal path.

Note that S(n) is a description of the conditioned process in “law of
large numbers scale” (often also called the “fluid scale”). Of course, such a
fluid-scale description characterizes only the “coarse scale” behavior of the
process under the conditioning.

6a The Siegmund Algorithm
The crucial fact for optimal exponential change of measure in the setting
of the Siegmund algorithm is given in the following lemma:
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Lemma 6.1 min
0<y<∞

I(y)
y

is attained for y∗ = κ′(γ).

Proof. Obviously, I(y)/y →∞ as y ↓ 0 and (cf. (6.2) below) I(y)/y is non-
decreasing for large y, so that the minimum is attained. By straightforward
differentiation, we get

I ′(y) = θ′(y)y + θ(y)− θ′(y)κ′
(
θ(y)

)
= θ(y),

d
dy

I(y)
y

=
yI ′(y)− I(y)

y2
=

yθ(y)− θ(y)y + κ
(
θ(y)

)

y2

=
κ
(
θ(y)

)

y2
. (6.2)

Setting the last expression equal to 0 yields θ(y∗) = γ (since we look at
minimum values for y > 0 only, θ(y∗) = 0 is excluded), from which we
immediately get y∗ = κ′(γ). �

In order to understand how the random walk reaches the high level x, we
perform the optimization in (6.1) not only over ϕ but also over n. We then
write x in the form x = ny and let S be the set of continuous functions on
[0, 1] with ϕ(0) = 0, ϕ(1) = y. Then (6.1) takes the form

P(Sn ∼ x) ∼ exp

{

−x1
y

inf
ϕ∈S

∫ 1

0

I
(
ϕ′(t)

)
dt

}

. (6.3)

By Jensen’s inequality and the convexity of I,
∫ 1

0

I
(
ϕ′(t)

)
dt ≥ I

(∫ 1

0

ϕ′(t)dt
)

= I(y),

with equality if and only ϕ(t) = ty. Hence for fixed n,

P(Sn ∼ x) ∼ exp
{
−xI(y)

y

}
.

Viewing x as fixed and taking into the account that minimizing over n is
the same as minimizing over y, we obtain by Lemma 6.1 that the minimizer
is y∗ = κ′(γ). In conclusion, if x is large, the most likely way in which the
random walk can cross level x is by crossing at time

τ(x) = n =
x

y
=

x

κ′(γ)

and by moving linearly at rate y = κ′(γ) up to that time. But this is
precisely the same way as that in which the random walk with increment
distribution Fγ crosses level x, which motivates the conclusion that the
conditional distribution given the rare event τ(x) <∞ is that of the random
walk with increment distribution Fγ .
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6b Further Examples
Example 6.2 For a digital barrier option, the problem arises (after some
rewriting) of estimating

z = P
(
W (T ) ≤ −a,W (T ) ≥ b

)
, where W (T ) def= inf

t≤T
W (t)

and W is BM(μ, σ2). If a, b are not too close to 0, this is a rare-event
problem regardless the sign of μ. It seems reasonable that the optimal path
ϕ∗ should be piecewise linear as in Figure 6.1.
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t T

�

�

FIGURE 6.1

Thus we are left with a one-dimensional minimization problem, looking for
the infimum over t of

2
∫ T

0

I
(
ϕ′(t)

)
dt =

∫ t

0

(−a/t− μ)2 ds +
∫ T

t

(c/(T − t)− μ)2 ds

= t(a/t+ μ)2 + (T − t)(c/(T − t)− μ)2

where c = b + a, we have taken σ2 = 1, and we have used that I(y) =
(y − μ)2/2 for BM(μ, 1). Elementary calculus shows that the minimum is
attained at t = aT/(a+ c). This means that the optimal path is linear with
slope −μ∗ on [0, t] and slope μ∗ on (t, T ] where μ∗ = (a+2b)/T . See further
the discussion in Glasserman [133, pp. 264 ff]. �

6c Discussion
Notice that the LD argument is somewhat more heuristic than those in the
preceding subsections. Also, in simple settings, LD results are typically not
the strongest possible, involving only logarithmic asymptotics.

However, the motivation for the LD approach is its generality and the
fact that the mathematical state of the area is very advanced, provid-
ing a considerable body of theory to draw upon. The philosophy is that
once it has been understood how to paraphrase the optimality properties
of optimal exponential change of measure (ECM) for simple systems in
LD language, the generality of LD theory will allow one to find suitable
importance distributions also in more complicated settings.
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At least in the present authors’ opinion, the success in implementing this
program has been slightly more moderate than sometimes claimed. As we
see it, the alternative approaches to optimal ECM (in the sense of how to
derive it and how to study its optimality properties) in simple models are
both simpler and more precise, and lead to stronger conclusions. Actually,
one can argue for many specific cases, say for the GI/G/1 queue, that the
use of LD theory often overshoots the goal. Also, as noted in Section 5a,
counterexamples to the traditional LD approach are notable and suggest
that care must be taken in applying LD to rare-event simulation. Section 7
below offers additional insight into this issue, and presents an alternative
view of the use of LD in the rare-event setting.

Bucklew [62] gives an introduction to the LD point of view in simulation.
There is an abundance of research papers, and we mention here just Atar
& Dupuis [30], Bucklew et al. [63], Cottrell et al. [76], Dupuis & Ellis [101],
Dupuis & Wang [102], Lehtonen & Nyrhinen [236], [237], Sadowsky [324],
[325], and Sadowsky & Bucklew [327]. See also the discussion in XIV.6d
and references there. For LD theory in general, we refer to Bucklew [61],
Dembo & Zeitouni [87], den Hollander [184], and Shwartz & Weiss [337].

Exercises

6.1 (TP) Compute I(y) when F is exponential, Poisson, or any other light-tailed
distribution you may choose.
6.2 (TP) What is the most likely path for the Brownian bridge in [0, 1] with
maximum m > 0?

7 Markov Chains and the h-Transform

As noted above, the LD theory provides a description of the conditioned
process in fluid scale. A finer-scale description can be computed for the
class of “exit probability” problems for Markov chains. In particular, let
X = {Xn}n∈N

be Markov with state space E and let R be a subset of E.

Suppose that we want to compute the exit probability h(x) def= Px

(
Xτ ∈

A, τ <∞), where τ def= inf {n ≥ 0 : Xn ∈ R} is the first exit time from Rc

and A ⊆ R.
Many rare-event simulation problems can be formulated as exit calcula-

tions. For example, if X is a random walk with X0 = 0:

(a) If X is a random walk with X0 = 0 and we are interested in the
probability z of ever exceeding level � > 0, taking R = A = [�,∞)
yields z = h(0).

(b) If instead we ask for the probability z that the random walk exceeds �
before attaining negative values, taking A = [�,∞), R = (−∞, 0)∪A
again yields z = h(0).
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(c) For computing tail probabilities of the form P(Sn > x) for a sum
Sn = Y1 + · · · + Yn of r.v.’s, X is the space-time chain {(k, Sk)}k∈N

and R = A = {(n, y) : y > x}.
Conditioning on X1 shows immediately that h(x) = Exh(X1), that is, h

is harmonic. Therefore

P h(x, dy) def= P (x, dy)
h(y)
h(x)

(7.1)

is a transition kernel. With P
h
x the probability measure governing the dis-

tribution of a Markov chain X with X0 = x and transition kernel P h, we
then have

E
h
xf(X1) =

1
h(x)

Ex

[
f(X1)h(X1)

]
. (7.2)

The following result establishes that under the zero-variance conditional
distribution corresponding to an exit problem, X evolves according to the
Markov transition kernel P h.

Theorem 7.1 For all x ∈ E, we have P
h
x

(
Xτ ∈ A, τ < ∞) = 1. Further,

the conditional Px-distribution of
(
X0, . . . , Xτ

)
given {Xτ ∈ A, τ <∞}

and the P
h
x-distribution of

(
X0, . . . , Xτ

)
are the same.

Proof. For notational simplicity, we will assume that E is countable, and
in terms of the given transition probabilities p(x, y), (7.2) then means

ph(x, y) =
p(x, y)h(y)

h(x)
. (7.3)

We have

P
h
x

(
X1 = x1, . . . , Xn = xn

)
= ph(x, x1)ph(x1, x2) · · · ph(xn−1, xn)

=
h(xn)
h(x)

p(x, x1)p(x1, x2) · · · p(xn−1, xn)

=
h(xn)
h(x)

Px(X1 = x1, . . . , Xn = xn).

Summing over x1, . . . , xn−1 
∈ R, xn ∈ A, and using h(xn) = 1 for xn ∈ A
gives

P
h
x

(
Sτ ∈ A, τ = n

)
= P

h
x

(
X1 
∈ R, . . . ,Xn−1 
∈ R,Xn ∈ A

)

=
1

h(x)
Px

(
X1 
∈ R, . . . ,Xn−1 
∈ R,Xn ∈ A

)

=
1

h(x)
Px

(
Sτ ∈ A, τ = n

)
.
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Summing next over n and using the definition of h(x) gives P
h
x(Sτ ∈ A, τ <

∞) = 1. Similarly, for any infinite sequence x1, x2, . . .,

Px

(
X1 = x1, . . . , Xτ = xτ

∣
∣Sτ ∈ A, τ <∞)

=
1

h(x)

∞∑

n=0

Px

(
X1 = x1, . . . , Xn = xn, τ = n

)

=
1

h(x)

∞∑

n=0

h(x)
h(xn)

P
h
x

(
X1 = x1, . . . , Xn = xn, τ = n

)

=
∞∑

n=0

P
h
x

(
X1 = x1, . . . , Xn = xn, τ = n

)
1{xn ∈ R}

= P
h
x

(
X1 = x1, . . . , Xτ = xτ

)
.

�

The transition kernel P h is the so-called h-transform of P ; see Doob [94]
where h could be any harmonic function; an early reference noting the
simulation relevance is Glynn & Iglehart [153]. It describes the fine-scale
behavior of X under the conditioning. Of course, h is the object to be
computed and is therefore unknown to the simulator. On the other hand,
in some practical settings, we have available analytical approximations to
h(·) or at least an intuitive sense of how to approximate h. Let v be an
approximation to h, and consider simulating X according to the transition
function

P̃ (x, dy) def= P (x, dy)
v(y)
w(x)

, (7.4)

where w(·) is the normalizing constant given by

w(x) def=
∫

Rc∪A
P (x, dy) v(y) .

In building an importance sampling algorithm based on P̃ , one obvious
question that arises is the degree of variance reduction obtained by simu-
lating under P̃ rather than P . A more subtle question is how to efficiently
generate transitions ofX under P̃ rather than P . In particular, the question
of efficient variate generation under P̃ (x, ·) is of fundamental interest.

Example 7.2 Consider problem (a) above where h(x) is the probability
that a random walk X starting from x ever exceeds �. As has been seen ear-
lier in this chapter, the easily implemented exponential twisting Siegmund
algorithm is then the obvious candidate for computing h(x) for x < �.

The Cramér–Lundberg approximation (2.6) suggests setting v(x) =
Ce−γ(�−x) for x < � and putting v(x) = 1 for x ≥ �. With this choice
of the approximation v, the normalization w(·) appears explicitly and the
algorithm no longer corresponds to the Siegmund algorithm. On the other
hand, if one sets v(x) = Ce−γ(�−x) over the entire real line, this degrades
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the quality of the approximation (at least for x ≥ �), but the resulting algo-
rithm now corresponds to the exponential twisting suggested by Siegmund.
This example illustrates the basic principle that a good choice of v should
reflect not only the quality of the approximation to h but also the degree
of numerical difficulty associated with computing the normalization w(·)
and the related efficiency of the variate generation scheme associated with
generating transitions under P̃.

The example also demonstrates that in general, a key issue in a literal
implementation of (7.4) is to compute the normalization w(·). �

Example 7.3 In computing h(n, nx), where h(k, z) def= P(Sk > z), the
zero-variance transition function for the random walk is

P h
(
Yk+1 ∈ dy

∣
∣Sk

)
= P(Yk+1 ∈ dy)

h(n− k − 1, nx− y − Sk)
h(n− k, nx− Sk)

.

Observe that if k and Sk are small, then (cf. Remark 2.9)

h(n− k − 1, nx− y − Sk)
h(n− k, nx− Sk)

≈ exp{θ(x)y − κ
(
θ(x)

)} , (7.5)

where θ(x) satisfies κ′
(
θ(x)

)
= x. In other words, the approximation yields

the exponential twisting algorithm of Section 2c (which was proved there to
be logarithmically efficient). More generally, if Sk ≈ kx (regardless of the
magnitude of k), the approximation (7.5) is a good one. Note that Sk ≈ kx
holds, with high probability, under the exponentially twisted path using
twisting parameter θ(x).

Suppose, however, that a random fluctuation throws the random walk
off the fluid path on which Sk ≈ kx. In such a case, the approximation

h(n− k − 1, nx− y − Sk)
h(n− k, nx− Sk)

≈ exp
{
θ
(nx− Sk
n− k

)
y − κ

(
θ
(nx− Sk
n− k

))}

is better. This importance measure no longer produces increments with
a state-independent distribution. Instead, the particular exponential twist
that is used depends on the level of progress that the random walk has
made by time k in exceeding nx at time n. This state-dependent change
of measure leads to an importance sampling algorithm having bounded
relative error (rather than being logarithmically efficient) as n → ∞; see
Blanchet & Glynn [46]. While this second algorithm differs from the first on
the fine scale of individual transitions, its fluid-scale behavior is identical
to that of the first algorithm. �

Example 7.4 Consider the counterexample of Section 5a (Sn > nε or
Sn < −nε′). The state-dependent exponential twisting idea of Example 7.3
can again be applied here. Under this algorithm, the importance distribu-
tion will attempt to push the random walk to exit through nε′ if Sk is
unusually small, unlike the state-independent increment distribution used
in Section 5a. Of course, under fluid scaling, both the state-dependent
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and state-independent implememtations behave identically. But the state-
dependent change of measure just described yields logarithmic efficiency,
see Dupuis & Wang [103] and Blanchet, Liu, & Glynn [48], whereas the
state-independent algorithm has infinite variance. �

Example 7.5 Consider again as in Example 7.2 the level-crossing problem
for a random walk, but assume now that the right tail of the increment is
heavy-tailed. In this setting, it is easily shown that for a fixed k and x,

Px

(
Yi ∈ dyi, i = 1, . . . , k

∣
∣ τ <∞) =

k∏

i=1

P(Yi ∈ dyi)

as � → ∞. This result just expresses the fact that the great majority
of increments behave “normally” under the conditioning. So, the finite-
dimensional distributions of the conditional process provide very little
information about the appropriate importance distribution to use here.

On the other hand, it is known (e.g., [16, Section X.9]) that under suitable
regularity conditions,

h(x) ∼ 1
|EY1|

∫ ∞

�−x
P(Y1 > y) dy

as �→ ∞. For example, this asymptotic holds when the right tail of Y1 is
regularly varying. This result suggests generating transitions of the random
walk in a state-dependent fashion, so that

P̃
(
Yk+1 ∈ dy

∣
∣Sk, τ > k

)
=

v(Sk + y)
v(Sk)

P(Y1 ∈ dy) , (7.6)

where v(x) def=
∫∞
x

P(Y1 > y) dy. This transition distribution can be used
when Sk is far from the exit set R = [�,∞) (so that the approximation
v(Sk + y) ≈ h(Sk + y) is good). When Sk lies in the “boundary layer”
[�−x0, �), in which the approximation is poor, the increments are generated
according to the original increment distribution. When such an importance
sampling distribution is used, the algorithm achieves bounded relative error
(under suitable regularity conditions on F (y); see Blanchet & Glynn [47]).

One key implementation issue here is the question of how to efficiently
generate transitions of the process under the kernel (7.6). This can be
done, for example, via a rejection algorithm when F (y) is regularly vary-
ing, but no completely general effective algorithm is currently known for
implementing this. �

In our view, the h-transform perspective serves to unify much of the
rare-event simulation literature. Note, for example, that the Sn > nε or
Sn < −nε′ counterexample of Glasserman & Wang [140] (reproduced in
Section 5a) presents a situation in which the most straightforward impor-
tance sampling algorithm that is consistent with the fluid-scale LD path
(i.e., one with state-independent increments) fails to have finite variance.
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However, there are infinitely many such changes of measure having the con-
sistency property. The state-dependent change of measure suggested by the
h-transform analysis (see Example 7.4) is one such importance distribution
that is consistent with the fluid-scale LD analysis, and that provides the
desired level of variance reduction. More generally, one can expect that for
problems in which the LD fluid scale path can be computed, there exists
a change of measure, consistent with the fluid-scale path, that achieves
logarithmic efficiency (the counterexample of [140] shows that not all such
importance distributions achieve a variance reduction).

In addition, the h-transform perspective provides a unified means of de-
veloping algorithms for both light-tailed and heavy-tailed problems. Of
course, a practical obstacle is the requirement that the simulator develop a
good approximation to the function h. This can be an enormous challenge
in practical problems.

Some promising recent developments on state-dependent importance
sampling involving ideas exposed in this section are given by Dupuis &
Wang [104], [105]. Nevertheless, in the view of the authors, the efficient
implementation of rare-event simulation in the context of large and/or un-
structured stochastic models remains an open issue deserving of significant
additional research attention. One problem that is common to both the
traditional importance sampling approach and the state-dependent exten-
sion treated in this section is the need to develop good approximations for
rare-event probabilities in such complex (and thereby also more realistc and
practically challenging!) models. In particular, when implemented via LD
theory this leads to variational problems that do not have an explicit solu-
tion. The application of the methods of this and the preceding section can
therefore be expected to require a preliminary numerical computation that
either implicitly or explicitly solves some version of the variational problem
or implements a sampling-based learning algorithm to build a good impor-
tance distribution. Only for relatively simple models should one expect to
find an explicit closed-form optimal importance distribution.

8 Adaptive Importance Sampling via the
Cross-Entropy Method

Let X be an r.v. (possibly multidimensional) with density f(x). The cross-
entropy or Kullback–Leibler distance between f and a different density g is
then defined as

Eg log
g(X)
f(X)

=
∫
g(x) log g(x) dx −

∫
g(x) log f(x) dx . (8.1)
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A lower bound follows from Jensen’s inequality:

Eg log
g(X)
f(X)

= −Eg log
f(X)
g(X)

≥ − log Eg
f(X)
g(X)

= log 1 = 0,

with equality if and only if f = g. This motivates viewing cross-entropy as
a measure of closeness, such that the f in a given classs of densities that is
closest to g is the one with minimal cross-entropy or equivalently with the
highest value of

∫
g(x) log f(x) dx = Eg log f(X).

For the following, note that EG log f(X) also makes sense if the distribution
G does not necessarily possess a density g.

The implication for importance sampling for a rare event probability
P(A) is that if we look for an importance density in a certain parametric
class {f(x; θ)}θ∈Θ, the one F (x, θ̃) maximizing E

[
log f(x; θ)

∣
∣A
]

should be
the closest within the class to the conditional density given the rare event
A. The cross-entropy method implements the maximization in two ways:
either by using theory to insert an asymptotic form of P(· |A) to compute
a closed-form expression for θ̃, or by an adaptive algorithm providing in
its final step r.v.’s that are approximately sampled from the conditional
distribution given A.

In both cases, it is a crucial feature of the method that the maximiza-
tion most often can be carried out analytically. This may be understood
by the relation to maximum likelihood from statistics: if V1, . . . , Vn are
observations from an unknown density f(x; θ), the MLE θ̂ is obtained by
maximizing the log likelihood

n∑

i=1

log f(Vi; θ) = nEF∗
n

log f(V ; θ) ,

where F ∗n is the empirical distribution giving mass 1/n to each of the Vi.
Not only do we have a maximization problem of similar form, but since θ̂ is
most often a simple explicit functional of F ∗n , the particular expression for
θ̂ most often suggests that a similar explicit formula for the maximizer also
is valid in the cross-entropy setting. This contrasts with methods based on
variance minimization, which most often must be carried out empirically.

The cross-entropy method was introduced by Rubinstein [316]. A tutorial
is given by de Boer et al. [83] and a comprehensive treatment by Rubinstein
& Kroese [318]. An extensive bibliography can be found at the web site
[w3.21].

We start with two simple examples using the asymptotics of P(· |A).

Example 8.1 Let A def= {X1 + · · ·+Xn > nε} where X1, . . . , Xn are i.i.d.
N (0, 1), and consider the N (θ, 1) densities as candidates for the importance
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density f̃ . The MLE is

θ̂ =
1
n

n∑

i=1

Vi =
∫ ∞

−∞
uF ∗n(du) .

By Boltzmann’s law (cf. Section 5), the Xi are approximately governed by
the N (ε, 1) density. Thus the θ suggested by the cross-entropy argument
is

θ̃ =
∫ ∞

−∞
u

1√
2π

e−(u−ε)2/2 du = ε ,

which we know from the study of the saddle-point method in Section 2c to
be asymptotically efficient as n→∞. �

Example 8.2 (Asmussen, Kroese, & Rubinstein [22]) LetX1, . . . , Xn

be i.i.d. Pareto with F (x) = (1 + x)−α, that is, having density f(x) =
α(1 + x)−α−1. We look for F̃ as another distribution of this form, with
parameter α̃, say, when the rare event is A def= {X1 + · · ·+Xn > x} for
some large x.

First, we need to compute the MLE α̂. The log likelihood is n logα −
(α+ 1)

∑n
1 log(1 + Vi), which in a straightforward way yields

α̂ =
n

∑n
1 log(1 + Vi)

=
(∫ ∞

0

log(1 + y)F ∗n(dy)
)−1

.

Subexponential theory predicts that A occurs by Xi > x for one i,
whereas the rest do not change their distribution much. The conditional
distribution of X given X > x has density

α(1 + x)α

(1 + y)α+1
, y > x.

Thus, we take α̃ = 1/Jx, where

Jx
def=

∫ ∞

0

log(1 + y)
(n− 1

n

α

(1 + y)α+1
+

1
n

α(1 + x)α

(1 + y)α+1
1y>x

)
dy

=
n− 1
nα

+
1
n

(
log(1 + x) +

1
α

)
=

log(1 + x)
n

+
1
α
.

It follows that for large x,

α̃ ≈ α̃0
def=

n

log(1 + x)
. (8.2)

This is to be compared with the suggestion of Juneja & Shahabuddin [203]
to take α̃ = b/ logx, with b unspecified but arbitrary, and with the sugges-
tion of Asmussen, Binswanger, & Højgaard [18] to take F̃ with asymptotic
tail 1/ logx, which is even heavier and may be considered a particular
instance of the boundary case b = 0. It can be proved that (8.2) gives log-
arithmic efficiency. In fact, this is the case whenever α̃ = b/ logx for some
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b, and numerical evidence in [22] shows that b = n is also close to being
variance minimal. �

We next turn to the adaptive cross-entropy algorithm. Here it is assumed
that the rare event has the form A = {h(X) ≥ η} for some large η and
some (typically high-dimensional) r.v. X . We assume the given density
f(x) = f(x; θ0) to be a member of a parametric family {f(x; θ)}θ∈Θ and
choose the changed density f̃(x) in importance sampling within the family,
i.e., f̃(x) = f(x; θ̃) for some θ̃ ∈ Θ. The adaptive cross-entropy algorithm
is an automatic search for a good θ̃. In each step, importance sampling is
performed using a trial θ∗, and a certain proportion δ of the Xi with the
highest h-values is used for the updating of θ∗:

(i) θ∗ ←− θ for some arbitrary θ.

(ii) Generate a sample X1, . . . , XN from f(x; θ∗).

(iii) Determine η′ such that δN of the h(Xi) are larger than η′.

(iv) If η′ < η, let N ′ def= δN and let X ′1, . . . , X ′N ′ be the X-values with
h(Xi) ≥ η′.
Otherwise, let N ′ be the number of the Xi such that Xi ≥ η and let
X ′1, . . . , X

′
N ′ be the corresponding X ′i.

(v) Choose θ̂ as maximizer of
N ′
∑

i=1

f(X ′i; θ0)
f(X ′i; θ∗)

log f(X ′i; θ) .

(vi) If η′ < η, let θ∗ ←− θ̂ and return to (ii).

(vii) Else θ̃ ←− θ∗.

(viii) Run a full importance sampling experiment with R replications and
sampling from f(x; θ̃).

To understand why the algorithm works, we exploit again the rela-
tion to maximum likelihood. The updated value of θ∗ is the same as the
MLE for the (artificial) set of data in which (ignoring rounding issues)
f(X ′i; θ0)/f(X ′i; θ

∗) is the number of observations taking the valueX ′i. Since
the X ′i are selected with frequencies proportional to f(x; θ∗)1{h(x) ≥ η′},
this means that the data have a frequency of x-values that is the same
as for the density f(x; θ0) conditioned to the set h(x) ≥ η′. Thus, when
η′ = η, we can expect θ̃ to be close to the θ# that minimizes the entropy
distance to the θ0-conditional distribution of X given h(X) > η.

The θ in step (i) needs to be chosen such that the number of X-values
with h(X) ≥ η′ is nonzero for the given N .

In the implementation, N must be much smaller than the number R of
replications that will eventually be used in step 8 (if say R = 1,000,000 =
106, reasonable values may be N = 1,000 = 103 or maybe N = 10,000 =
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104). The choice of δ requires some comment. Choosing δ small will speed
up the convergence from the initial value θ to the final one θ̃, but may also
require a larger N . In fact, if δ is too small, the algorithm may converge
only after a huge number of steps or not at all, as is illustrated by the
following example:

Example 8.3 Let f(x; θ) = θe−θx and h(x) = x. If z is large, the desired
θ̃ should therefore be small. Consider the Markov chain θ0

def= θ, θ1
def=

θ∗1 , θ2
def= θ∗2 , . . .. In the extreme case δ = 1, the updating of θ∗ to θn+1

from θn simply means that θn+1 is the MLE n/(X1 + · · ·+Xn). Hence by
Jensen’s inequality,

E
[
θn+1

∣∣ θn
]
>

n

nEθnX
= θn , (8.3)

and the same inequality will then hold also for certain δ < 1. The unfor-
tunate conclusion of (8.3) is that θn may eventually go to ∞ without ever
reaching the desired small level. �

In many situations, δ ∈ (1%, 10%) has been found to work well. If in a
given situation η′ gets stuck below the desired level z, the obvious device
is to decrease δ.

Example 8.4 We will illustrate a simple case of the adaptive cross-entropy
method, importance sampling within the family of bivariate normals, by a
military application. A target is located at (0, 0), and a sensitive civilian
object is in the rectangle with SW corner (4,−0.25) and NE corner (5, 0.25)
(the unit is 100 m). A bomb aimed at the target falls at X = (U, V ), where
U, V are independent standard normals. What is the probability of major
damage to the civilian object, as defined by (U, V ) being closer than 100 m
to the object? It is certainly small, since the object is several standard
deviations away from the origin, so importance sampling may be needed.
To fit this in the general setup, let h(x) denote the distance from x = (u, v)
to the object, so we want P

(
h(U, V ) ≤ 1

)
(doing an obvious reversal of ≥

and ≤).
A simple importance sampling scheme is changing the mean of U only,

say to θ′ (it is apparent that no gain can be expected by making the mean of
V nonzero). A first naive guesss is that θ′ = 4.5 is the best choice, but more
reflection shows that the conditional distribution of U given h(U, V ) ≤ 1 is
left-skewed, so that a smaller value is probably better.

Let ϕθ,σ2 denote the density of N
(
θ, σ2

)
. The maximization step of the

algorithm is then to maximize
∑N ′

1 wi logϕθ,1(Ui) w.r.t. θ, where wi
def=

ϕ0,1(U ′i)/ϕθ∗,1(U
′
i). Interpreting again wi as the number of observations

equal to U ′i and recalling that the MLE for θ in the normal distribution is
just the empirical mean, the maximizer is θ̂ =

∑
wiU

′
i/
∑
wi.

To check the dependence on the choice of parameters, the algorithm was
run 100 times for 8 sets of parameters, namely N = 500 and 5,000, and δ =
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25%, 10%, 5%, 1%. In all cases (note the independence of δ!), the estimates
for θ̃ came out with a mean of 3.34, with a standard deviation of order 0.03
for N = 500 and 0.01 for N = 5000. The number of iterations required
for reaching η′ ≤ η = 1 depended only on δ (no random fluctuations were
observed) and were 4, 3, 2, 2 for the values under consideration.

The algorithm was run also for δ = 50%, but η′ ≤ η = 1 was not attained,
at least within a reasonable time. In contrast, the algorithm appeared to
get stuck at around η′ = 1.2, corresponding to θ∗-values of order 3.1.

Performing the importance sampling with the selected θ̃ = 3.34 and
R = 500,000 replications gave the confidence interval (7.95± 0.05)× 10−4.
To check that 3.34 is a good value, we repeated with other choices of θ̃
and observed the following half-widths (in units of 10−4) of the confi-
dence interval [all intervals overlapped, so that the point estimates appeared
trustworthy within the range considered]:

θ̃ 0 1 2 3 3.34 3.66 4 5 6
0.76 0.19 0.08 0.05 0.05 0.05 0.06 0.13 0.43

The impression is that there is a minimum in the range θ̃ ∈ (3, 4) providing
a substantial improvement on crude Monte Carlo simulation, but that the
minimum is quite flat. The precision of the cross-entropy algorithm for
picking a good θ̃ seems more than adequate.

We next looked at the possibility of changing the standard deviations of
U, V to σ̃U , σ̃V . The algorithm was run once more with N = 5,000, δ = 2%.
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The maximization step consists now in maximizing
N ′
∑

i=1

wi
(
logϕθ,σU (U ′i) + logϕ0,σV (V ′i )

)

w.r.t. θ, σU , σV , where

wi
def=

ϕ0,1(U ′i)ϕ0,1(V ′i )
ϕθ′,σ∗

U
2(U ′i)ϕ0,σ∗

V
2(V ′i )

.

Again, the maximization relates to a standard statistical problem in the
normal distribution, namely the estimation of the mean of the first compo-
nent and the standard deviations in an independent bivariate setting with
the mean of the second component fixed at 0. This immediately suggests
the correct maximizer:

θ̂ =
∑
wiU

′
i∑

wi
,

σ̂∗U
2 =

∑
wiU

′
i
2

∑
wi

− θ̂2, σ̂∗V
2 =

∑
wiV

′
i
2

∑
wi

.

Using this, the CE algorithm ended up with θ̃ = 3.36 (almost unchanged),
and standard deviations changed in the smaller direction (as perhaps was
to be expected), σ̃1 = 0.30, σ̃2 = 0.49. The importance sampling with
N = 500,000 gave the confidence interval (7.95 ± 0.03) × 10−4 for P(A);
that is, some further variance reduction was obtained. �

Exercises

8.1 (TP) Find the λ suggested by the CE method in Example 1.3 (you will need
your solution to Exercise 5.1).
8.2 (A) Consider the M/M/∞ queue with arrival rate λ = 1 and service rate
μ = 3. That is, the embedded Markov chain on N goes up one step from state n
w.p. pn = λ/(λ+nμ), and down one step from n > 0 w.p. qn = nμ/(λ+nμ). Use
the adaptive CE algorithm to estimate the probability that the maximal number
in system within a busy cycle is N = 7 or more. Compare also the p̃n used in the
final step to the values qn that would correspond to using the change of measure
in the Siegmund algorithm locally at each n (see further XIV.6c).

9 Multilevel Splitting

Multilevel splitting is a set of ideas for estimating the probability z(x)
that a Markov chain {Xn} hits a rare set B(x) in a regenerative cycle.
The method is basically a multistage version of splitting used for variance
reduction in V.5, and there are many variants of the method around. Some
main early references are Kahn & Harris [206], Hammersley & Handscomb
[173], and Bayes [39], and some more recent ones are Villén-Altamirano
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[357], [358] (RESTART), Glasserman et al. [137], [138], [139], and Haraszti
& Townsend [174].

The method uses a decomposition of the state space E into subsets
E0, . . . , Em with Em = B(x); see Figure 9.1.

E0

E1

E2

Em−1

Em

FIGURE 9.1

Think of 0 = (0, 0) as the regeneration point (0 ∈ E0) and that the event
of hitting Em occurs through succesive hits of the Ek. That is, define

τk
def= inf{n : Xn ∈ Ek ∪ Ek+1 ∪ · · · ∪ Em} .

We then assume

Pi

(
Xτk

∈ Ek
∣
∣ τk <∞) = 1, i ∈ Ek−1, (9.1)

which implies

z(x) = p1p2 · · · pm , (9.2)

where z(x) def= P0(τm < C) with C
def= inf {n > 0 : Xn = 0} the regene-

rative cycle and pk
def= P0

(
τk <∞ ∣

∣ τk−1 <∞), p1
def= P0(τ1 <∞).

For the simulation, we generate R1 sample paths {X(r)
n } starting from

X0 = 0; out of these, N1
def=

∑R1
1 1{τ (r)

1 < C(r)} will hit E1 before re-
turning to 0, and we have the obvious estimate p̂1 = N1/R1. For the N1

successes, we let ν1 denote the empirical distribution of the entrance state
in E1,

ν1(j)
def=

1
N1

R1∑

r=1

1{X
τ
(r)
1

= j, τ
(r)
1 < C(r)}.

We then generate R2 copies of {Xn} with initial distribution ν1, and let
N2 be the number of copies entering E2 before returning to 0, ν2 the
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corresponding empirical distribution of the successful hits of E2, p̂2
def=

N2/R2, and so on. The estimator is ẑ def= ẑ(x) def= p̂1 · · · p̂m.
The generation of a copy of {Xn} with initial distribution ν1 (and simi-

larly in the following steps) can be performed in more than one way. One
approach is to choose the initial value X0 by randomly sampling from the
successful hits of E1. Another is to use each such hit, say at x ∈ E1, to gen-
erate a new number R′1 of paths starting from x. Thus R2 = R′1N1; from
this, the term splitting. Irrespective of the choice, we have the following
result:

Proposition 9.1 ẑ is an unbiased estimator of z.

Proof. Let

F
def= σ

(
X(r)
n : r = 1, . . . , R1, n = 0, . . . , τ (r)

1

)
, q2(y)

def= Py(τ2 < C) ,

y ∈ E1. Then for m = 2,

E
[
p̂2

∣
∣F

]
=

∫

E1

q2(y) ν1(dy) =
1
N1

R1∑

r=1

1{τ (r)
1 < C(r)}q2

(
X
τ
(r)
1

)
,

Eẑ = E
[
p̂1p̂2

]
= E

[
p̂1E

(
p̂2

∣
∣F
)]

=
N1

R1
E
(
p̂2

∣
∣F
)

=
1
R1

E

R1∑

r=1

1{τ (r)
1 < C(r)}q2

(
X
τ
(r)
1

)
= p1p2 = z.

The case m > 2 follows similarly by induction. �

With the right choice of m and the Ek, the splitting algorithm can be
highly efficient. We illustrate this via a simple example, a birth–death chain
on E = {0, . . . , x} with transition matrix

⎛

⎜⎜
⎜
⎜
⎜
⎜⎜
⎝

b0 a0 0 0 . . . 0 0 0
b1 0 a1 0 0 0 0
0 b2 0 a2 0 0 0
...

. . .
...

0 0 0 0 bx−1 0 ax−1

0 0 0 0 . . . 0 bx ax

⎞

⎟⎟
⎟
⎟
⎟
⎟⎟
⎠

(ai + bi = 1). The rare set is B(x) def= {x} and thus

x = z(x) = P0

(
Xn = x for some n < C

)
.

The level sets are Ek
def= {xk, xk + 1, . . . , xk+1 − 1}, where 0 = x0 < x1 <

· · · < xm−1 < xm = x.

Proposition 9.2 Take Rk = wkR and consider the limit R → ∞ with x,
m, the wk and the level sets E0, . . . , Em fixed. Then ẑ

def= ẑR satisfies a
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CLT R1/2(ẑR − z) D→ N
(
0, σ2

)
, where

σ2 def= σ2(x,m,w1, . . . , wm, p1, . . . , pm) def= z2
m∑

k=1

1− pk
wkpk

.

In particular, if for each x it is possible to choose the level sets such that
m ≈ − log z/c, p1 ≈ p2 ≈ · · · ≈ pm, then taking wk = 1/m one has
σ2 ∼ z2| log z|2(ec − 1)/c2, x→∞.

Proof. Note that νk is concentrated at xk and thus the p̂k are simply
obtained by independent binomial sampling, so that

p̂k
D≈ pk +

(
pk(1 − pk)

)1/2

R
1/2
k

Yk = pk +

(
pk(1− pk)

)1/2

w
1/2
k R1/2

Yk

for independent N (0, 1) r.v.’s Y1, . . . , Ym. Therefore

ẑR
D≈

m∏

k=1

[
pk +

(
pk(1− pk)

)1/2

w
1/2
k R1/2

Yk

]

= z +
m∑

k=1

z

pk

(
pk(1 − pk)

)1/2

w
1/2
k R1/2

Yk + O(R−1) .

This gives immediately the CLT (for a more formal proof, appeal to the
delta method in III.3). With the parameter choices in the last part of the
theorem, we then obtain pk ≈ z1/m ≈ e−c for all k and

σ2 ≈ z2 ·m · 1
1/m

1− e−c

e−c
≈ z2| log z|2(ec − 1)/c2 . �

Remark 9.3 The last part of the theorem is obviously somewhat remi-
niscent of logarithmic efficency, though it does not fit formally into the
definition of Section 1.

The specific birth–death assumption is essentially needed only to infer
that we have independent binomial sampling. In general, one expects this
to hold asymptotically as R → ∞, so the general picture should remain
unchanged. Of course, an aspect we have not discussed is the time needed
to generate one of the Bernoulli r.v.’s needed for pk, which may vary greatly
among the k and among different models

In practice, one can at best hope to get close to the given order z2| log z|2
of σ2, first, because it will seldom be apparent how to choose the level
sets to make the pk approximately equal, and second, because the pk are
not continuous variables in a discrete model. Thus, one should think of
Proposition 9.2 as a guideline only.

For asymptotic studies of multilevel splitting, we refer in particular to
Garvels & Kroese [125], Glasserman et al. [139], and Villén-Altamirano
[358]. �
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Exercises

9.1 (A) A particle moves on the quarter
{
(x, y) : x ≥ 0, y ≥ 0, x2 + y2 ≤ 25

}

of the disk with radius 5, such that the movements in the x- and y-directions are
independent copies of the Ornstein–Uhlenbeck process

dZ(t) = −Z(t)dt + dB(t) ,

where {B(t)} is standard Brownian motion. The starting point is (1, 1).
Use multilevel splitting to compute the probability that the particle hits the
quarter-circle

{
(x, y) : x > 0, y > 0, x2 + y2 = 25

}

before either the x- or the y-axis. You are not supposed to try to fix the level sets
in an optimal way!
9.2 (A) Consider a two-node Jackson network as in Figure 9.2.

�λ1

�
μ1

1

�γ1

�
γ2

2

� λ2

�
μ2

FIGURE 9.2

That is, λi is the service rate at node i, μi the rate of a customer being served
and leaving the network, and γi the rate of a customer being served and going
to the other node. Use multilevel splitting3 to compute the probability that the
total number in system during a busy cycle exceeds N = 12, taking λ1 = 1,
λ2 = 1/2, μ1 = 4, μ2 = 2, γ1 = 1/2, γ2 = 2.
9.3 (A) In Exercise I.6.1, find improved estimates of the probabilities for the two
weakest teams 12, 14 to win the soccer tournament.

3Note that it is currently not known for all parameter combinations how to perform
efficient exponential change of measure; see the references at the end of XIV.6d.



Chapter VII
Derivative Estimation

We consider a stochastic system and assume (highly simplified) that its
performance can be summarized as a single real number z, which typically
can be expressed as EZ for some r.v. Z. For example, in a PERT network
Z can be the (random) length of the maximal path; in a data network
Z can be the steady-state delay of a packet or z the probability that a
packet is transmitted without errors; in an insurance risk model z can
be the probability P(C > x) that the claims C within one year exceed a
large value x (typically, C =

∑N
1 Vi where N is the number of claims and

V1, V2, . . . the claim sizes); in option pricing Z is the pay-out of the option
and E the risk neutral expectation; and so on.

In all these examples, z will typically depend on a number of parame-
ters. For example, in the insurance risk model, N could be Poisson with
rate parameter λ with the claims having a distribution Fθ depending on
a parameter θ. One might then be interested not only in the performance
z but also in its (partial) derivatives (∂/∂λ)z, (∂/∂θ)z, . . . w.r.t. the pa-
rameters λ, θ, . . . Here (∂/∂λ)z is called the sensitivity of z w.r.t. λ (and
similarly for (∂/∂θ)z, etc.), and the vector

∇z def=
( ∂

∂λ
z

∂

∂θ
z . . .

)

is the gradient. The problem we address in this chapter is how to estimate
such sensitivities by simulation.

There are numerous reasons for being interested in the sensitivities. In
particular:



Chapter VII. Derivative Estimation 207

(i) For identifying the most important system parameters; see further
Remark 0.4.

(ii) To assess the effect of a small change of a parameter.

(iii) To produce confidence intervals for z if some parameters are esti-
mated. For example, if β is a Poisson parameter estimated via the
empirical rate β = N(T )/T of Poisson events in [0, T ], then β is
asymptotically normal N(β, β/T ) as T →∞. So, if z(β), (∂/∂β)z are
analytically available as functions of β, the delta method establishes
that

z(β) ± 1.96
β

1/2∣∣(∂/∂β)z
∣
∣

√
T

is an asymptotic 95% confidence interval for z(β). More generally, if
z(β) needs to be evaluated by simulation, the confidence interval is

ẑ(β) ± 1.96

√
βẑ′(β)2

T
+
σ̂2

R
,

where ẑ(β) is a CMC estimator of z(β) based on R replications and
with associated variance estimator σ̂2, with ẑ′(β) an estimator of the
sensitivity. For additional details, see Heidelberger & Towsley [180]
and Rubinstein & Shapiro [315, pp. 96–100].

(iv) In stochastic optimization, where we want to find the maximum (or
minimum) of z = z(θ) w.r.t. some parameter θ, most algorithms
require estimates of the gradient (see also Chapter VIII).

(v) In an empirical root-finding problem in which we want to find the θ∗
satisfying z(θ∗) = 0 for some function z(θ) representable as Eu(X ; θ),
the obvious estimator is the solution θ̂ of

1
R

R∑

r=1

u
(
Xr; θ̂

)
= 0 .

When u(X ; ·) is smooth, the delta method again implies that the
confidence interval for θ̂ requires an estimate of (∂/∂θ)z, cf. III.4 and
Exercise 1.3.

(vi) Finally, there are examples in which the sensitivities are of intrinsic
interest, for example, in financial mathematics, where the sensitivi-
ties go under the name of the Greeks. In particular, if the price of an
option is z = Π and θ = S(0) is the initial asset price,

(
∂/∂S(0)

)
Π

is called the delta and
(
∂2/∂S(0)2

)
Π the gamma; the delta and the

gamma play a major role in the most commonly implemented hedg-
ing strategies; cf. Exercise I.6.3 and [45]. In the GBM Black–Scholes
model with volatility σ,

(
∂/∂σ

)
Π is the vega and so on. In addition
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to hedging, the calculation of Greeks may sometimes also be needed
to meet requirements set by regulators of the financial industry.

Many important applications of derivative estimation require the whole
gradient and not just its individual components. For example, stochastic
optimization is often performed w.r.t. several parameters and not just a sin-
gle one. A portfolio of stocks, options, etc., may consist of d assets, where d
may well run into the hundreds or thousands. Thus, delta hedging requires
a gradient with thousands of components, and delta–gamma hedging a Hes-
sian (the matrix of second derivatives) with millions of components. From
a practical point of view, this presents a considerable challenge. However,
from the methodological point of view, there is little difference between the
one-dimensional and the multidimensional cases: gradients and Hessians
are computed componentwise. Therefore, to simplify notation, we will fo-
cus on a one-dimensional setting in this chapter in which the parameter in
question is θ, defined on a real interval Θ. The corresponding performance
is denoted by z(θ) and its derivative by z′(θ), and we use the notation Z(θ),
D(θ) for Monte Carlo estimators of z(θ), respectively z′(θ).

We will present the three general standard methods:1 finite differences
(FDs), infinitesimal perturbation analysis (IPA), and the likelihood ratio
(LR) method for derivative estimation. An important difference is that for
finite differences and IPA, the dependence on θ is in the realizations of the
relevant r.v.’s (sample paths in a stochastic process setting), whereas for
the LR method, it is in the underlying measures. Further, IPA and the LR
method produce unbiased estimates, while finite differences not.

Remark 0.4 In (i), the naive and often well working definition of “most
important system parameters” is those having sensitivities with the largest
absolute values. An inconsistency is, however, that z′(θ) depends on the
scale of θ (for example, if θ is a Poisson rate, on whether the time unit is
years or seconds). This may motivate considering dz(θ)/d log θ = θz′(θ)
instead of z′(θ).

When studying several system performances z1(θ), z2(θ), . . ., similar scale
problems may arise which could motivate looking at d log z(θ)/dθ =
z′(θ)/z(θ) or d log z(θ)/d log θ = θz′(θ)/z(θ). For an example, see
Exercise 1.4. �

1For special problems, different methods may exist, and in particular we mention an
approach based on Malliavin calculus that has been developed for estimating the Greeks
in mathematical finance; see Fournié et al. [120] and Kohatsu-Riga & Montero [221] and
references there.
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1 Finite Differences

Assume that for each θ we are in a position to generate an r.v. Z(θ) with
expectation z(θ). We want a simulation estimate of z′(θ).

The starting point for the method of FDs is the formulas

f ′(θ) = lim
h↓0

f(θ + h)− f(θ)
h

= lim
h↓0

f(θ + h/2)− f(θ − h/2)
h

(1.1)

for the derivative of a deterministic function f(θ). In the context of
simulation, this suggests performing a CMC experiment using either

D̃(θ) def=
Z(θ + h)− Z(θ)

h
or D(θ) def=

Z(θ + h/2)− Z(θ − h/2)
h

(1.2)

as derivative estimator for some small h, where as a first naive attempt
we take Z(θ + h), Z(θ) as independent for D̃(θ) (the forward difference
estimator) and Z(θ + h/2), Z(θ − h/2) independent for D(θ) (the central
difference estimator).

A first important observation is that the second formula in (1.1) is
preferable for numerical differentiation because

f(θ + h)− f(θ)
h

= f ′(θ) +
h

2
f ′′(θ) + O(h2),

f(θ + h/2)− f(θ − h/2)
h

= f ′(θ) +
h2

24
f ′′′(θ) + O(h4) ,

as follows by straightforward Taylor expansions. These expressions es-
tablish, in the simulation context, that the bias of the central difference
estimator D(θ) is an order of magnitude lower than that of the forward dif-
ference estimator D̃(θ), so that obviously D(θ) should be preferred.2 Thus
only D(θ) is considered in the following.

The choice of h remains to be determined. If the number of replications is
R and ẑ′(θ) = ẑ′R(θ) (the corresponding average of the D(θ)), it seems clear
that h = hR must go to zero as R→∞ to reduce bias. On the other hand,
taking a smaller h increases variance so there is a trade-off. The answer is
that h should be of order R−1/6:

Proposition 1.1 Consider the central difference estimator with indepen-
dent sampling of Z(θ+ h/2), Z(θ− h/2). Then the root-mean-square error
[
E
(
ẑ′(θ) − z′(θ)

)2]1/2 is asymptotically minimized by letting

h
def= hR

def=
1

R1/6

[
576 Var(Z(θ)

]1/6

∣
∣z′′′(θ)

∣
∣1/3

.

2The possible exception is a high-dimensioal setting in which the parameter vector
is θ = (θ1 . . . θd). Then the evaluation of the estimator for the full gradient vector
requires roughly only half as many evaluations of Z(θ) in using the forward difference
estimator as in using the central one.
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For this choice, the root-mean-square error
[
E
(
ẑ′(θ)−z′(θ))2]1/2 is of order

R−1/3.

Proof. Clearly, Var
(
Z(θ±h/2)

) ∼ Var Z(θ), so Var (D(θ) ∼ 2Var Z(θ)/h2

and

E
(
ẑ′(θ) − z′(θ)

)2 = Var
(
ẑ′(θ)

)
+
(
Eẑ′(θ)− z′(θ)

)2

∼ 2
Rh2

Var
(
Z(θ)

)
+
(h2

24
z′′′(θ)

)2

Now, the function a/x+ bx2 of x is minimized for x = (a/2b)1/3. Letting

x = h2, a = 2Var Z(θ)/R, b =
(
z′′′(θ)/24

)2
,

the result follows. �

Remark 1.2 Of course, Proposition 1.1 is, in some sense, rather academic.
In particular, the constant going with R−1/6 for the optimal hR is essen-
tially unknown (because when z′(θ) is unknown, z′′′(θ) is even more so).
One important feature to note is, however, the rate R−1/3 for the root-
mean-square error, which is subcanonical compared to the canonical one
R−1/2 for the Monte Carlo method. Furthermore, a similar computation
(Exercise 1.1) shows that the forward difference estimator converges at an
optimal root-mean-square error rate of R−1/4, which is achieved when h
is of order R−1/4. This shows that the lower bias of the central difference
estimator permits one to use a larger difference increment h. This, in turn,
reduces the variance of the difference quotient (given the presence of h in
the denominator). �

Remark 1.3 The discussion above rests on the minimization of mean
square error. More generally, one may also consider minimization of the
p norm error (p > 0), as defined by

[
E
∣
∣ẑ′(θ) − z′(θ)

∣
∣p]1/p. The conclusion

turns out to be identical to that of Proposition 1.1. In particular, the best
possible choice for h is to let it be of order R−1/6, in which case the con-
vergence rate of ẑ′(θ) to z′(θ) in pth mean is of order R−1/3. However,
the choice of the optimal constant in front of R−1/6 depends on p; see
Exercise 1.2. �

As will be seen later, FDs can perform substantially better when one is
using common random numbers, and the rate of convergence can sometimes
be as good as R−1/2 (which is the best one can expect and is obtained, for
example, for the more sophisticated methods of IPA and likelihood ratios to
be discussed in Sections 2, 3); see Section 2a for more discussion of common
random numbers for computing derivatives.

Remark 1.4 A close relative to the method of FDs is a kernel estimator.
Suppose, for example, that simulations have been performed at the points
θ = 0, 1/R, 2/R, . . . , 1 and that a derivative estimator at θ0 ∈ (0, 1) is
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desired. One potential estimator of z(θ) is

1
Rh

R∑

r=0

Z(r/R)k
(
(θ − r/R)/h

)
,

where k is a kernel (typically a smooth and symmetric probability density)
and h > 0 a smoothing constant. The corresponding derivative estimator
at θ0 is therefore

Dk(θ0)
def=

1
(R+ 1)h2

R∑

r=0

Z(r/R)k′
(
(θ0 − r/R)/h

)
.

It follows that for fixed h and R→∞,

EDk(θ0) =
1

(R+ 1)h2

R∑

r=0

z(r/R)k′
(
(θ0 − r/R)/h

)

→ 1
h2

∫ 1

0

z(θ)k′
(
(θ0 − θ)/h

)
dθ

=
1
h

[
z(0)k(θ0/h)− z(1)k((θ0 − 1)/h)

]
+

1
h

∫ 1

0

z′(θ)k
(
(θ0 − θ)/h

)
dθ .

Here the first term converges to 0 as h ↓ 0 provided k(x) = o(|x|) as
|x| → ∞. Noting that k

(
(θ0 − θ)/h

)
/h is the density of θ0 − hW , where

W has density k, it follows that EDk(θ0) converges to z′(θ0) as h ↓ 0.
For an appropriate choice of h as function of R, one can therefore obtain
an estimator of z′(θ0) (with a convergence rate significantly slower than
R−1/2). While this shares many of the same disadvantages as exhibited by
FD estimators, it has the advantage that the R simulations can be used
to estimate z′(·) globally, in contrast to at a single point as for the FD
estimator. See also Kohatsu-Higa & Montero [221]. �

In some settings (e.g., optimization or delta–gamma hedging), higher-
order derivatives may be of interest. A starting point for estimating z′′(θ)
is the second central difference

(
z(θ+h)−2z(θ)+ z(θ−h)

)
/h2, suggesting

that we can estimate z′′(θ) by drawing i.i.d. replicates of the r.v.

Z(θ + h)− 2Z(θ) + Z(θ − h)
h2

.

When Z(θ+h), Z(θ) and Z(θ−h) are generated independently, this yields
an optimal rate of convergence of order R−1/4 (which is obtained when h
is of order R−1/8).

1a Optimal Rates for Finite Differences
It turns out that one can construct finite difference estimators for z′(θ) with
convergence rates arbitrarily close to the canonical rate R−1/2. A starting
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point for deriving such estimators is to write the Taylor series for z as a
formal power series in the differentiation operator D, so that

z(θ + h) =
∞∑

j=0

z(j)(θ)
hj

j!
=

∞∑

j=0

( (hD)j

j!

)
z(θ) .

Let Th be the shift operator defined by Thz(θ)
def= z(θ+ h). Hence, we can

formally write

Th = exp {hD} , (1.3)

so that hD = log(Th). Formally expanding the logarithm as a power series
around the identity operator I, we arrive at

D =
1
h

∞∑

j=1

(T−I )j

j!
(−1)j+1 . (1.4)

Note that Tk
h = Tkh. Hence, a simulation-based first-order approximation

is given by D̃(θ) def=
(
Z(θ+ h)−Z(θ)

)
/h, whereas a second-order approxi-

mation (obtained by using the first two terms in the power series expansion
(1.4)) is

−Z(θ + 2h) + 4Z(θ + h)− 3Z(θ)
2h

.

This second order approximation can easily be shown to have bias of or-
der h2 (just as for the central difference estimator) and hence possesses a
convergence rate of R−1/3. Use of the simulation-based kth-order approxi-
mation based on (1.4) yields a bias of order hk and an optimal convergence
rate of order R−k/(2(k+1) (obtained when h is of order R−1/(2k+2)). Hence,
FD estimators can attain rates arbitrarily close to the canonical rate R−1/2.

Note that an alternative approach to constructing such low-bias FD
estimators is to use (1.3) to formally write

sinh(hD) def=
(
exp {hD} − exp {−hD})/2 = (Th −T−h)/2 ,

and to express hD in terms of the power series in (Th − T−h)/2 obtained
from the inverse function to sinh(·). The first-order approximation obtained
from this alternative approach is then our central difference estimatorD(θ).

Despite the improved convergence rates associated with these estima-
tors, they are rarely used in practice. To construct an estimator having
convergence rate R−k/(2k+1), one needs to start with an FD approximation
having bias of order hk. This means that the derivatives of order 2, . . . , k
must be explicitly estimated so that their influence can be subtracted off.
Hence, such an estimator must implicitly involve an FD approximation to
the kth derivative, thereby requiring estimation of z(·) at k + 1 points.
Thus the computational effort per replication increases linearly in k. Fur-
thermore, such high-order estimators tend to generate weights wj,k on the
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Z(θ+jh) that grow larger in absolute value as k increases, with correspond-
ing alternating signs on the wj,k that serve to cancel most of the effect (in
expectation) on wj,kZ(θ + jh). However, the presence of these large wj,k
may influence the variance of the FD estimator substantially (the alter-
nating signs do not help). Furthermore, the alternating signs can produce
numerical difficulties in dealing with floating-point implementations of the
sum. For all these reasons, it is rare that estimators of higher order than
the central difference estimator are used.

Exercises

1.1 (TP) Derive the analogue of Proposition 1.1 for the forward difference
estimator.
1.2 (TP) Develop the details of Remark 1.3 and other similar estimates stated
without proof in the text.
1.3 (A) An insurance company has capital w and (increasing) utility function
u(·). The utility premium Π0 for a risk X ≥ 0 is defined as the smallest Π not
decreasing the expected utility, that is, the solution of z(Π0) = 0, where z(Π) =
Eu(w+Π−X)−u(w). Assume that u(y) = 1− e−y , w = 4, and that X is Pareto
with density α/(1 + x)α+1, where α = 3/2. Give a simulation estimate of Π0 and
an associated confidence interval, using the ideas of III.4.
1.4 (A+) We will consider an example of bonus systems in car insurance, for
which we refer to Kaas et al. [205] for further details. The portfolio consists of D
drivers and is divided into K bonus classes, such that the premium Hk in class
k = 1, . . . , K depends on the class, and that the class of a driver is dynamically
adjusted according to his claim experience (a driver entering the portfolio is
assigned class k0 for some fixed k0). For a particular driver d, we denote by
Xn his bonus class in year n and Mn his number of claims. Many systems then
determine the bonus class Xn+1 in year n on basis of Xn and Mn alone. That is,
Xn+1 = κ(k, m) when Xn = k, Mn = m.
A standard assumption is this setting is that driver d generates a Poisson(λd)
number of claims each year. The ideal premium H∗(λ) that drivers with Poisson
parameter λ pay per year is therefore of the form cλ, whereas in reality their
expected premium (averaging over the total time T spent in the portfolio and a
large number of drivers) is

H(λ)
def
=

1

ET
E

T−1∑

n=0

HXn(λ) , (1.5)

where {Xn(λ)} is the Markov chain of bonus classes of a driver with Poisson
parameter λ. As a measure of the deviation of the function H(λ) of λ from
H∗(λ), it has been suggested to consider the Loiramanta efficiency

e(λ)
def
=

d log H(λ)

d log λ
=

λH ′(λ)

H(λ)

(cf. Remark 0.4). In particular, as explained in [205], e(λ) ≤ 1 for all λ means
that the bonus system favors the bad risks (drivers with a small λ pay too much).

(a) Explain why e(λ) ≈ 1 is a desirable property that ensures the bonus system
to be reasonably fair.
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(b) Give plots of H(λ) and of e(λ), simulating at selected values of λ ∈ (0, 3)
and using linear interpolation in between (use FDs for H ′(λ)). Assume that
T is geometric with mean 8, i.e., P(T = n) = (1 − ρ)ρn−1, n = 1, 2, . . .,
where ρ = 7/8, and that the bonus system is given by the rules of a Dutch
bonus system in use around 1982, which had K = 14, k0 = 2, and the
remaining parameters determined by the following table:

k Hk κ(k, 0) κ(k, 1) κ(k, 2) κ(k, 3+)

14 30.0 14 9 5 1
13 32.5 14 8 4 1
12 35.0 13 8 4 1
11 37.5 12 7 3 1
10 40.0 11 7 3 1
9 45.0 10 6 2 1
8 50.0 9 5 1 1
7 55.0 8 4 1 1
6 60.0 7 3 1 1
5 70.0 6 2 1 1
4 80.0 5 1 1 1
3 90.0 4 1 1 1
2 100.0 3 1 1 1
1 120.0 2 1 1 1

(c) Redo (b) with ET = 4, 16, 32.

1.5 (A) Redo Exercise 1.4 by using kernel estimates instead of FDs; see
Remark 1.4.

2 Infinitesimal Perturbation Analysis

The idea of this method is sample path differentiation: we write z = z(θ)
as EZ(θ) for some r.v. Z(θ) depending on θ, and estimate z′(θ) via the r.v.

D
def= D(θ) def=

d
dθ
Z(θ) = Z ′(θ) ,

evaluated at θ = θ0, where θ0 is the parameter of the given system (assum-
ing, of course, that the derivative exists w.p. 1). Thus we simulate R i.i.d.
copies D1, . . . , DR of D and use the estimator

ẑ′(θ) def=
D1 + · · ·+DR

R
, (2.1)

with the obvious confidence interval based on the empirical variance of the
Dr. The method goes under the name of infinitesimal perturbation analysis
(IPA) and goes back to (at least) Ho & Cao [183] and Suri & Zazanis [348].
A standard textbook reference is Glasserman [131], stressing the GSMP
setup, but there is also an extended exposition in Glasserman [133].
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What is needed for consistency of ẑ′(θ) as R→∞ is ED(θ) = z′(θ), that
is,

d
dθ
[
EZ(θ)

]
= E

[ d
dθ
Z(θ)

]
. (2.2)

Of course, when (2.2) holds, averaging i.i.d. copies of D = Z ′(θ) yields an
unbiased estimator that converges to z′(θ) at the canonical rate R−1/2.

We illustrate the approach via two extremely simple examples, where
(2.2) holds in the first but not the second:

Example 2.1 This is a simplified version of what is needed for a PERT
net. Assume that Z = max(X1, X2) with X1, X2 independent where θ is
a scale parameter for X2 (thus, the given system corresponds to θ0 = 1).
That is,

Z(θ) = max(X1, θX2) =

{
X1 X1 > θX2,

θX2 X1 < θX2 .

It follows that

D(θ) =

{
0 X1 > θX2 ,

X2 X1 < θX2 ,

so that D = D(θ0) = X21{X1 < X2}. The check of (2.2) goes as follows:
with F1, F2 the c.d.f.’s and f1, f2 the densities, we get

z(θ) = E max(X1, θX2) =
∫ ∞

0

P
(
max(X1, θX2) > x

)
dx

=
∫ ∞

0

(
1− F1(x)F2(x/θ)

)
dx .

Differentiation under the integral sign (see Example 2.4 for a formal
justification!) yields

z′(θ) =
∫ ∞

0

F1(x)
x

θ2
f2(x/θ) dx

θ=θ0=1=
∫ ∞

0

P(X1 < x)x f2(x) dx = E
[
X2; X1 < X2

]
= ED(θ0) .

�

In general, the assumption (2.2) appears to be rather innocent, requir-
ing differentiation and integration to be interchangeable. However, the
following example shows that one has to be careful:

Example 2.2 Consider max(X1, X2) as in Example 2.1, but assume now
that the relevant performance is z = P(X2 > X1). Then Z(θ) =
1 {θX2 > X1} (see Figure 2.1), which is differentiable with derivative 0
except at θ = X1/X2.
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�

X2/X1

θ

Z(θ)

FIGURE 2.1

Since P(X1 = X2) = 0, it follows that

D =
d
dθ
Z(θ)

∣
∣∣
θ=θ0=1

= 0 a.s. ,

so that ED = 0, which in general does not equal z′(θ0). �

The same phenomenon occurs often when discrete r.v.’s are involved (say
the Poisson r.v. N in the insurance risk example). Just think of Z(θ) =
Z
(
B1(θ), . . . , Bp(θ)

)
being a function of p i.i.d. Bernoulli(θ) r.v.’s generated

by p i.i.d. uniforms as B1(θ) = 1{U1 < θ} , . . . , Bp(θ) = 1{Up < θ}. Then
Z(θ) is piecewise constant and hence Z ′(θ) = 0 on any θ-interval falling
between two of the Ui.

The standard condition for the validity of IPA is the following:

Proposition 2.3 Assume that Z(θ) is a.s. differentiable at θ0 and that
a.s. Z(θ) satisfies the Lipschitz condition

∣
∣Z(θ1)− Z(θ2)

∣
∣ ≤ |θ1 − θ2|M (2.3)

for θ1, θ2 in a nonrandom neighborhood of θ0, where EM <∞. Then (2.2)
holds at θ = θ0.

Proof. Just note that

z′(θ0) = lim
h→0

z(θ0 + h)− z(θ0)
h

= lim
h→0

E

[Z(θ0 + h)− Z(θ0)
h

]
. (2.4)

Here
[· · · ] is bounded by M and goes to Z ′(θ0) = D, so by dominated

convergence the r.h.s. of (2.4) equals ED. �

Example 2.4 In Example 2.1, the inequality
∣∣max(a, b1) −max(a, b2)

∣∣ ≤
|b1 − b2| yields

∣
∣Z(θ1)− Z(θ2)

∣
∣ ≤ |θ1 − θ2| |X2| ,

so we can just take M = |X2|. In Example 2.2, consider for simplicity the
case in which X1/X2 has a density bounded below by A > 0 in the interval
[1, 1 + ε]. If 1 < θ < 1 + ε, then

Z(θ)− Z(θ0) = 1{θ > X1/X2} − 1{1 > X1/X2} = 1{1 ≤ X1/X2 < θ}
equals 1 with probability at least A(θ − 1). Hence a possible M in (2.3)
must satisfy P

(
M ≥ 1/(θ− 1)

)
w.p. at least A(θ − 1) for all θ ∈ (1, 1 + ε),
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i.e., P(M ≥ x) ≥ A/x for all x ∈ (ε−1,∞), so that

EM ≥
∫ ∞

1/(1+ε)

P(M > x) dx ≥ A

∫ ∞

1/(1+ε)

x−1 dx = ∞ ,

which violates the integrability condition of Proposition 2.3. �

Example 2.5 Consider Z(θ) =
[
θY −K

]+ = max(0, θY −K) for θ > 0
and some r.v. Y > 0. This corresponds to the payout function of a European
call option. The Lipschitz property of the max used in Example 2.4 implies
immediately that (2.3) holds with M = Y , so IPA is valid for estimating
the delta; the corresponding estimator is D = Z ′(θ) = Y 1{θY > K}.
However, since Z ′′(θ) exists and is zero except at θ = K/Y , we have in
general that z′′(θ) 
= EZ ′′(θ), so that IPA is not valid for estimating the
gamma. �

Remark 2.6 A general rule of thumb is that the derivative interchange
(2.2) required to justify IPA is valid when Z(·) is a.s. continuous and is
differentiable except (possibly) at finitely many random points. IPA tends
to fail when Z(·) has discontinuities. �

Example 2.7 (the delta via sde’s) The delta of an European option
with underlying asset price process {X(t)}0≤t≤T

def= {X(t, x)}0≤t≤T , where
x = X(0), is the derivative of the price z(x) def= E

[
f
(
X(T, x)

)]
w.r.t. x =

X(0). A common model is then that {X(t, x)} satisfies a time-homogeneous
SDE (see further Chapter X) with diffusion coefficients a, b, i.e.,

dX(t) = a
(
X(t)

)
dt + b

(
X(t)

)
dB(t) ,

X(t, x) = x +
∫ t

0

a
(
X(s, x)

)
ds +

∫ t

0

b
(
X(s, x)

)
dB(s) ,

where B is standard Brownian motion. Pathwise differentiation w.r.t. x
yields

Y (t, x) def=
∂

∂x
X(t, x)

= 1 +
∫ t

0

a′
(
X(s, x)

)
Y (s, x) ds +

∫ t

0

b′
(
X(s, x)

)
Y (s, x) dB(s) .

This suggests that if f is smooth, then by the chain rule,

z′(x0) = E
[
f ′
(
X(T )

)
Y (T )

]
, (2.5)

where (X,Y ) satisfies the coupled pair of SDEs

dX(t) = a
(
X(t)

)
dt + b

(
X(t)

)
dB(t) ,

dY (t) = a′
(
X(t)

)
Y (t) dt + b′

(
X(t)

)
Y (t) dB(t) ,

subject to X(0) = x0, Y (0) = 1. Similar ideas are capable of successfully
computing derivatives in the more general setting in which the parameter of
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interest also influences the drift and variance coefficients (i.e., a(x) = a(x, θ)
and b(x) = b(x, θ)). �

2a Finite Differences, IPA, and Common Random Numbers
A common theme of the IPA approach is that the expectation z(θ) can
be expressed in the form EZ(θ), where the Z(θ) are defined on a common
probability space (i.e., use a common stream of random numbers). This
suggests a close relation between IPA and common random numbers, which
we will next discuss.

A derivative is a limit of a finite difference quotient. We have already
discussed in V.6 the fact that common random numbers generally provide
a variance reduction when one computes the difference of two expectations.
We pursue this point in greater detail here.

Suppose that we represent z(θ) as EZ(θ), where the Z(θ) are simulated
using random numbers that are the same across the range of θ’s. Assume
that we can synchronize our simulation across θ so effectively that Z(·) is
a.s. differentiable at θ. In this setting, z′(θ) can potentially be estimated via
sample means based on Z ′(θ). This, of course, is precisely IPA as discussed
above.

If IPA is valid, then

Z(θ + h)− Z(θ)
h

a.s.→ z′(θ) ,

and the expectations also converge. If the coupling underlying the use of
our common random numbers is well enough behaved that the expectations
converge, then one typically has also that variances converge, implying that

Var
[
Z(θ + h)− Z(θ)

] ∼ h2
Var Z ′(θ) (2.6)

as h ↓ 0. Hence, it is typically the case that when IPA is valid,
Var

[
Z(θ + h) − Z(θ)

]
is of order h2 (conversely, this rate implies that

IPA is automatically valid). In this setting,

Z(θ + h)− Z(θ)
h

≈ Z ′(θ) (2.7)

both pathwise and in expectation. In contrast to our discussion of FDs in
Section 1, the variance of our common random number FD quotient in (2.7)
does not blow up as h ↓ 0. This means that there is no variance penalty
in this setting for letting h be small, so that the bias-variance trade-off
issues of Section 1 are irrelevant. Hence, an FD common-random-number
estimator of z′(θ) can potentially achieve the canonical convergence rate
of R−1/2. In particular, if one chooses h small enough that the bias be
of order R−1/2 (i.e., h = O(R−1/2) for the FD common-random-number
estimator), the convergence rate is canonical; see also L’Ecuyer & Perron
[235]. Of course, in this setting, one possible choice of h is h = 0, i.e.,
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the IPA estimator. We are unaware of any practical situations in which
under these circumstances one would prefer the common-random-number
FD estimator to the one based on IPA.

As we have indicated above, there are important applications for which
one can expect to find oneself in the setting (2.6). However, the more typical
situation, in the presence of common random numbers, is that (2.6) fails
to hold. Unlike the use of independent realizations of Z(θ) and Z(θ + h),
we expect that Z(θ + h) a.s.→ Z(θ) as h ↓ 0 when common random numbers
are used. Hence, in contrast to the independence setting of Section 1, we
always expect that Var

[
Z(θ + h) − Z(θ)

] → 0 when common random
numbers are used. The only question is how fast the rate is.

As noted above, the variance converges to zero at rate h2 when IPA is
valid. When IPA fails to hold, our experience is that the rate typically
is h. While we know of no general theorem supporting this assertion, it
can be verified in all of our examples of IPA nonvalidity and holds in many
other such settings. Arguments similar to those of Proposition 1.1 establish
that when Var

[
Z(θ + h) − Z(θ)

]
is of order h, then the optimal rate of

convergence of the forward difference common-random-number estimator
is R−1/3 and is achieved when h is of order R−1/3. For the central difference
estimator, the best possible convergence rate is R−2/5, achieved when h is
of order R−1/5.

These convergence rates makes clear that the use of common random
numbers can significantly enhance the computational efficiency of derivative
estimation as compared with the use of independent simulations, even in
cases in which IPA ceases to be valid.

Exercises

2.1 (TP) In Example 2.2, discuss the validity of IPA in the case in which the
support of X1/X2 does not contain 1.
2.2 (TP) In the GBM Black–Scholes model for a European option, show that
IPA is valid for estimating the vega and write up the IPA estimator.
2.3 (A) Redo Exercise I.6.3 on delta hedging, with the modification that instead
of the GBM Black–Scholes model the log asset price is assumed to follow an NIG
Lévy process (see XII.1.4) having the parameters fitted by Rydberg [322] to the
Dresdner Bank stock, i.e.,

(
α, β, μ, δ

)
=
(
68.28, 1.81, 0, 0.01

)
.

As risk-neutral measure P
∗, use the Esscher measure (see XII.1b and Exer-

cise XII.6.3), and generate the necessary NIG r.v.’s by subordination as in
Example XII.5.1.
2.4 (A) Consider the delta z′(θ) of a weekly sampled Asian option with price
z(θ) where θ is the initial price of the underlying asset. Assume the GBM Black–
Scholes model, maturity T = 1 years, strike price K = 120, θ0 = 100, r = 5% per
year, and σ = 0.25.

(i) Compute z(θ), z′(θ), and associated confidence intervals.
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(ii) Improve the efficiency of your method by antithetic sampling of the
Brownian increments.

(iii) If time permits, do some experiments on variance reduction by changing the
drift of the Brownian motion. At least outline what the changed estimates
are!

3 The Likelihood Ratio Method: Basic Theory

The most generally applicable method for obtaining unbiased gradient es-
timates is the likelihood ratio (LR) method, for which some key references
are Glynn [144] and Rubinstein & Shapiro [315]. The key feature is that
the dependence of the expectation on θ is expressed in the measure Pθ, i.e.,
we assume that

z(θ) = EθZ =
∫

Ω

Z(ω) Pθ(dω) .

This is the opposite of the situation in FDs and IPA, where it is the sample
function Z(θ) that depends on θ, whereas the measure P does not. Most
often, one easily gets from one setting to the other, as illustrated by the
following example:

Example 3.1 As in Example 2.1, consider z(θ) = E max(X1, θX2), where
X1, X2 are independent with densities f1, f2. Suppose that

(
X1, X2

)
has

joint positive density h(x1, x2) under some given P̃. In this case,

z(θ) = Ẽ
[
max(X1, X2)L(θ)

]
where L(θ) def=

f1(X1)f2(X2/θ)/θ
h(X1, X2)

.

Under modest regularity conditions on f2 (see Proposition 3.5 below), one
can interchange expectation and differentiation to get

z′(θ) = Ẽ

[
max

(
X1, X2

) f1(X1)
h(X1, X2)

(
− 1
θ2
f2(X2/θ)− X2

θ3
f ′2(X2/θ)

)]
.

A particularly natural choice is to take h(x1, x2) = f1(x1)f2(x2/θ0)/θ0
when estimating z′(θ0). With this choice of h, the importance distribution is
equal to Pθ0. Consequently, both z(θ0) and z′(θ0) can be estimated from the
same simulation run using the identical sampling distribution. Furthermore,
the formula for the derivative estimator simplifies to

max
(
X1, X2

)
(
− 1
θ0
− X2

θ20

f ′2(X2/θ0)
f2(X2/θ0)

)

= max
(
X1, X2

) d
dθ

log
(

1
θ
f2(X2/θ)

)∣∣
∣
∣
θ=θ0

.
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The random variable

d
dθ

log
(

1
θ
f2(X2/θ)

)∣∣
∣
∣
θ=θ0

is a special case of the score function familiar to statisticians, which will
be defined more generally below. �

More generally, we apply the importance-sampling idea; cf. V.1.
Specifically, suppose there exists an importance distribution P̃ for which

1{Z(ω)} 
= 0
)
Pθ(dω) = 1{Z(ω) 
= 0}L(θ, ω)P̃(dω)

for some likelihood ratio L(θ). It follows that

z(θ) = Ẽ
[
ZL(θ)

]
.

Hence, if L(·, ω) is differentiable, this suggests the basic formula of
likelihood ratio derivative estimation

z′(θ) = Ẽ
[
ZL′(θ)

]
, (3.1)

where the prime denotes differentiation w.r.t. θ. A particularly natural
choice is to take P̃ = Pθ0 when estimating z′(θ0). More specifically, assume
that Pθ has density fθ w.r.t. some reference measure μ independent of θ.
Then L = fθ/fθ0, and (3.1) takes the form

z′(θ0) = Eθ0

[
ZS
]
, where S def= S(θ0) =

f ′θ
fθ

∣
∣∣
θ=θ0

. (3.2)

We refer to S(θ0) as the score function evaluated at θ0.
For a single r.v. X with density fθ(x) and θ ∈ R, we write f ′θ(x)

def=
(d/dθ)fθ(x) and

SX(θ) def=
d
dθ

log fθ(X) = f ′θ(X)/fθ(X)

or, when no ambiguity exists, just SX
def= SX(θ). If X1, . . . , Xn are i.i.d.

with densities f (1)
θ (x), . . . , f (n)

θ (x), then the score contained in the vector
X

def= (X1 . . . Xn) becomes

SX =
d
dθ

log
[
f

(1)
θ (X1) · · · f (n)

θ (Xn)
]

=
d
dθ

log f (1)
θ (X1) + · · · +

d
dθ

log f (n)
θ (Xn)

= SX1 + · · ·+ SXn , (3.3)

which we refer to as the additive property of the score. A further
fundamental property is given in the following proposition:

Proposition 3.2 Eθ0S = 0.
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Proof. Formal differentiation of 1 =
∫
fθ dμ under the integral sign yields

0 =
∫
f ′θ dμ =

∫
f ′θ
fθ
fθ dμ .

Letting θ = θ0, the r.h.s. becomes Eθ0S. �

Example 3.3 Consider as in insurance risk a compound Poisson sum
C =

∑N
0 Vi, where N is Poisson(λ) and the Vi independent and i.i.d. with

density f(x). Assume we are interested in z(λ) = P(C > x) and the asso-
ciated sensitivity. The LR derivative estimator is then D = SN1{C > x},
where

SN =
d
dλ

log
[
e−λ

λN

N !

]
=

N

λ
− 1 .

If instead λ is fixed but f(x) = fθ(x) depends on another parameter θ,
then the likelihood ratio derivative estimator of z′(θ) is

(
SX1(θ) + · · ·+ SXn(θ)

)
1{C > x} .

For example, if fθ(x) = θe−θx, then SXi(θ) = 1/θ −Xi. �

Example 3.4 For the likelihood ratio derivative estimator of the vega
of a European call option in the GBM Black–Scholes model, we first
write the (risk-neutral) payout as e−rT

[
S(0)eX − K

]+ where X ∼
N
(
(r − σ2/2)T, σ2T

)
. The desired estimator is e−rT

[
S(0)eX − K

]+
SX ,

where

SX =
d
dσ

log
[ 1
σ
√

2π
exp{−(X − (r − σ2/2)T

)2
/2σ2T}

]

=
d
dσ

[
log σ − X2

2σ2T
+
X(r − σ2/2)

σ2
− (r − σ2/2)2T

2σ2

]

= − 1
σ

+
X2

σ3T
− 2Xr

σ3
− −4σ3(r − σ2/2)T − 4σ(r − σ2/2)2T

4σ4
.

�

The interchange of gradient and expectation required to justify (3.1)
holds in great generality; only some weak regularity on L(θ) is required.
Consequently, the approach works in many different application settings. A
rather safe rule of thumb is that it suffices that P̃ be equivalent to Pθ for all
θ and that L(θ, ω) not have discontinuities depending on θ. At the mathe-
matically rigorous level, we just give the following result on interchange of
integration and differentiation for the one-dimensional case:

Proposition 3.5 Let
(
fθ(x)

)
θ∈Θ

be a family of densities on R such that
x-a.e. fθ(x) is continuously differentiable in θ with derivative f ′θ(x). Then

d
dθ

∫
z(x)fθ(x) dx =

∫
z(x)f ′θ(x) dx
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for all θ in a given open subinterval Θ0 of Θ provided there exist p, q with
1/p+ 1/q = 1 such that z ∈ Lq and

∣
∣f ′θ(x)| ≤ M(x) for some M ∈ Lp and

for all θ ∈ Θ0 and x-a.e.

Proof. Assume (θ − ε, θ + ε) ⊆ Θ0. For |h| < ε we then have

1
h

[∫
z(x)fθ+h(x) dx −

∫
z(x)fθ(x) dx

]

=
∫
z(x)

fθ+h(x)− fθ(x)
h

dx =
∫
z(x)f ′θ+h∗(x)(x) dx

for some h∗(x) ∈ (−h, h). Here the integrand has limit z(x)f ′θ(x) as h →
0, and is bounded by

∣
∣z(x)M(x)

∣
∣, which is in L1 by Hölder’s inequality.

Dominated convergence completes the proof. �

Remark 3.6 In many applications, fθ(x) is infinitely differentiable at θ0.
The LR method can then typically be extended to provide estimators for
higher-order derivatives. In particular, in the setting of (3.1), the second-
order derivative estimator takes the form Ẽ

[
ZL(2)(θ)

]
, where L(2) is the

second derivative of the likelihood ratio. For example, in the setting of
(3.3), Ln(θ) =

∏n
1 fθ(Xi)/fθ0(Xi) and

L(2)
n (θ0) =

n∑

i=1

[f (2)
θ0

(Xi)
fθ0(Xi)

− f
(1)
θ0

(Xi)2

fθ0(Xi)2
]

+
( n∑

j=1

f
(1)
θ0

(Xi)
fθ0(Xi)

)2

.

An estimator based on this idea will converge at rate R−1/2, unlike the
much slower FD estimator. However, given the presence of the squared sum
in the above expression for L(2)

n (θ0), this suggests that L(2)
n (θ0) generally

has higher variance than does L(1)
n (θ0) for large n. Thus, as in the setting of

FD approximations to higher-order derivatives, higher-order derivative es-
timators tend to be noisier, making computation of higher-order derivatives
challenging regardless of the method applied. �

One should note, however, that nonpathological examples exist in which
the interchange required for LR derivative estimation fails. We return to
some of these in Section 5d.

Remark 3.7 The setup can be generalized to

z(θ) =
∫

Ω

Z(θ, ω) Pθ(dω) ,

where Z(·, ω) is differentiable. Differentiating under the integral sign, this
suggests that

z′(θ) = Ẽ
[
Z ′(θ)L(θ) + Z(θ)L′(θ)

]
.

However, the interchange of differentiation and expectation in this setting
faces the same difficulties as for IPA. �
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Exercises

3.1 (A-) For the compound Poisson sum C in the insurance risk setting, assume
that λ = 1,000 and that the Vi are lognormal with μ = 0, σ2 = 1. Let z(λ)

def
=

Pλ(C > 5EC). Give an estimate of z′(λ) and an associated confidence interval
by means of the LR method.
3.2 (TP) Assume Z = ϕ(X, Y ) where X, Y are independent with densities fθ(x),
g(y). A variant of the LR method called weak derivatives (e.g., Pflug [294]) then
consists in writing f ′θ(x) as c(θ)hθ(x) − d(θ)kθ(x) where hθ , kθ are probability
densities.

(i) Show that c(θ) = d(θ), and that c(θ)
[
ϕ(Xh, Y )− ϕ(Xk, Y )

]
is an unbiased

estimator of z′(θ) when Xh, Xk have densities hθ , kθ.
(ii) If X = N is Poisson(λ), show that one can take c(λ) = 1, Xh = N + 1, and

Xk = N .
(iii) What happens if X ∼ N (θ, 1)?

3.3 (A-) Redo Exercise 3.1 by means of weak derivatives (cf. Exercise 3.2(ii)),
and give a comparison of the efficiencies.

4 The Likelihood Ratio Method: Stochastic
Processes

4a Recursions, Stopping Times, and Regeneration
We consider first the discrete-time case and let {Xn}n∈N

be a stochas-
tic process driven by an input sequence {Yn}. More precisely, we let
Fn

def= σ(X0, Y1, . . . , Yn) and assume that {Xn} is adapted to {Fn}. A
simple example of this setup is a recursion Xn+1 = ϕ(Xn, Yn) with i.i.d.
innovations Yn, where {Xn} becomes Markov; cf. II.4.1.

Let P̃ be some importance distribution and Ln(θ) a function such that
(dPθ/dP̃)

∣
∣
Fn

def= Ln(θ) defines a probability measure on Fn. Assume fur-

ther that Ẽ
[
Lm(θ); A

]
does not depend on m ≥ n when A ∈ Fn. Then the

Pθ

∣
∣
Fn

can be extended to a probability measure P̃ on F
def= σ

(
F0,F1, . . .

)
.

It is well known that a necessary and sufficient condition on the Ln(θ) for
this construction to work out is that {Ln(θ)}n∈N be a nonnegative mean
one martingale; see [16, Section XIII.3].

Let Cn
def= Cn(θ) def= (d/dθ) logLn(θ). Under weak regularity conditions

on the Ln(θ) (cf. Proposition 3.5), we can conclude that

d
dθ

Eθg(X0, Y0, . . . , Yn) = Eθ

[
g(X0, Y0, . . . , Yn)Cn(θ)

]
(4.1)

for a large class of functions g. Thinking of g as a function of
X0, Y1, . . . , Yn+1 also (that is, Yn+1 is a dummy variable), we get

Eθ

[
g(X0, Y0, . . . , Yn)Cn(θ)

]
= Eθ

[
g(X0, Y0, . . . , Yn)Cn+1(θ)

]
.
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The truth of this for a sufficiently large class of g’s implies Eθ

[
Cn+1(θ)

∣∣Fn

]

Cn(θ), and hence the following:

Proposition 4.1 For any θ, {Cn(θ)}n∈N
is a mean-zero Pθ-martingale.

This result can be seen as an extension (allowing for dependence) of the
fact that the score in the i.i.d. case is a mean-zero random walk, cf. Propo-
sition 3.2 and (3.3). For notational convenience, we often omit θ in Cn(θ)
in the following.

The form in which we will use (4.1) in the following is the special case

d
dθ

Eθh(X0, X1, . . . , Xn) = Eθ

[
h(X0, X1, . . . , Xn)Cn

]
. (4.2)

This implies in particular that h(X0, . . . , Xn)Cn is an unbiased estimator
of z′(θ), where z(θ) def= Eθh(X0, . . . , Xn), as follows already directly from
Section 3.

If instead z(θ) = Eθh(X0, . . . , Xτ ) for some stopping time τ <∞, argu-
ments close to those used in V.1.9 show that we can just replace n by τ to
get the unbiased estimator h(X0, . . . , Xτ )Cτ (here we assumed implicitly
that τ has no pathwise dependence on θ).

A case of particular interest arises if {Xn} is regenerative and τ the
regeneration time. In regenerative simulation, one then needs to consider
the expectation z(θ, f) of

z(θ, f) def= EθZ(f) , where Z(f) def=
τ−1∑

k=0

f(Xk)

(in particular, τ = Z(1)). Specializing the above discussion then leads to
the unbiased estimator Z(f)Cτ of z′(θ, f).

A modification most often providing variance reduction is available as
follows. Write

Z(f)Cτ =
∞∑

n=0

f(Xn)Cτ1{τ > n} . (4.3)

The expectation is left unchanged if the nth term of (4.3) is replaced by
its conditional expectation given Fn. Since {τ > n} ∈ Fn and {Cn} is a
mean zero martingale, this gives the new unbiased estimator

∞∑

n=0

f(Xn)Cn1{τ > n} =
τ−1∑

n=0

f(Xn)Cn . (4.4)

Since (4.4) is obtained from Z(f)Cτ by conditioning, one expects the
variance to be smaller. This is also typically the case and therefore (4.4)
is the estimator that is commonly used in practice. However, (4.4) is not a
conditional Monte Carlo estimator in the strict sense, since a different con-
ditioning is used for each term. Thus, even though the variance is reduced
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term by term, the picture may be different for the total variance, and in
fact, examples to this effect exist. We shall give a proof that indeed vari-
ance reduction is obtained for a basic case, the cycle length corresponding
to f ≡ 1. The two estimators is question are then τCτ and

∑τ−1
0 Cn.

Proposition 4.2 Assume that τ is a stopping time w.r.t. {Fn}. Then

Var
(τ−1∑

n=0

Cn

)
≤ Var

(
τCτ

)
.

Proof. Writing τCτ =
∑τ−1

n=0 Cτ , we get

E
(
τCτ

)2 − E

(τ−1∑

n=0

Cn

)2

= E

τ−1∑

n=0

(C2
τ − C2

n) + 2E

τ−1∑

n=0

τ−1∑

k=n+1

(
C2
τ − CnCk

)
. (4.5)

Now {Cn} is a martingale and
{
C2
n

}
a supermartingale, so

1{τ>k}Ck = 1{τ>k}E
[
Cτ
∣
∣Fk

]
, 1{τ>n}C2

n ≤ 1{τ>n}E
[
C2
τ

∣
∣Fn

]
. (4.6)

Hence conditioning on Fk yields

E

[
1{τ>n}

τ−1∑

k=n+1

CnCτ

]
= E

[
1{τ>n}

τ−1∑

k=n+1

CnCk

]
,

so using (4.6) repeatedly, we can bound (4.5) below by

E

τ−1∑

n=0

0 + 2E

τ−1∑

n=0

τ−1∑

k=n+1

(
C2
τ − CnCτ

)

= 2E

τ−1∑

n=0

τ−1∑

k=n+1

Cτ
(
Cτ − Cn

) ≥ 2E

τ−1∑

n=0

τ−1∑

k=n+1

(
C2
n − C2

n

)
= 0 .

�

Example 4.3 The variance reduction provided by (4.4) is seldom dra-
matic. To exemplify this, we considered the M/D/1 queue with service
times Vk ≡ 1 and Poisson(λ) arrivals. We took τ as the number of cus-
tomers served in a busy period and z(λ, τ) ≡ Eλτ , z(λ,W ) ≡ Eλ

∑τ−1
0 Wn,

where Wn is the waiting time of customer n. The following table gives the
empirical standard deviations on the derivative estimators corresponding
to R = 1,000,000 replications for various values of ρ = λ. Here ∗ refers to
(4.3) and ∗∗ to (4.4):
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ρ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
σ̂∗τ 14.9 11.9 13.2 17.2 24.6 39.8 81.2 209 1.224

σ̂∗∗τ 12.9 9.4 9.8 12.5 17.9 29.2 59.6 156 922
σ̂∗W 6.1 9.0 15.0 27.3 54.4 121 346 1.466 16.039
σ̂∗∗W 5.6 7.8 12.7 22.6 44.7 99.9 281 1.182 13.285

�

Finally, consider the steady-state expectation z(θ) = z(θ, f)/z(θ, 1). The
likelihood ratio estimator of

z′(θ) =
z′(θ, f)z(θ, 1)− z(θ, f)z′(θ, 1)

z(θ, 1)2
(4.7)

is then

ẑ′(θ) =
ẑ′(θ, f)ẑ(θ, 1)− ẑ(θ, f)ẑ′(θ, 1)

ẑ(θ, 1)2
, (4.8)

where ẑ′(θ, f), ẑ′(θ, 1) are replications of the estimators discussed above.

4b Markov Chains and Related Processes
Suppose that {Xn}n∈N

is a time-homogeneous E-valued Markov chain that
evolves according to the one-step transition kernel

(
P (θ, x, dy)

)
x,y∈E under

Pθ. As in V.1.10, assume that

P (θ, x, dy) = p(θ, x, y) P̃ (x, dy)

and (for simplicity) that Pθ(X0 ∈ ·) is independent of θ. Then by V.1.10,

Ln(θ) =
n∏

k=1

p(θ,Xk−1, Xk) ,

and hence

Cn(θ) =
1

Ln(θ)
d
dθ
Ln(θ)

=
1

Ln(θ)

n∑

k=1

p′
(
θ,Xk−1, Xk

) ∏

�=1,...,n

� �=k

p
(
θ,X�−1, X�

)

=
n∑

k=1

p′
(
θ,Xk−1, Xk

)

p
(
θ,Xk−1, Xk

) =
n∑

k=1

d
dθ

log p
(
θ,Xk−1, Xk

)
. (4.9)

Once (4.9) is established, we are just back to the setup of Section 4a
with Y1, Y2, . . . = X0, X1, X2, . . .. In particular, all formulas for computing
derivatives of expectations of quantities such as

z(θ) = Eθg
(
X0, . . . , Xτ

)
and z(θ) = Eθ

[
g
(
X0, . . . , Xτ

)
; τ <∞]

with τ a stopping time apply without changes.
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As above, the question of how to choose P̃ arises. Again, a particularly
advantageous choice is to take P̃ (x, dy) = P (θ0, x, dy) when estimating
z′(θ0). With this choice, both z(θ0) and z′(θ0) can be estimated using the
same simulation run. Furthermore, Lτ (θ0) = 1 with this choice, so

g
(
X0, . . . , Xτ

)
Cτ (θ0)1{τ <∞} (4.10)

is then an unbiased estimator of z′(θ0). Because Var Ln(θ) grows exponen-
tially in n whenever P̃ (x, dy) 
= P (θ, x, dy) (see XIV.5.5), this choice for P̃
in (4.9) reduces variance substantially for expectations that depend on a
long-time horizon τ .

Remark 4.4 Even with the above judicious choice of P̃ , the variance of
(4.10) usually grows quite rapidly with τ . In particular, note that Cn(θ0) is
generally a square-integrable martingale under Pθ0 , so its variance typically
grows linearly in n. One means of partially compensating for this increase
in variance is to exploit the zero-mean property to use Cn(θ0) as a control
variate. This suggests estimating z′(θ0) via

(
W1(λ)+· · ·+WR(λ)

)
/R, where

the Wr(λ) are i.i.d. copies of
(
g
(
X0, . . . , Xτ

)
1{τ <∞}− λ

)
Cτ (θ0) .

One important application of this idea arises when τ = n and

g
(
X0, . . . , Xn

)
=

1
n+ 1

n∑

k=0

f(Xk)

as in steady-state simulation with z(θ) = π(θ, f) (here π(θ, ·) is the sta-
tionary distribution under Pθ); cf. Chapter IV. In this setting, the optimal
control coefficient λ for large n is approximately equal to z(θ0). �

Remark 4.5 An alternative approach to (4.7) in steady-state gradient
estimation uses the equilibrium equation

π(θ, dy) =
∫

E

π(θ, dx)p(θ, x, y) P̃ (x, dy) .

Assuming that differentiation and integration can be interchanged, we find
that

π′(θ, dy) =
∫

E

[
π′(θ, dx)p(θ, x, y) + π(θ, dx)p′(θ, x, y)

]
P̃ (x, dy) .

Hence the signed measure π′(θ0) should satisfy

π′(θ0)
(
I − P (θ0)

)
= π(θ0)P ′(θ0) , (4.11)

where P ′(θ0, x, dy) is the signed kernel defined by

P ′(θ0, x, dy)
def= p′(θ0, x, y)P̃ (x, dy) .
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Note that (4.11) is the measure version of Poisson’s equation. Under mild
regularity conditions on the Markov chain (which are automatic, say, for a
finite E), the solution is

π′(θ0) = π(θ0)P ′(θ0)
[
I +

∞∑

j=1

(
P j(θ0)−Π(θ0)

)]
,

where P j(θ0, x, dy)
def= Pθ0

(
Xj ∈ dy

∣∣X0 = x
)
, Π(θ0, x, dy)

def= π(θ0, dy).

Setting P̃ (x, dy) def= P (θ0, x, dy), we conclude that

π′(θ0, f) =
∞∑

j=1

E
∗
θ0

[ d
dθ

log p(θ0, X0, X1)fc(Xj)
]
, (4.12)

where E
∗ denotes the stationary expectation and we write fc

def= f−∫ fdπ.
Note that (4.12) is a “cross-spectral density” (between the stationary se-
quences {(d/dθ) log p(θ0, X0, X1)}j=1,2,... and {fc(Xj)}j=1,2,...) that can be
estimated using methods similar to those in IV.3. �

We conclude this section by briefly noting the likelihood ratio gradient
estimator in some other stochastic process settings.

Example 4.6 (continuous-time markov processes) Let {X(t)}t≥0

be a continuous-time Markov process on a discrete state space E and evolv-
ing according to the intensity matrix A(θ) =

(
A(θ, x, y)

)
x,y∈E under Pθ.

As in V.1.11, assume that

A(θ, x, y) = a(θ, x, y)Ã(x, y) .

If the distribution of X0 is independent of θ, then

z(θ) = Eθ

[
g
(
X(s)

)
0≤s≤τ1{τ <∞}] = Ẽ

[
g
(
X(s)

)
0≤s≤τLτ (θ); τ <∞] ,

where

Lt(θ) =
J(t)∏

i=1

a
(
θ,X(Ti−1), X(Ti)

)

× exp
{
−
∫ t

0

Ã
(
X(s), X(s)

)[
1− a

(
θ,X(s), X(s)

)]
ds
}

(here Ti is the ith jump epoch and J(t) the number of jumps before t).
Consequently, if we choose the sampling distribution such that P̃ = Pθ0 ,
then

z′(θ0)] = Eθ0

[
g
(
X(s)

)
0≤s≤τCτ (θ0); τ <∞)

]
,



230 Chapter VII. Derivative Estimation

where

Ct(θ0)
def=

J(t)∑

i=1

d
dθ

log a
(
θ,X(Ti−1), X(Ti)

)

+
∫ t

0

Ã
(
X(s), X(s)

) d
dθ

a
(
θ,X(s), X(s)

)]
ds

evaluated at θ = θ0. �

Example 4.7 (generalized semi-markov processes) Here we assume
that {S(t)}t≥0 is a GSMP (cf. II.6) in which the transition probabilities
p(s′; s, e) and clock-setting distributions F (·; s′, e′, s, e) depend on a param-
eter θ. As in V.1.12, we assume that the support of p(θ, ·; s, e) is independent
of θ and

F
(
θ, dt; s′, e′, s, e

)
= f

(
θ, dt; s′, e′, s, e

)
F
(
θ0, dt; s′, e′, s, e

)
.

Letting z(θ) def= Eθg
(
S(u)

)
0≤u≤t, we get

z′(θ0) = Eθ

[
g
(
S(u)

)
0≤u≤tL

′
t(θ0)

]
,

where

L′t(θ0) =
J(t)∑

i=1

d
dθ

log p
(
θ0, S(Ti), S(Ti−), e∗(Ti−)

+
J(t)∑

i=1

∑

e′∈Ni

d
dθ

log f
(
θ0, Ce′ (Ti);S(Ti), e′, S(Ti−), e∗(Ti−)

)
.

with Ni
def= N

(
S(Ti);S(Ti−), e∗(Ti−)

)
. �

Exercises

4.1 (TP) Compute the score function for some parametric distributions selected
according to your own choice.
4.2 (TP) In Exercise 2.3, give the formula for computing the delta at time t by
the likelihood ratio method.
4.3 (A) In the PERT net in I.5.6, assume that the task durations Yi are
exponential with rates λi, where

λA = 1/3, λB = λC = λE = 1, λD = 1/4, λF = 1/2

(the unit is days). The project has a deadline of 
 = 21 days. Give estimates of
the sensitivities of P(L > 
) (violation of the deadline) w.r.t. the λi.
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5 Examples and Special Methods

5a Numerical Examples
When comparing IPA and the LR method, it appears that IPA is usu-
ally more efficient when both methods work, but that the LR method has
a broader scope. We do not, however, know of either theoretical results
supporting this statement or broader numerical studies (but only some
scattered examples).

To illustrate this point, we shall report on a few numerical experiments
of our own.

Example 5.1 Consider a simple PERT net problem in which

z(θ) = E max
(
θX1 +X2, (1− θ)X3

)

with 0 < θ < 1 (think of a unit resource that can be shared between edges
1, 3 at the user’s convenience). We tookX1, X2, X3 as Erlang(2) with means
1, 2, 3, θ = 0.1, 0.2, . . . , 0.9, and R = 100,000 replications. The following
table summarizes the experiment; “std.rat.” is the ratio between the es-
timated standard deviations on ẑ′(θ) using the LR method, respectively
IPA.

θ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

ẑ(θ) 6.6 6.3 6.0 5.7 5.6 5.5 5.5 5.6 5.8
ẑ′(θ) −3.9 −3.4 −2.8 −2.0 −1.2 −0.3 0.7 1.5 1.9

std.rat. 18.4 9.1 6.4 5.4 5.1 5.7 7.5 14.1 49.7

The conclusion is that indeed IPA is substantially more efficient, though
the degree of variance reduction depends strongly on θ. �

Example 5.2 Let z be the payoff of a European call option in the GBM
Black–Scholes model with maturity T = 1 year, yearly volatility σ = 0.25,
short rate r = 4%, and strike price K = 1. The sensitivity we looked at is
the delta, that is, the sensitivity z′(θ) w.r.t. the initial price θ of the under-
lying asset. This means that Z(θ) = e−rT

[
θeY −1

]+, where Y ∼ N
(
μ, σ2

)

with μ = r − σ2/2. The IPA estimator of z′(θ) is e−rT eY 1{θeY > 1}. For
the LR method, we use the chain rule

d
dθ

Eμ+log θ

[
eY − 1

]+ =
1
θ

d
dμ

Eμ

[
eY − 1

]+∣∣
∣
μ=μ+log θ

,

which gives the likelihood ratio estimator as
1

2σ2θ
e−rT

[
eY − 1

]+(Y − μ− log θ)

(the score in a N
(
μ, σ2

)
r.v. V is (V −μ)/2σ2), where Y is now generated

as N
(
μ+ log θ, σ2

)
.

We took θ = 0.6, 0.7, . . . , 1.4 and R = 100,000 replications. The fol-
lowing table summarizes the experiment using the same notation as in
Example 5.1:
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θ 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4
ẑ(θ) 0.002 0.01 0.03 0.07 0.12 0.19 0.27 0.35 0.45
ẑ′(θ) 0.04 0.13 0.27 0.45 0.61 0.75 0.85 0.91 0.95

std.rat. 1.58 1.67 1.83 2.07 2.45 3.00 3.77 4.76 5.88

Again IPA is more efficient, though not so marked as in Example 5.1. �

Note that in both examples both IPA and the LR method are so straight-
forward to apply that the differing computational effort is hardly an issue
in the comparison.

5b Nonsmoothness: Generalities
In many settings, both IPA and LR derivative estimation can be easily
applied, in which case one has the opportunity to choose the more efficient
estimator (or create a new one by taking a mixture of the two estimators).
We now proceeed to describe ideas that can be useful in contexts in which
neither method applies directly.

In particular, consider the function z(θ) = EZ(θ), where Z(θ) is non-
smooth (or even discontinuous). Such a problem appears unlikely to yield
an unbiased derivative estimator. Suppose, for the sake of concreteness,
that as in Examples 2.1 and 3.1, Z = g(X1, θX2), where g is nonsmooth
(e.g., Z(θ) = 1{θX2 ≤ X1} in one dimension) and X1 ∈ R

n, X2 ∈ R
m. If

X1, X2 possess a joint density f(x1, x2), then

z(θ) =
∫

Rn+m

g(x1, θx2)f(x1, x2) dx1 dx2 . (5.1)

The nonsmoothness of g is clearly likely to cause difficulties in the in-
terchange of integral and derivative, so it is unlikely that z′(θ0) =
EZ ′(θ0).

One idea that is sometimes useful in dealing with this problem is to rec-
ognize that integration tends to smooth discontinuties. Specifically, observe
that

z(θ) =
∫

Rn

∫

Rm

g(x1, θx2)f2(x2 | x1) dx2 f1(x1) dx1 ,

where f2(· | x1) is the conditional density of X2 given X1 = x1 and f1(·) is
the (marginal) density of X1. Note that

h(θ, x1)
def=

∫

Rm

g(x1, θx2)f1(x2 | x1) dx2 = E
[
Z(θ)

∣
∣X1 = x1

]
(5.2)

may be smooth even when g is not. This presents the possibility of esti-
mating z′(θ) by averaging i.i.d. replicates of h′(θ,X1), where h′(θ, x1) is
the derivative of (5.2). What is being used here is the smoothing proper-
ties of conditional expectations to derive an appropriate estimator. This
method relies on our ability to find a conditioning vector X1 (or, more gen-



5. Examples and Special Methods 233

erally, a σ-field G ) for which E
[
Z(θ)

∣∣X1

]
(or, more generally, E

[
Z(θ)

∣∣G
]
)

is smooth in θ and computable.
The second idea that can be useful in dealing with (5.1) can potentially

be exploited when f is smooth. The idea is to “push out” the parameter
from the nonsmooth g and push it into the function f , by executing an
appropriate change of variables. Specifically, if we put v def= θx2, we can
rewrite (5.1) as

z(θ) =
∫

Rn+m

g(v, x1)f(x1, v/θ)θ−n dx1 dv . (5.3)

A natural approach to representing (5.3) as an expectation is to recognize
that the random vector (X1, θX2) has joint density f(x1, v/θ)θ−n, and
hence z(θ) = Eθg(X1, V ) where V has density f(x1, v/θ)θ−n under Pθ. We
can now apply the LR derivative estimator to the above representation of
z(θ) (this was exactly the idea underlying Example 3.1).

We now present these ideas and extensions in more detail.

5c Smoothed IPA
The idea of using

d
dθ

E
[
Z(θ)

∣
∣G
]

as an estimator of z′(θ) is due to Gong [160] and Gong & Ho [161] (see also
the survey of Glasserman [131]), and is sometimes referred to as “smoothed
IPA.” Obviously, the method has some ideas in common with conditional
Monte Carlo; see in particular Example V.4.3.

Example 5.3 Consider, as in Example 2.2, Z(θ) = 1{θX2 > X1}. Here,
E
[
Z(θ)

∣
∣X2

]
= F1(θX2), where F1 is the c.d.f. of X1. If F1 has a positive

density f1, then the smoothed IPA estimator for z′(θ) is f1(θX2)X2. �

The second approach we present follows Glasserman [132] and is based
on the concept of a smoothing complement C(θ). This is an r.v. designed
to cancel the discontinuities (in θ) of Z(θ), which are most often the main
problem in naive IPA. Formally, we assume that

(a) Z(θ) is differentiable in θ except at a set Θ# (typically discrete and
possibly random),

(b) C(θ) = 0 when θ ∈ Θ#,

(c) E
[
C(θ)

∣
∣ G
]

= 1 for some σ-field G such that Z(θ) is G-measurable.

Since

E
[
Z(θ)C(θ)

]
= E E

[
Z(θ)C(θ)

∣∣ G
]

= E
(
Z(θ)E

[
C(θ)

∣∣G
])

= EZ(θ) · 1 = z(θ) ,
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the r.v. Z(θ)C(θ) is unbiased for z(θ), and one can hope that the properties
of C(θ) will ensure that its sample path derivative

Dsc
def= Z ′(θ)C(θ) + Z(θ)C′(θ)

is unbiased for z′(θ). Again, we use an example to illustrate the approach:

Example 5.4 Consider the expectation z(θ) of Z(θ) = h
(
X(θ)

)
of a

function h of a discrete r.v. X(θ) that is concentrated on N with point
probabilities pn(θ) and generated from a uniform r.v. U by inversion, i.e.,

X(θ) = n when Pn(θ) ≤ U < Pn+1(θ) ,

where P0(θ)
def= 0, Pn(θ) def= p0(θ)+ · · ·+ pn−1(θ). Here Z ′(θ) exists (except

at the Pk(θ)) but equals 0, so that IPA is in trouble.
For the smoothing complement, let

g(u, θ) =

{
u− Pn(θ) Pn(θ) ≤ u <

(
Pn(θ) + Pn+1(θ)

)
/2 ,

Pn+1(θ)− u
(
Pn(θ) + Pn+1(θ)

)
/2 ≤ u < Pn+1(θ) ,

be the distance from 0 ≤ u ≤ 1 to the closest Pk(θ); see Figure 5.1.

. . .
u = 0 u = 1P1(θ) P2(θ) Pn(θ) Pn+1(θ)

g(u, θ)

FIGURE 5.1

We then let

C(θ) def=
g(U, θ)

E
[
g(U, θ)

∣
∣X(θ)

] .

Then requirements (a), (c) for a smoothing complement are clear, whereas
for (b) we can take

Θ# =
{
P0(θ), P1(θ), . . . ,

(
P0(θ) + P1(θ)

)
/2,
(
P1(θ) + P2(θ)

)
/2, . . .

}
.

Conditionally on X(θ) = n, U is uniform on
[
Pn(θ), Pn+1(θ)

)
, and

inspection of the graph of g(u, θ) then shows that

E
[
g(U, θ)

∣
∣X(θ) = n

]
=

Pn+1(θ)− Pn(θ)
4

=
pn(θ)

4
.

It follows that on {X(θ) = n},

C′(θ) =
d
dθ

[4
(
U − Pn(θ)

)

pn(θ)

]
= −4P ′n(θ)

pn(θ)
− 4p′n(θ)

(
U − Pn(θ)

)

p2
n(θ)
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when Pn(θ) < U <
(
Pn(θ) + Pn+1(θ)

)
/2, and that

C′(θ) =
d
dθ

[4
(
Pn+1(θ)− U

)

pn(θ)

]
=

4P ′n+1(θ)
pn(θ)

− 4p′n(θ)
(
Pn+1(θ) − U

)

p2
n(θ)

when
(
Pn(θ)+Pn+1(θ)

)
/2 < U < Pn+1(θ). The estimator of z′(θ) can now

be computed as Dsc
def= Z(θ)C′(θ) = h

(
X(θ)

)
C′(θ) (note that Z ′(θ) = 0

a.s.).
For a rigorous proof that Z(θ)C′(θ) is unbiased for z′(θ), one now either

has to verify the Lipschitz condition of Proposition 2.3 or give a direct
proof. We choose the latter way. Now

EDsc =
∞∑

n=0

E
[
Z(θ)C′(θ); X(θ) = n

]
=

∞∑

n=0

h(n)E
[
C′(θ); X(θ) = n

]
.

Here the event B
def= {X(θ) = n} occurs w.p. pn(θ), and each of the

two subevents B1, B2 separating the two expressions for C′(θ) occur w.p.
pn(θ)/2. Hence

E
[
C′(θ); X(θ) = n

]

=
pn(θ)

2

[

−4P ′n(θ)
pn(θ)

+
4P ′n+1(θ)
pn(θ)

−4p′n(θ)
(
E
[
U |B1

]− Pn(θ)
)

p2
n(θ)

− 4p′n(θ)
(
Pn+1(θ) − E

[
U |B2

])

p2
n(θ)

]

= 2
(
P ′n+1(θ)− P ′n(θ)

)

−2p′n(θ)
(
P ′n+1(θ)− P ′n(θ) + E

[
U |B1

]− E
[
U |B2

])

pn(θ)

= 2p′n(θ) − 2p′n(θ)
(
pn(θ) − pn(θ)/2

)

pn(θ)
= p′n(θ) ,

so that

EDsc =
∞∑

n=0

h(n)p′n(θ) = z′(θ) .

Note that this problem can also be easily attacked via the LR ideas of
Section 3. It leads to

z′(θ) = E

[
h
(
X(θ)

)p′
(
X(θ)

)

p
(
X(θ)

)
]
,

where, of course, [ · ] is a much simpler estimator than the smoothing
complement estimator. �

Remark 5.5 A realistic instance of estimating z′(θ) in the setting Z(θ) =
Eh
(
X(θ)

)
of Example 5.4 occurs for a compound sum A(θ) =

∑X(θ)
0 Vi
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in insurance risk, where X(θ) is Poisson(θ) and one may be interested in
z(θ) def= P(A > x) (cf. I.5.14) and the sensitivity z′(θ) w.r.t. the Poisson
parameter θ. Namely, if F is the common distribution of the Vi, then h(n) =
F
∗n

(x).
Typically, h(n) has to be estimated, which makes only a minor dif-

ference: just replace Z(θ) = h
(
X(θ)

)
in Example 5.4 by Z(θ) =

1{V1 + · · ·+ VX(θ) > x} and keep C(θ) unchanged.
It is useful to compare the complexity of the smoothed IPA procedure

with the simplicity of likelihood ratio method: since the score function of
a Poisson(θ) r.v. X(θ) is X(θ)/θ − 1, the likelihood ratio estimator is just

[
X(θ)/θ − 1

]
1{V1 + · · ·+ VX(θ) > x} ! �

The ideas of Example 5.4 can be carried over to Markov chains; cf. again
[132].

5d The Push-Out Method. Continuity Corrections
In some situations, a parameter θ important for the behavior of a stochastic
system appears in a different way than through a density fθ(x). Examples
are:

(a) A PERT net in which the maximal path L is a maximum of r.v.’s of
the form Yi1 + · · ·+YiN , where Y1, . . . , YM is a given set of r.v.’s with
different distributions. Here one of the Yi may be concentrated at θ;

(b) a GI/D/1 queue with deterministic service times θ, or a D/G/1 queue
with deterministic interarrival times θ;

(c) an insurance risk model in which the claims V1, V2, . . . are excess-
of-loss reinsured at level θ, so that the claims facing the insurance
company in reality are V1 ∧ θ, V2 ∧ θ, . . ..

When one is trying to evaluate the sensitivity z′(θ) w.r.t. such a θ, the
usual machinery of the likelihood ratio method does not apply. In many
cases, IPA may work, but in others not without problems; for example,
in (b) above, one may need the number of customers in a busy period for
regenerative simulation, and the discreteness is then a problem for IPA.

The push-out method, initiated by Rubinstein [315], is an extension of
the likelihood ratio method to some such situations. The idea is to rewrite
the model such that θ appears in the usual way as the parameter of a
density. We have in fact already seen one such (obvious) example, the
option-pricing example of Section 5a, where we replaced an r.v. of the form
θeY with Y ∼ N

(
μ, σ2

)
by eỸ with Ỹ ∼ N

(
μ+ log θ, σ2

)
.

In the D/G/1 example with service times V0, V1, . . . with density b(x),
x > 0, a similar idea would be to work with a random walk Sn = X1+· · ·+
Xn with increments distributed as V0 − θ, that is, with density bθ(x)

def=
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b(x+ θ)1 {x > −θ}. Say we are interested in the expected number z(θ) =
Eτ of customers in a busy period, where τ def= inf {n > 0 : Sn < 0}. We then
face the problem that the support of bθ(x) depends on θ, which may violate
the regularity conditions of Proposition 3.5. More precisely, if b(0) > 0, then
for all x < 0 differentiability of bθ(x) in θ fails at θ = −x.

The implication is not that likelihood ratio derivative estimation is
hopeless, but rather that we need a correction:3

Proposition 5.6 Let
(
fθ(x)

)
θ∈Θ

be a family of densities on R such that
fθ(x) is continuous and differentiable in x except for a discontinuity at
x = a(θ). Write Δ(θ) def= fθ

(
a(θ)−)− fθ

(
a(θ)+

)
, let X,X1, X2, . . . be i.i.d.

with density fθ(x), and let the score be defined the usual way as SX
def=

(d/dθ) log fθ(X). Then:

(i) For a function g(x) of one variable and Z def= g(X), z(θ) def= EθZ, one
has

z′(θ) = a′(θ)Δ(θ)g
(
a(θ)

)
+ Eθ

[
ZSX

]
.

(ii) For a function g(x1, . . . , xn) of n variables and Z def= g(X1, . . . , Xn),
z(θ) def= EθZ, one has

z′(θ) = a′(θ)Δ(θ)
n∑

i=1

EZi + Eθ

[
Z(SX1 + · · ·+ SXn)

]
,

where Zi is the r.v. obtained by replacing Xi in Z = g(X1, . . . , Xn)
by a(θ).

Proof. In (i),

z(θ) =
∫ a(θ)

−∞
g(x)fθ(x) dx +

∫ ∞

a(θ)

g(x)fθ(x) dx .

Applying the integral formula (A8.1), we get

z′(θ) = g
(
a(θ)

)
fθ
(
a(θ)−)a′(θ) +

∫ a(θ)

−∞
g(x)f ′θ(x) dx

−g(a(θ))fθ
(
a(θ)+

)
a′(θ) +

∫ ∞

a(θ)

g(x)f ′θ(x) dx

= g
(
a(θ)

)
Δ(θ)a′(θ) +

∫ ∞

−∞
g(x)f ′θ(x) dx

= g
(
a(θ)

)
Δ(θ)a′(θ) + Eθ

[
ZSX

]
.

We omit the proof of (ii). �

3Not all needed regularity conditions are included in the proposition.
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More general and rigorous versions of results of this type can be found in
Signahl [343].

Example 5.7 Let X1, . . . , Xn be i.i.d. with density f(y) concentrated on
(0,∞) with f(0) > 0 and consider the problem of estimating f∗n(θ), i.e.,
the sensitivity of z(θ) def= P(Sn ≤ θ) w.r.t. θ, where Sn

def= X1 + · · · + Xn.
Let X def= X1 − θ, Y def= X2 + · · · + Xn. Thus θ has been pushed out to
X , which has density f(x + θ)1{x > −θ}, and we have z(θ) = Eh(X,Y )
where h(x, y) def= 1{x+ y ≤ 0}. We now use the following corollary of part
(i) of Proposition 5.6:

d
dθ

Eθh(X,Y ) = a′(θ)Δ(θ)Eh
(
a(θ), Y

)
+ Eθ

[
h(X,Y )SX

]
,

where Y is an independent r.v. with distribution not dependent on θ. This
follows (at least at the formal level) by conditioning on Y = y, letting
g(x) = h(x, y) and integrating Y out. Here

SX =
f ′(x+ θ)
f(x+ θ)

, a(θ) = −θ, a′(θ) = −1, Δ(θ) = −f(0) ,

and so the pushed-out sensitivity estimator is

f(0)1{Y ≤ θ} + 1{X + Y ≤ 0} f
′(X + θ)
f(X + θ)

= f(0)1{X2 + · · ·+Xn ≤ θ} + 1{Sn ≤ θ} f
′(X1)
f(X1)

. (5.4)

�

Example 5.8 We will study the problem of estimating the sensitivity of
z(θ) = Eθτ , where τ is the number of customers in a busy period of
the D/G/1 queue with deterministic interarrival times θ and service times
V0, V1, . . . with density b(x). Again, we push θ out by letting X1 = V0 −
θ, X2 = V1−θ, . . .. Then τ = inf {n : Yn < 0}, where Yn

def= X1 + · · ·+Xn.
We first derive an estimator of the sensitivity z′n(θ) of zn(θ)

def= nP(τ =
n) = EZn, where Zn = nIn with In the indicator function of the event

{Yn < 0, Y1 ≥ 0, . . . , Yn−1 ≥ 0} .
In the following, write Yi,n for the random walk obtained from Yn by replac-
ing Yi with a(θ) = −θ; that is, Yi,n = Yn for n < i and Yi,n = Yn−Xi−θ for
n ≥ i. Similarly, write τi

def= inf{n : Yi,n < 0} and let Ii,n be the indicator
function of the event

{Yi,n < 0, Yi,1 ≥ 0, . . . , Yi,n−1 ≥ 0} = {τi = n}
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and Zi,n
def= nIi,n. As in Example 5.7, a′(θ)Δ(θ) = b(0), and we can apply

Proposition 5.6(ii) to get the pushed-out sensitivity estimator of z′n(θ) as

Dn = b(0)
n∑

i=1

nIi,n + nIn(SX1 + · · ·+ SXn) .

Here the last term equals τIn(SX1 + · · ·+ SXτ ), and since
∑∞

1 nIi,n = τi,
SXi = f ′(Vi)/f(Vi), we get the pushed-out sensitivity estimator of z′(θ) as

Dpo =
∞∑

n=1

Dn = b(0)
τ∑

i=1

τi + τ
(f ′(V1)
f(V1)

+ · · ·+ f ′(Vτ )
f(Vτ )

)
.

Here we used that Xi ≥ −θ implies Yi,n ≤ Yn for all n and hence τi ≤ τ ,
Ii,n = 0 for n > τ . �

5e Rare Events via Likelihood Ratios
We will work in the setting of the likelihood ratio method in Sections 3
and 4 so that the dependence on the parameter θ is in the probability
measure Pθ. Assume that Z = Z(ζ) ≥ 0 is the indicator of a rare event
A(ζ) depending on another parameter ζ such that z(ζ, θ) def= PθA(ζ) → 0
as ζ → ∞. We shall here give a brief discussion of some the issues arising
in derivative estimation in this setting and refer further to Asmussen &
Rubinstein [28] and Nakayama [268].

One expects that when z(ζ, θ) is small, then so is the derivative z′(ζ, θ) def=
(d/dθ)z(ζ, θ) w.r.t. θ. In fact, under some regularity conditions

∣∣z′(ζ, θ)
∣∣ is

bounded by z(ζ, θ) in the logarithmic sense discussed in VI.1:

Proposition 5.9 Assume that z′(ζ, θ) can be represented as Eθ

[
Z(ζ)S

]
=

Eθ

[
S; A(ζ)

]
for some r.v. S, say a score function. If E|S|q < ∞ for all

q <∞, then

lim inf
ζ→∞

log |z′(ζ, θ)|
log z(ζ, θ)

≥ 1 .

Proof. Let 1/p+ 1/q = 1. Hölder’s inequality yields
∣
∣z′(ζ, θ)

∣
∣ ≤ ∥

∥1A(ζ)

∥
∥
p
‖S‖q = z(ζ, θ)1/p ‖S‖q .

The assertion follows by taking logarithms and letting first ζ → ∞ and
next p→ 1, i.e., q →∞. �

Remark 5.10 We are not aware of converses, that is, results giving con-
ditions for z(ζ, θ) to be (logarithmically) bounded by

∣
∣z′(ζ, θ)

∣
∣ and hence

of the same order. In fact, this cannot be true without conditions: in
the extreme, Z(ζ) may have distribution not dependent on θ, so that
z′(ζ, θ) = 0.
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Typically, z(ζ, θ) and z′(ζ, θ) will, however, have the same logarithmic
asymptotics as ζ →∞ with θ fixed. For worked-out examples, see, e.g., the
ruin probability calculations in Asmussen [15, Section III.9]. �

When estimating sensitivities of rare events, we are therefore facing the
same difficulties about controlling the relative error as in ordinary rare-
event simulation. Whenever an efficient algorithm is available for the rare
event itself, the obvious idea is to try adapting it to the sensitivity as well.
We give one example and refer to [27] for further ones.

Example 5.11 Consider Siegmund’s algorithm in the notation of VI.2, so
that z(ζ, θ) is the Pθ-probability that the maximum of a random walk Yn =
X1 + · · ·+Xn with negative drift exceeds ζ, i.e., z(ζ, θ) = Pθ

(
τ(ζ) < ∞),

where τ(ζ) is the first passage time. Let SX
def= (d/dθ) log fθ(X) be the

score in X . Then typically

z′(ζ, θ) = Eθ

[
SX1 + · · ·+ SXτ(ζ) ; τ(ζ) <∞] , (5.5)

as follows by the following formal calculation:

d
dθ

Pθ

(
τ(ζ) <∞) =

d
dθ

∞∑

n=1

Pθ

(
τ(ζ) = n

)
=

∞∑

n=1

d
dθ

Pθ

(
τ(ζ) = n

)

=
∞∑

n=1

Eθ

[
SX1 + · · ·+ SXn ; τ(ζ) = n

]

= Eθ

[
SX1 + · · ·+ SXτ(ζ) ; τ(ζ) <∞] .

What (5.5) and the analysis of VI.2 suggests is to evaluate the r.h.s.
of (5.5) by the same exponential change of measure as in VI.2. That is,
we solve EθeγX = 1 for γ = γ(θ), simulate from the exponentially tilted
distribution F̃ (dx) def= Fγ(dx)

def= eγxF (dx) rather than F , and use the
estimator

D(ζ, θ) def= e−γYτ(ζ)
[
SX1 + · · ·+ SXτ(ζ)

]

(recall that e−γYτ(ζ) is the likelihood ratio on Fτ(ζ) and that Pγ

(
τ(ζ) <

∞) = 1).
We will verify that D(ζ, θ) is in fact logarithmically efficient in the sense

of VI.1. To this end, we will assume that z′(ζ, θ) is of logarithmic order
e−γζ (this is verified in examples in [15, Section III.9]; recall also that
z(ζ, θ) ∼ Ce−γζ for some C = Cθ). We will need also EθX

2eγX < ∞,
which ensures that EγX

2 <∞ and hence ([170]) that

Eγ

(
SX1 + · · ·+ SXτ(ζ))

2 = O
(
Eγτ(ζ)2

)
= O(ζ2) .

From Yτ(ζ) ≥ ζ we then get EγD(ζ, θ)2 = O(ζ2e−2γζ), which suffices for
logarithmic efficiency [the more precise estimates of [15, Section III.9] show
in fact that at least in some cases, there is bounded relative error]. �
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Exercises

5.1 (TP) In Example 5.1, give the formulas for the IPA estimator, respectively
the LR estimator.
5.2 (TP) Show that by taking the conditional expectation of (5.4) w.r.t. X1, we
retrieve the conditional Monte Carlo estimator f

(
θ −X2 − · · · − Xn

)
of f∗n(x)

in V.4.3.
5.3 (TP) In the PERT net in I.5.6 and Exercise 2.3, assume that YE is determin-
istic and equal to θ rather than exponential. How can you estimate the sensitivity
w.r.t. θ? Same question if instead YC = θ.



Chapter VIII
Stochastic Optimization

1 Introduction

Many applied contexts require the solution of challenging optimization
problems in which the objective to be (say) minimized involves some ex-
pected value. When the expectation can be computed in closed form (or,
more generally, rapidly numerically evaluated), conventional numerical op-
timization algorithms are generally applicable and yield good solutions. On
the other hand, when the expectations require evaluation via simulation,
the need for simulation-based optimization becomes apparent.

Of course, all the difficulties that arise in conventional numerical op-
timization also manifest themselves in the setting of simulation-based
optimization (as well as the new difficulties that arise due to the use of
sampling-based methods). Chief among these is the fact that in the ab-
sence of convexity, it is difficult to guarantee that an iterative algorithm will
converge to a global optimizer. Instead, the mathematical theory focuses
on the less-ambitious goal of establishing convergence to a local optimizer.
One pragmatic approach to computing a global optimizer in the nonconvex
setting is to run the iterative search algorithm from different initial feasible
points, with the goal of using the optimal among all the limit points gener-
ated by the different iterations. The same pragmatic approach is generally
followed in the practical application of simulation-based optimization.

This chapter is focused on the case in which the decision variable θ
is continuous. We do this largely because the theory of simulation-based
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optimization in the presence of discrete decision variables is, in our view,
poorly understood at this time.

Some examples in which stochastic optimization may occur are given in
Section 5. Some general references in the area are Kushner & Yin [224],
Pflug [294], and Rubinstein & Shapiro [315].

2 Stochastic Approximation Algorithms

We consider here a rather general class of iterative algorithms that are
widely used in practice for purposes of minimizing (via simulation) an ob-
jective function z(θ) over some feasible region Θ ⊆ R

d.1 We assume that
z(·) is smooth and that the constraints are not binding at the minimizer
θ∗, so that ∇z(θ∗) = 0 (here ∇ as usual denotes the gradient). Stochastic
approximation algorithms are iterative simulation-based algorithms that
are intended to converge to a zero of ∇z(θ).

Given that the algorithm at iteration n has produced an approximation
θn to θ∗, it next generates an r.v. Yn+1 having an expectation close to
∇z(θn). Such an r.v. may be obtained via the methods of Chapter VII. In
particular, if one is able to obtain an unbiased gradient estimator (as some-
times occurs when either IPA or likelihood ratio methods are applicable),
then the conditional expectation of Yn+1 given θn is precisely ∇z(θn). On
the other hand, for some applications we must satisfy ourselves with finite-
difference methods, in which case Yn+1 has a (conditional) expectation
close to ∇z(θn) but not exactly equal to it. Stochastic optimization algo-
rithms that employ finite-difference methods are called Kiefer–Wolfowitz
algorithms. Otherwise, they are called Robbins–Monro algorithms (but note
that slightly different conventions occur in part of the literature).

The typical form of an unconstrained stochastic approximation algorithm
is an iteration of the form

θn+1 = θn − εnKYn+1 , (2.1)

where {εn}n≥0 is a sequence of positive prespecified deterministic con-
stants and K is a given (deterministic) square matrix. In the presence
of constraints (as expressed through a feasible region Θ), we modify (2.1)
to

θn+1 = ΠΘ

(
θn − εnKYn+1

)
, (2.2)

where ΠΘ(x) is the point in Θ closest to x (assumed to exist uniquely).
Suppose that the Yn are uniformly bounded r.v.’s. Since

θn = θ0 −
n∑

i=1

εi−1KYi ,

1A more general setup is to find the root θ∗ of an equation ϕ(θ) = 0.
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we must require that
∞∑

i=0

εi = ∞ , (2.3)

for otherwise {θn − θ0} is a bounded sequence (and the iteration cannot
reach the optimizer if the initial guess θ0 is too far away from θ∗). On the
other hand, the convergence of θn to θ∗ requires that θn+1 − θn → 0 as
n → ∞. Hence, unless the variance of Yn+1 goes to 0, which is typically
not the case, we must additionally require that

εn ↓ 0 , n→∞ . (2.4)

Conditions (2.3) and (2.4) are standard conditions on the εi that appear
throughout the stochastic approximation literature. A natural choice for ε
is to put εn = n−γ for some 0 < γ ≤ 1.

Remark 2.1 A parameter not specified at this stage is the number of
replications m def= mn used in stage n to generate Yn+1; say Yn+1 is the
average of m replications of any of the gradient estimators discussed in
Chapter VII. This generates an additional degree of freedom in design of
the algorithm that manifests itself in the convergence rate analysis to be
developed in Section 3. �

To analyze the convergence of such algorithms, it is natural to apply
martingale ideas that can take advantage of the recursive structure of the
algorithm. To this end, let {Fn}n≥0 be the filtration in which Fn is the σ-
algebra generated by all the r.v.’s computed in iterations 1, . . . , n, including
θ0 itself. We then write the algorithm (2.1) in the form

θn+1 = θn − εnK∇z(θn)− εnKDn+1 − εnKUn+1 , (2.5)

where

Dn+1
def= Yn+1 − E

[
Yn+1

∣
∣Fn

]
, Un+1

def= E
[
Yn+1

∣
∣Fn

]−∇z(θn) ;

note that the Dn form a sequence of martingale differences.
In the Robbins–Monro setting, one can frequently choose the Yn so that

E
[
Yn+1

∣∣Fn

]
= ∇z(θn), in which case the Un+1 term on the r.h.s. of (2.5)

vanishes. This occurs, for example, when one has the ability to generate in
finite time an r.v. with expectation ∇z(θ) for any θ. On the other hand,
in the Kiefer–Wolfowitz setting, the Un+1 term is always present (as a
consequence of the finite-difference approximation to the gradient).

Remark 2.2 Assume that z(·) is a steady-state performance measure, say
z(θ) is the stationary Pθ-expectation of f(X0), where {Xk} is a Markov
chain. Here one cannot generally simulate unbiased estimates in finite time
(due to initial transient effects). On computing θn, one could generate
Yn+1 by calculating a time-average based on initializing X0 to a fixed
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(independent of n) initial condition and then simulate {Xk} under the Pθn
-

dynamics. Here, E
[
Yn+1

∣
∣Fn

]
is a function of θn and (2.1) is said to be

a stochastic approximation that is driven by “martingale difference” noise.
An alternative would be to use the final state Xτ obtained by simulating
the Markov chain under Pθn−1 at iteration n as the initial state for the
simulation undertaken at iteration n+ 1 to generate Yn+1. In this setting,
E
[
Yn+1

∣
∣Fn

]
is a function of both θn and Xτ , and we are dealing with a

special case of what is called a stochastic optimization driven by “correlated
noise.” In either case, Un appears in (2.5), and dealing with this is then an
important part of any convergence analysis. �

Remark 2.3 In the presence of regenerative structure of the Markov
chain, one can set up the optimization algorithm so as to avoid the Un term.
To this end, note first that by VII.(4.7), a zero of ∇z(·) occurs whenever

ϕ(θ) def= z(θ, 1)∇z(θ, f)−∇z(θ, 1)z(θ, f) = 0 ,

where z(θ, f) def= Eθ

∑τ−1
0 f(Xn) with τ the regenerative cycle. Here

Z(θ, f) def=
τ−1∑

0

f(Xn), ∇Z(θ, f) def=
τ−1∑

0

f(Xn)Cn(θ)

are unbiased estimators of z(θ, f), ∇z(θ, f), where Cn(θ) is the accumu-
lated score defined in VII.(4.9). To obtain an unbiased estimator of ϕ(θ),
let

Y
def= τ1∇Z2(θ, f)+τ2∇Z1(θ, f)−Z1(θ, f)∇Z2(θ, 1)−Z2(θ, f)∇Z1(θ, 1) ,

where
(
τ1, Z1(θ, f),∇Z1(θ, 1),∇Z1(θ, 1)

)
,
(
τ2, Z2(θ, f),∇Z2(θ, 1),∇Z2(θ, 1)

)

are independent copies of
(
τ, Z1(θ, f),∇Z(θ, 1),∇Z1(θ, 1)

)
. �

3 Convergence Analysis

A key idea in the analysis of stochastic approximation algorithms is to
consider the behavior of the post-n process {θn+m}m≥0 on an appropriately
defined time scale on which its convergence characteristics are particularly
easy to understand.

Note that if Yn = ∇z(θn) (so that Yn is deterministic), then the
iteration (2.1) takes the form

θn+1 − θn
εn

= −K∇z(θn) .

This iteration resembles the dynamics traced out by the solution of an
ordinary differential equation. To make the connection more precise, we
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define the interpolated process {θ(t)}t≥0 for which θ(t) = θn for tn ≤ t ≤
tn+1 where tn

def= ε0 + · · ·+ εn−1. Then

θ(tn+1)− θ(tn)
tn+1 − tn

= −K∇z(θ(tn)
)
,

thereby suggesting that the asymptotic behavior of (2.1) should be
intimately connected to that of the deterministic dynamical system

θ̇(t) = −K∇z(θ(t)) . (3.1)

In particular, let θn be the “post-iteration-n” process defined by θn(t) =
θ(tn+t). The idea is to show that if the θn satisfy (2.1) (and some additional
regularity conditions), then the sequence (θn)n≥1 of random processes is
tight, and to establish that any weakly convergent subsequence converges to
a solution of the differential equation (3.1) that lies entirely in an invariant
set Λ of the dynamical system (2.1); here Λ is said to be an invariant set
if for each θ0 ∈ Λ, there exists a solution of (3.1) for which θ(0) = θ0

and θ(t) ∈ Λ for all t ≥ 0. In the optimization context, the invariant set
is typically the finite set consisting of local minimizers of z(·), in which
case this approach permits one to conclude that the algorithm converges
in probability to a local minimizer.

To implement the above style of argument, let Dn = {Dn(t)}t≥0 and
Un = {Un(t)}t≥0 be the shifted and interpolated processes corresponding
to the Dn and Un appearing in (2.5). We can then write θn(t) as

θn(0) −
∫ t

0

K∇z(θn(s)) ds −
∫ t

0

KDn(s) ds −
∫ t

0

KUn(s) ds .

The key is to then verify the necessary tightness and weak convergence
relations

∫ t

0

Dn(s) ds P→ 0,
∫ t

0

Un(s) ds P→ 0

as n→∞. These arguments tend to be somewhat specific to the application
at hand; one important point of mathematical leverage in implementing
such arguments is the martingale structure of the Dn.

To develop a rate-of-convergence result, suppose that the invariant set
Λ for (3.1) is a single point, say {θ∗}. Put ξn

def= β
−1/2
n (θn − θ∗) for some

sequence βn ↓ 0, and note that (2.5) implies that

ξn+1 =
( βn
βn+1

)1/2

ξn +
( βn
βn+1

)1/2
[
−εnβ−1/2

n K∇z(θn)

−εnβ−1/2
n KDn+1 − εnβ

−1/2
n KUn+1

]
. (3.2)
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If z(·) is smooth at θ∗, the convergence of θn to θ∗ allows us to write

∇z(θn) = ∇z(θn)−∇z(θ∗)
= H(θ∗)(θn − θ∗) + o

(‖θn − θ∗‖
)
, (3.3)

where H is the Hessian. Also, if βn = n−δ with 0 < δ ≤ 1, then
( βn
βn+1

)1/2

=

{
1 + 1

2n + o(βn) if δ = 1 ,
1 + o(βn) if 0 < δ < 1 .

(3.4)

Note that if {Mn(t)}t≥0 is the shifted interpolated process for which

Mn(tn+m − tn) =
n+m−1∑

j=n

εjβ
−1/2
j KDj+1 ,

then Mn is a martingale. Because θn converges to θ∗ as n→ ∞, one can
typically establish that

{Mn(t)} D→ {(KΣKT)1/2B(t)} (3.5)

as n→∞, where B is standard Brownian motion in R
d and Σ some suit-

able covariance matrix, by appealing to a suitable version of the martingale
CLT. This basically comes down to showing that the predictable quadratic
variation of the martingale Mn converges to that of the limit process. In
other words, the kay step is to show that

〈
Mn,Mn

〉
(tn)

tn
= K

n−1∑

j=0

ε2jβ
−1
j Var

(
Dj+1

∣
∣Fj

)
KT

/
n−1∑

j=0

εj

→ KΣKT (3.6)

as n → ∞. In order to obtain the limit (3.6), one clearly needs to choose
the sequence {βn}n≥1 appropriately, taking into account both the behavior
of the εj and that of the Var

[
Dj+1

∣
∣Fj

]
.2

Remark 3.1 As in Remark 2.1, assume that Yn+1 is the average of m
replications of any of the gradient estimators ∇Z(θn) discussed in Chap-
ter VII. Then θn → θ∗ implies that the matrix Var

[
Dn+1

∣
∣Fn

]
has limit

Σ def= Var
(∇Z(θ∗)

)
/m, from which one gets (3.5), provided the βn are

selected so that βn = εn. �

Finally, one can often argue (again, in the presence of the knowledge that
θn → θ∗) that Ũ

n D→ 0, where Ũ
n

is the interpolated process for which

Ũ
n
(tn+m − tn) =

n+m−1∑

j=n

εjβ
−1/2
j U j ,

2Note that the Var
[
Dj+1

∣
∣Fj

]
may not form a bounded sequence; see the discussion

below of the Kiefer–Wolfowitz algorithm.
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Assuming tightness can be established, the above argument suggests that
any weak limit ξ for the shifted/interpolated process ξn should satisfy the
SDE

dξ(t) =

{(
I/2−KH(θ∗)

)
ξ(t) dt +

(
KΣKT

)1/2dB(t) δ = 1,

−KH(θ∗)ξ(t) dt +
(
KΣKT

)1/2dB(t) 0 < δ < 1.
(3.7)

Given the convergence to θ∗, we further expect that the limit should be
a stationary porcess (for if ξ satisfies (3.7) and does not admit a stationary
version, then

∥
∥ξ(t)

∥
∥ → ∞ as t → ∞). A stationary version of the vector-

valued Ornstein–Uhlenbeck process (3.7) exists for δ = 1 only when I/2−
KH(θ∗) has only eigenvalues with negative real parts (i.e., is a so-called
Hurwitz matrix). Similarly, a stationary version of (3.7) exists for δ < 1 only
when −KH(θ∗) is a Hurwitz matrix. Hence, it is standard in convergence
rate analysis of stochastic approximation algorithms to assume that I/2−
KH(θ∗) and −KH(θ∗) are Hurwitz matrices when δ = 1 and δ < 1,
respectively. Such assumptions are natural, in view of the fact that θ∗ is
a local attractor for the deterministic dynamical system (3.1) (i.e., θ(t)
converges to θ∗ as t → ∞ for θ(0) in a neighborhood of θ∗) only when
−KH(θ∗) is a Hurwitz matrix.

Remark 3.2 Consider the Robbins–Monro algorithm when driven by an
unbiased gradient estimtor, so that the Un terms vanish. If, as in Re-
mark 3.1, the sample size m used at iteration n is independent of n,
Remark 3.1 establishes that one should choose βn = εn = n−γ . Proving that
ξn

D→ ξ, n → ∞, implies, in particular, that ξn(0) = β
−1/2
n (θn − θ∗) =

nγ/2(θn − θ∗) converges weakly to ξ(0), where ξ(0) has the stationary
distribution of ξ. Because ξ is Gaussian, ξ(0) is Gaussian. It follows
from a straightforward calculation that Eξ(0) = 0 with covariance matrix
R

def= R(K) def= E
[
ξ(0)ξ(0)T

]
given by

R =
∫ ∞

0

exp{−KH(θ∗)s}KΣKT exp{−H(θ∗)KTs} ds (3.8)

for γ < 1, so that

nγ/2(θn − θ∗) D→ N (0,R) , n→∞.

Similarly, if εn = n−1, then n1/2(θn − θ∗) → N (0,R1), where R1
def=

R1(K) is given by
∫ ∞

0

exp{(I/2−KH(θ∗)s
)}KΣKT{(I/2−H(θ∗)KT

)
s} ds . (3.9)

�

This analysis shows that the sequence εn = n−1 maximizes the rate of
convergence. As for the best possible choice of K, the best choice is to
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set K∗ = H(θ)−1 (assuming that the Hessian is positive definite at the
minimizer θ∗), in the sense that R1(K) − R1(K∗) is nonnegative defi-
nite for all K. Hence, the best-possible choice of the iteration (2.1) in the
Robbins–Monro context is

θn+1 = θn − H(θ∗)−1

n
Y n+1 .

Of course, H(θ∗) (and even θ∗ itself) is not known to the simulator, so
that this algorithm is not practically implementable.

We next turn to the Kiefer–Wolfowitz algorithm. In this setting, Yn+1 is
a finite-difference estimator (with difference increment cn), either of central
difference form or forward difference form. We assume that the simulation
runs at the different points in the finite-difference scheme are independent
(as are the simulations across the iterations) and unbiased as estimators of
z(θ). As noted earlier, this is an algorithm in which the Un+1 are present.

Suppose that cn = cn−r for some c > 0 and some r > 0. Focusing first on
the central difference version of the Kiefer–Wolfowitz algorithm, recall from
Chapter VII that Un is of order c2n = c2n−2r. In order that the process Ũ

n

be tight, it follows that {β−1/2
n c2n} must be a bounded sequence, so that δ

must satisfy δ ≤ 4r.
Turning next to Mn, (3.6) requires that

{εjβ−1
j Var

[
Dj+1

∣
∣Fj

]}
must be a bounded sequence. If the number of simulations performed per
iteration is fixed, then Var

[
Dj+1

∣
∣Fj

]
is of order c−2

j . To compare the
convergence rate for a given choice of r and γ (respecting the above in-
equalities), we wish to choose δ as large as possible (i.e., δ = 4r). Hence, to
maximize the convergence rate, for a given choice of γ, we should choose
r as large as possible, namely r = γ/6. For this choice of r, establishing
ξn

D→ ξ proves, in particular, that nγ/3(θn − θ∗) D→ ξ(0) as n → ∞. In
other words, the convergence rate of the Kiefer–Wolfowitz algorithm using
central differences is of order n−γ/3, with maximal convergence rate n−1/3

achieved when γ = 1. On the other hand, when forward differences are used,
δ must satisfy δ ≤ 2r. The inequality −γ + δ + 2r ≤ 0 continues to hold,
leading to setting r = γ/4 and an associated convergence rate of n−γ/4
which is maximized (at rate n−1/4) when γ = 1 is used in the algorithm.
So, use of central differences rather than forward differences improves the
convergence rate from n−1/4 to n−1/3 (and use of unbiased gradient estima-
tors, as in the Robbins-Monro algorithm, further improves the convergence
rate to n−1/2). An explicit description of the limit process ξ that arises in
the Kiefer–Wolfowitz context can be found in Kushner & Yin [224, Sec-
tion 10.3]. When δ = 4r and r = γ/6 (for the central difference scheme)
as required for maximizing the convergence rate, the process Ũ

n
does not

converge to zero but to a proper limit, thereby adding an additional term
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to the limit as described in (3.7); a similarly more complex limit (as com-
pared to (3.7)) arises in the setting of forward differences when δ = 2r and
r = γ/4.

4 Polyak–Ruppert Averaging

We note that when εn = n−γ , the εn are slowly changing when n is large, in
the sense that (εn+1 − εn)/εn → 0 as n→∞. Because the εn are roughly
constant over long time scales, this suggests studying the stochastic ap-
proximations in the case that εn = ε for n ≥ 1. Assume that (2.1) is driven
by “martingale difference” noise. In this case, the θn form a Markov chain
with stationary transition probabilities. When ε is small and −KH(θ∗)
is a Hurwitz matrix, one expects the point θ∗ to be “attracting” and the
chain to possess a stationary distribution with a mean close to θ∗. In such
a context, it is clear that a better estimate of θ∗ will be achieved by using
the average (θ1 + · · · + θn)/n, rather than depending solely on the final
value θn of the chain.

This averaging idea was independently developed by Polyak [291] and
Ruppert [321]; see also Polyak & Juditsky [292]. Consider the Robbins–
Monro algorithm (so that the Un vanish and βn = εn) with εn = n−γ and
0 < γ < 1 (note that when γ < 1, the εn are “more constant”). Recall that
the stochastic approximation is described by the limit process ξ, in the
sense that the shifted/interpolated process converges weakly in D[0,∞).
Because we are interested in the effect of averaging, we take advantage of
the functional weak convergence of ξn to ξ to yield

1
t

∫ t

0

ξn(s) ds → 1
t

∫ t

0

ξ(s) ds

for each fixed t > 0. Note that ξn over [0, t] describes the algorithm (2.5)
over the iterations that are numbered n through n+ �t/εn�. Furthermore,
the step-lengths εn, . . . , εn+
t/εn� are all roughly constant (when n is large),
so that

εn
t

n+
t/εn�∑

k=n

ε−1/2
n (θn − θ∗) − 1

t

∫ t

0

ξn(s) ds → 0

as n→∞, and hence

εn
t

n+
t/εn�∑

k=n

ε−1/2
n (θn − θ∗) → 1

t

∫ t

0

ξ(s) ds

as n→∞. Since ξ is a mean-zero Gaussian process,

1
t

∫ t

0

ξ(s) ds ∼ N
(
0,Σ2

ξ

)
, where Σ2

ξ
def=

1
t2

∫ t

0

∫ t

0

E
[
ξ(u1)ξ(u2)T

]
du1 du2 .
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The covariance function of ξ is easily computable:

E
[
ξ(s+ u)ξ(s)T

]
=

{
exp{−KH(θ∗)u}R u ≥ 0,
exp{H(θ∗)KT}R u ≤ 0,

where R is defined in (3.8). Note that
∫ t

0

∫ t

0

E
[
ξ(u1)ξ(u2)T

]
du1 du2

=
∫ t

0

∫ t

0

E
[
ξ(0)ξ(u1 − u2)T

]
du1 du2 ∼ t

∫ t

0

E
[
ξ(0)ξ(u)T

]
du

= t
[(
KH(θ∗)

)−1
R + R

(
H(θ∗)KT

)−1] (4.1)

as t→∞. But R satisfies the Ricatti equation

R
(
H(θ∗)KT

)
+
(
KH(θ∗)

)
R = KΣKT , (4.2)

as is easily verified by direct integration of (3.8). Premultiplying through
(4.2) by

(
KH(θ∗)

)−1 and postmultiplying by
(
H(θ∗)KT

)−1, we conclude
that

(
KH(θ∗)

)−1
R + R

(
H(θ∗)KT

)−1

=
(
KH(θ∗)

)−1
KΣKT

(
H(θ∗)KT

)−1 = Λξ ,

where

Λξ
def= H(θ∗)−1ΣH(θ∗)−1 .

Thus,

1√
t

∫ t

0

ξ(s) ds → N (0,Λξ) (4.3)

as t→∞.
It follows that when n is large and t is large, we may conclude that

(εn
t

)1/2
n+
t/εn�∑

k=n

ε−1/2
n (θn − θ∗) D≈ N (0,Λξ) . (4.4)

This can now be compared against the optimal rate of convergence that is
achieveable for the Robbins–Monro algorithm, namely that obtained when
εn = n−1 and K = H(θ∗)−1. We established earlier that with these
choices, we can expect n1/2(θn−θ∗) to converge to a Gaussian distribution
having mean zero and covariance matrix Λξ. Hence, the covariance struc-
ture that appears when one averages over the iterates n, n+1, . . . , n+�t/εn�
match the optimal covariance structure, at least when n and t are large.
Furthermore, the standard deviation of the average depends on the “win-
dow size” w def= �t/εn� through the factor w−1/2, matching the square-root
convergence rate of the optimal version of the Robbins–Monro algorithm.
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This suggests attempting to use the “window” of iterates numbered 1
through n as a basis for constructing an averaging scheme that will match
the optimal rate of convergence achieveable by the Robbins–Monro method.
In particular, consider the estimator

θn
def=

1
n

n∑

i=1

θi ,

where (as above) εn = n−γ with 0 < γ < 1, and K is chosen arbitrarily
(modulo the requirement that −KH(θ∗) be a Hurwitz matrix).

Observe that when n = k1 + · · · + km, θn can be viewed as a weighted
average of θ̂1, . . . , θ̂m, in which each θ̂i is itself an average over a window of
size ki (and with weights ki/n). By choosing ki appropriately, (4.4) applies
to each of the m “window averages” θ̂1, . . . , θ̂m, so that

θ̂i
D≈ θ∗ +

1√
ki
V i , where V i ∼ N (0,Λξ) .

Furthermore, because of the presence of “mixing effects” (as evidenced
in the fact that the limit process ξ itself mixes), the V i are asymptotically
independent. This leads to the conclusion that

θn
D≈ θ∗ + N (0,Λξ/

√
n) .

In other words, when one runs the Robbins–Monro algorithm with γ ∈
(0, 1) and computes the average θn, the average achieves the optimal rate
of convergence associated with a γ = 1 implementation of Robbins–Monro,
despite the fact that the optimal K∗ = H(θ∗)−1 is not known and not
used by the algorithm. In addition, use of γ = 1 leads to larger step sizes,
allowing to move more rapidly to the optimizer in the early iterations of
the algorithm. It should also be noted that the averaging scheme provides
optimal rates when −KH(θ∗) is Hurwitz, while one must require I/2 −
KH(θ∗) to be Hurwitz for an γ = 1 implementation of Robbins–Monro to
achieve an optimal convergence rate.

The above theoretical advantages of averaging have been observed in
many empirical implementations. As a consequence, averaging has become
a widely used tool in the context of stochastic approximation. For a full
theoretical development of this topic, see Kushner & Yin [224, Chapter 11].

Remark 4.1 Note that applying averaging for γ = 1 does not have sim-
ilar beneficial effects. One way of seeing this is to note that because the
covariance structure of ξ differs when γ = 1, it is no longer the case that
(4.4) holds. Hence, applying averaging to the limit ξ does not lead to the
optimal covariance structure achievable for Robbins–Monro when γ = 1,
suggesting that averaging is not effective for γ = 1. �
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5 Examples

5a Numerical Illustrations in a PERT Net Example
As in VII.5.1, consider the minimization of

z(θ) = E max
(
θX1 +X2, (1− θ)X3

)

in a simple PERT net, where X1, X2, X3 are Erlang(2) with means 1, 2, 3.
The correct minimizer is θ∗ = 0.625.

We used the Robbins–Monro algorithm with εn = cn−δ and the estimator
Y for z′(θ) evaluated by averaging the IPA estimator (cf. again VII.5.1)
over m replications. All runs used θ0 = 0.4 and a = 0.1.
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FIGURE 5.1

In Figure 5.1, we tookm = 10 and δ = 0.4 in the top panel, δ = 0.6 in the
middle one and δ = 0.8 in the bottom one. Figure 5.2 contains the same
runs, but the plotted quantity is the Polyak–Ruppert average

∑k
1 θj/k,

k = 1, . . . , n.
In Figure 5.3, we took different values m = 10, 100, 1, 000 in the three

panels and adjusted the run length n by keeping nm fixed; the computa-
tional effort is then roughly the same, provided generation of the derivative
estimates consumes the main part of the computer time.

Whereas these figures suggest certain obvious conclusions on optimal
choice of parameters, one should be aware that we are dealing with an unre-
alistically simple example, and that practical experience shows that tuning
of the parameters in general has substantial influence on the performance of
the Robbins–Monro procedure and has to be done on a case-by-case basis.
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5b A Queuing Example
Many decision problems in today’s performance engineering involve the
choice of routing protocols in networks. For an extremely simple example,
consider a priority two-server queue. Customers of two types A,B arrive
according to independent Poisson processes with rates λA = 0.9, λB = 0.8
and have i.i.d. standard exponential service times. The two servers work
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at rates μ1, μ2. The penalty of a type-A customers is his delay and that
of a type-B customer three times his delay. Type-B customers have higher
priority and are always allocated to the fast server, those of type A to the
slow server w.p. 1 − θ and to the fast w.p. θ. The customers at server 2
are served in the order of arrival, that is, B customers are not given any
advantage. The goal is to minimize the expected steady-state penalty z(θ).

�
λ = λA + λB

�λA(1− θ) 1

�λAθ + λB 2

�
μ1

�
μ2

Figure 5.4.

In this model, there is of course no need for stochastic optimization: the
queues at the two servers are M/M/1 queues with arrival rates λ1(θ)

def=
λA(1 − θ), λ2(θ)

def= λAθ + λB , and a fraction λ1(θ)/λ of the customers go
to server 1, λ2(θ)/λ to server 2 where λ def= λA + λB = λ1 + λ2. Further, a
fraction λAθ/λ2(θ) of the customers at server 2 are A customers, λB/λ2(θ)
are B customers. Since the mean delay in the M/M/1 queue with arrival
rate λi and service rate μi is λi/μi(μi − λi), we have therefore

z(θ) =
λ1(θ)2

λμ1

(
μ1 − λ1(θ)

) +
( λAθ

λ2(θ)
+ 3

λB
λ2(θ)

) λ2(θ)
λμ2

(
μ2 − λ2(θ)

) .

The function z(θ) is plotted in Figure 5.5; there is a unique minimum at
θ∗ = 0.372 and z(θ∗) = 1.487.

For numerical stochastic optimization, one can use a similar regenerative
representation as in Remark 2.3. The cycle τ starts by a customer entering
a system with both servers idle and terminates when a customer again
meets this state. Let B0, B1, . . . be i.i.d. Bernoulli(θ), such that customer k
goes to server 1 if he is of type A and Bk = 0, and to server 1 if he is of type
A and Bk = 1. A single B has density θb(1− θ)1−b w.r.t. counting measure
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on {0, 1}, from which it follows easily that the score is (B − θ)/
[
θ(1− θ)

]
,

and the score of customers 0, . . . , n is therefore

Sn
def=

n∑

k=0

Bk − θ)
θ(1 − θ)

1{customer k is of type A} .

We have z(θ) = z1(θ)/z2(θ), where z1(θ)
def= Eθ

∑τ−1
0 Wn, z2(θ)

def= Eθτ ,
so that

z′(θ) =
1

z2(θ)2
[
z′1(θ)z2(θ)− z1(θ)z′2(θ)

]
,

where

z′1(θ) = Eθ

[
τSτ−1

]
= Eθ

τ−1∑

n=0

Sn, z′1(θ) = Eθ

τ−1∑

n=0

WnSn .

Thus we have to search for a root of ϕ(·), where

ϕ(θ) def= Eθ

(
τ1V2 + τ2V1 − ξ1W2 − ξ2W1

)
,

where
(
τ1, V1, ξ1,W1

)
,
(
τ2, V2, ξ2,W2

)
are independent copies of

(
τ, V, ξ,W

)
,

where

V
def=

τ−1∑

k=0

WkSk , ξ
def=

τ−1∑

i=0

Sk , W =
τ−1∑

k=0

Wk .

5c The Stochastic Approximation EM Algorithm
The EM algorithm is one of the main tools for performing maximum likeli-
hood (ML) estimation in the absence of full data information (incomplete
observations, lost data, etc.). An introduction is given in A4; the algorithm
has two steps, the E-step, which involves computing a conditional expec-
tation, and the M-step which is a maximization. The M-step is the same
as in the presence of complete observations and therefore often easy. Thus,
the main difficulty is usually the E-step, in which the relevant conditional
expectations may be computed by simulation, leading to the Monte Carlo
EM algorithm or the stochastic EM algorithm. We outline here a variant,
the stochastic approximation EM algorithm, which actually can be fitted
into the Robbins–Monro framework.

We will work in the framework of primary importance for the EM
algorithm, exponential families with density

fθ(v) def= eθTt(v)−κ(θ) (5.1)

w.r.t. some reference measure μ(dv), where v is the vector of (completely)
observed values. The ML estimator is then often some nice explicit function
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θ̂
def= θ̂

(
t(v)

)
of t(v), where v is the observed outcome of the r.v. V with

the prescribed density fθ.
To fit the stochastic approximation EM algorithm into the Robbins–

Monro framework one needs to view it as an algorithm looking for a zero
of a function h of the sufficient statistic t rather than the parameter θ.
To this end, we will assume that the MLE θ̂ is a 1-to-1 function of the
observed t(v) (as is typically the case). The EM updating (A4.4) then
means that tn+1 = Eθ̂(tn)

[
t(V )

∣∣Y
]
, where Y is the vector of actually

observed quantities. Thus the desired fixpoint (hopefully corresponding to
the MLE) is the zero of

h(t) def= Eθ̂(t)

[
t(V )

∣∣Y
] − t .

To apply the Robbins–Monro updating to get tn+1 from tn, we need an
unbiased estimate of h(tn), which is obtained as

1
m

m∑

1

t(Vn,j) − tn

(cf. (A4.5)) by computing θ̂(tn) and simulatingm replicates Vn,1, . . . ,Vn,m
of V from Pθ̂(tn). The Robbins-Monro updating is thus

tn+1
def= tn − εn

[ 1
m

m∑

j=1

t(Vn,j) − tn

]
.

See further Cappé, Moulines, & Rydén [65], where also some numeri-
cal illustrations of the performance of the stochastic approximation EM
algorithm are given.

Exercises

5.1 (A) The assignment is to experiment with the Monte Carlo EM algorithm
and the stochastic approximation EM algorithm in an example of rounded data
from the bivariate N (0,Σ) distribution. There are n = 10,000 (simulated)
observations

(
(Y11, Y12), . . . , (Yn1, Yn2)

)
given by the following table:

−4 −3 −2 −1 0 1 2 3 4
−4 0 0 1 0 2 0 1 0 0
−3 0 0 4 21 13 17 4 0 0
−2 0 2 46 142 207 166 49 2 0
−1 0 10 151 628 867 554 130 11 2

0 2 23 220 911 1465 902 249 19 0
1 0 13 134 538 950 624 182 9 1
2 1 6 32 161 259 157 36 5 0
3 0 0 5 17 21 18 6 1 0
4 0 0 0 2 0 1 0 0 0

Thus, for example, out of the n bivariate normals
(
(V11, V12), . . . , (Vn1, Vn2)

)
, 142

had round(Vi1) = −1 and round(Vi2) = −2.
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Hints: You will need to generate N (0,Σ) r.v.’s (V1, V ) conditioned on
round(V1) = k and round(V2) = 
. One way is to use inversion of one-dimensional
conditioned normal r.v.’s (the relevant backgorund is in II.2a), gnerating first the
V1-component according to its marginal distribution and next the V2-component
according to the conditional distribution given V1, cf. A1. As check of your results:
the Σ used for generating the data was

(
2 −2
−2 4

)
.



Chapter IX
Numerical Integration

All Monte Carlo computations involve expectations z = EZ of a r.v. Z,
which can in principle be expressed as functions of our driving sequence
{Un}n=1,2,... of i.i.d. uniform r.v.’s, so that

Z = g
(
U1, U2, . . .

)

for some function g. When g depends only on a (fixed) finite number d of
such Un’s, the expectation

z = EZ =
∫ 1

0

· · ·
∫ 1

0

g(x1, . . . , xd) dx1 · · · dxd
def=

∫

Hd

g(x) dx

can be viewed as an integral on the d-dimensional unit hypercube Hd
def=

[0, 1]d. This raises the possibility of computing z = EZ by appealing to
the extensive literature on (deterministic) numerical integration.

1 Numerical Integration in One Dimension

Suppose that we wish to numerically compute the integral

z =
∫ 1

0

g(x) dx (1.1)

via a finite number m of function evaluations. Assuming that we choose to
numerically evaluate g at the points r1, . . . , rm, a natural class of integration
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schemes are those that are linear in g(r1), . . . , g(rm), so that the numerical
approximation to z takes the form

ẑm =
m∑

i=1

wig(ri) (1.2)

for some set of weights w1, . . . , wm. Such an integration scheme is char-
acterized by the choice of weights w1, . . . , wm and evaluation points
r1, . . . , rm.

Suppose that we have a good selection of weights w1, . . . , wm and points
{r1, . . . , rm} ⊂ [0, 1]. Assuming that we are prepared to do n = km func-
tion evaluations, the effect of the integration rule (1.2) based on n points
can be “compounded” by applying it to integrate g over each of the k subin-
tervals

[
ik, (i+1)k

]
for 0 ≤ i < k, so that

∫ (i+1)/k

i/k g(x) dx is approximated
by

1
k

m∑

j=1

wjg
(
i/k + rj/k

)
. (1.3)

This leads to a so-called compound integration rule (using nk function
evaluations) based on the weights w1, . . . , wm and points r1, . . . , rm, where
(1.1) is approximated by

1
k

m∑

j=1

k−1∑

i=0

wjg
(
i/k + rj/k

)
. (1.4)

When k is large, each of the above subintervals has a small width h = 1/k.
This suggests that g, over each subinterval

[
ik, (i + 1)k

]
, should be well

approximated by a low-order polynomial (assuming smoothness of g). In
particular, the difference between g and its pth-order (polynomial) Taylor
expansion is then of order hp+1. Thus, if we can select weights w1, . . . , wm
and points r1, . . . , rm such that the rule (1.2) exactly integrates all poly-
nomials of degree p, the integration error of our compound integration rule
will be of order n−p−1 in the number of function evaluations n. Hence, in
the presence of smoothness of the integrand g, the development of integra-
tion rules with a fast rate of convergence reduces to the question of how to
develop rules of type (1.2) that exactly integrate all low-order polynomials.

Assuming that the m (distinct) points r1, . . . , rm are fixed, we have m
decision variables w1, . . . , wm to be chosen at our discretion, so that a
good choice of weights should lead to a rule of type (1.2) capable of exactly
integrating all polynomials of order m or smaller, leading to a compound
convergence rate of n−m. Clearly, such a choice of weights w1, . . . , wm can
be found as the solution to the linear system of equations

m∑

i=1

wir
k
i =

∫ 1

0

xk dx =
1

k + 1
(1.5)
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for k = 0, 1, . . . ,m− 1. This linear system has a unique solution, namely

wi =
∫ 1

0

w(x)
w′(ri)(x− ri)

,

where w(x) def=
∏m
i=1(x− ri). When ri = (i− 1)/(m− 1) for i = 1, . . . ,m,

this integration rule is known as a Newton–Cotes integration rule.

Example 1.1 Let m = 2. Then in the Newton–Cotes setting, (1.5) means
that w1 +w2 = 1, w1 · 0 +w2 = 1/2, so w1 = w2 = 1/2, and (1.4) becomes

1
2k
(
g(0) + 2g(1/k) + 2g(2/k) + · · ·+ 2g((k − 1)/k) + g(1)

)
. (1.6)

This approximation is known as the trapezoidal rule. See further Exercise
1.1 for the case m = 3 (Simpson’s rule). �

Of course, the points r1, . . . , rm are also decision variables that may be
chosen at our discretion. When combined with the weights w1, . . . , wm, this
offers 2m decision variables, suggesting the possibility that a good choice
of both points and weights should be capable of exactly integrating all
polynomials of degree 2m− 1 or smaller, leading to a convergence rate for
the corresponding compound rule of order of n−2m. Such a rule requires
solving the nonlinear system of equations

m∑

i=1

wir
k
i =

1
k + 1

, 0 ≤ k ≤ 2m− 1,

for the wi and ri. Remarkably, Gauss showed that such a selection of points
is possible, leading to the integration rules known as Gaussian quadrature
rules.

Let as usual
〈
g1, g2

〉 def=
∫ 1

0

g1(x)g2(x) dx

be the inner product in L2[0, 1], the space of square (Lebesgue) integrable
functions on [0, 1]. By applying Gram–Schmidt orthogonalization to the
sequence 1, x, x2, . . ., we arrive at a sequence of orthonormal functions p0 =
1, p1, p2, . . . for which

〈
pi, pj

〉
= δij and pi is a polynomial of degree i.

Furthermore, the roots r1, . . . , rm of pm are real and distinct, and lie in the
interval [0, 1]. Put

wi
def=

∫ 1

0

1
p′m(ri)(x− ri)

pm(x) dx , 1 ≤ i ≤ m.

It turns out that the wi are necessarily positive and sum to one (and hence
can be interpreted as a probability distribution on {r1, . . . , rm}). Further-
more, the rule (1.2), with this specific choice of the wi and ri, exactly
integrates all polynomials of degree 2m − 1 or smaller, providing a com-
pound Gaussian quadrature rule with corresponding rate n−2m. See Evans
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& Swartz [114, pp. 110–113] for a more detailed discussion; numerical inte-
gration is a topic treated in virtually every textbook in numerical analysis,
e.g., Press et al. [293].

Exercises

1.1 (TP) Show that the analogue of (1.6) for m = e (Simpson’s rule) is

1

6k

(
g(0) + 4g(1/2k) + 2g(/1k) + 4g(3/2k) + · · ·+ 4g((2k − 1)/2k) + g(1)

)
.

2 Numerical Integration in Higher Dimensions

As in the one-dimensional setting, it is natural to compute an approxima-
tion to the integral

z =
∫

Hd

g(x) dx

using a linear combination of function evaluations g(r1), . . . , g(rm) at the
points r1, . . . , rm lying in the hypercube Hd = [0, 1]d, namely via

ẑm =
m∑

i=1

wig(ri) (2.1)

for suitable weights w1, . . . , wm. Given an integration rule of the form (2.1),
its effect can be compounded by partitioning the d-dimensional hypercube
into kd subhypercubes of equal volume k−d and applying the rule (2.1) to
each subhypercube, analogous to (1.3) in the one-dimensional setting.

A natural means of generating integration rules in the d-dimensional
context is to leverage the theory just presented in the one-dimensional
setting. In particular, given a one-dimensional integration rule of the form
(1.2), with weights w1, . . . , wm and points {r1, . . . , rm} ⊂ [0, 1], consider
the product integration rule

m∑

i1

m∑

i2

· · ·
m∑

id

wi1wi2 · · ·widg
(
ri1 , ri2 , . . . , rid

)
. (2.2)

If the wi and ri are chosen to exactly integrate all single variable polyno-
mials of degree m− 1 or less, then all monomials of the form xq11 x

q2
2 · · ·xqd

d

with 0 ≤ jk ≤ m − 1 for 1 ≤ k ≤ d can be exactly integrated. Since all
polynomials of degree m− 1 or less on Hd are linear combinations of such
monomials, it follows that such a product integration rule will exactly inte-
grate all such polynomials. Assuming one uses a compound version of such
a rule (on each of kd different subhypercubes of equal volume k−d), this
suggests an integration error of order k−m. Of course, the number of points
at which g must be evaluated is n = (mk)d, so that the integration error
is of order n−m/d when expressed in terms of n. The rapid degradation of
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the convergence rate as a function of the dimension d is a manifestation of
the so-called curse of dimensionality.

Note that if the wi and ri are chosen according to a one-dimensional
Gaussian quadrature rule, then the wi form a probability mass function on
the ri and

(
wi1wi2 · · ·wid

)
1≤ik≤m, 1≤k≤d

can be viewed as a probability mass function (corresponding to the product
measure) on {r1, r2, . . . , rm}d. This suggests the possibility of computing
the sum (2.2) via Monte Carlo sampling, potentially significantly reducing
the associated number of function evaluations; see Evans & Swartz [113]
for a discussion.

An alternative approach to developing higher-dimensional integration
rules is to directly attack the question of choosing weights w1, . . . , wm and
points r1, . . . , rm such that (2.1) will exactly integrate all polynomials on
[0, 1]d of degree less than or equal to p. Note that the points r1, . . . , rm
need not lie on a lattice, and hence the rule need not be of product type.
Exact integration of all polynomials of degree p or less is equivalent to exact
integration of all monomials xq11 · · ·xqd

d with q1 + · · ·+ qd ≤ p. The number
of such monomials is

( d+ p
d

)
, (2.3)

so in principle, such an integration rule should exist so long as the number
of decision variables 2m is at least (2.3). To find appropriate such weights
and points, one must solve a nonlinear system of equations corresponding
to that associated with Gaussian quadrature in one dimension. Of course,
for fixed evaluation points r1, . . . , rm, the problem of choosing appropriate
weights involves solving a linear system of equations in m unknowns and
the number m∗ of equations given by (2.3). Typically, one expects this
to be uniquely solvable when m = m∗. Of course, a product integration
rule involving function evaluations at (p+ 1)d points or fewer is capable of
exactly integrating all polynomials of order p or less. However, the fact that
(p+1)d ≤ m∗ suggests that such product integration rules are less efficient
than the rules that can be potentially developed by extending Gaussian
quadrature to d dimensions. Nevertheless, the exponential explosion of the
number of monomials of degree less than or equal to p as a function of
d causes some computational degradation in the convergence rate (even
in a high-dimensional Gaussian quadrature rule) as d increases. This is
another manifestation of the curse of dimensionality and is an explanation
for why the theory of this section is rarely implemented in practice in
high-dimensional settings (d ≥ 4).
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3 Quasi-Monte Carlo Integration

The quasi-Monte Carlo method (QMCM) is a numerical integration
method. It is reminiscent of Monte Carlo integration1 in that it uses
estimates of the form

∫

Hd

f(x) dx ≈ 1
n

n∑

i=1

f(xi) (3.1)

for suitable points x1, . . . ,xn in the unit hypercubeHd = [0, 1]d to estimate
the integral of a function f : Hd → R. The difference is the way the xi
are chosen, which aims to fill Hd more regularly than can be achieved by
randomness. The gain is a rate of convergence, potentially close to O(1/n),
that is better than the O(1/

√
n) attained by the Monte Carlo method. This

is illustrated in Figures 3.1, 3.2, where we have considered estimation of

z =
∫

H4

(x1 + x2)(x2 + x3)2(x3 + x4)3 dx1 dx2 dx3 dx4 ≈ 2.63

using the estimate (3.1) and plotting it as function of n = 1, . . . , 50,000. In
Fig. 3.1, the broken curve is the Monte Carlo estimate, where the xi are
quadruples of standard pseudorandom numbers. For the solid curve, we
used instead a particular QMCM sequence, namely the Halton sequence in
dimension d = 4 (see below). It is seen that the QMCM estimate stabi-
lizes much faster that the Monte Carlo estimate. The slow rate at which
the Monte Carlo estimate converges to the correct value is illustrated in
Figure 3.2, where three independent Monte Carlo runs are plotted for
n ≤ 1,000,000.

The motivation for the use of the QMCM comes to a large extent from
numerical examples like this, and the method has recently become popular
within the area of mathematical finance. There are of course also costs and
restrictions on the applicability; we return to this in Section 3.3d.

A main reference for QMCM is Niederreiter [278]; Glasserman [133] gives
a survey based on this reference, which is somewhat more extensive than
our treatment. See also Caflish [64], L’Ecuyer & Lemieux [233], and Mo-
rokoff [262]. A link to the main conference series in the area is given in
[w3.20].

3a An Example: Nets
The property of regular spacing referred to above is usually termed low
discrepancy (we discuss rigorous definitions of this in Section 3.3c). A typ-
ical example of a low-discrepancy set is a (t,m, d) net with base b, defined

1But not more refined quadrature rules like the ones discussed in Sections 1, 2, which
will usually apply more sophisticated weights than 1/n in (3.1).
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as a set of n = bm points in Hd such that exactly bt points fall into a
prespecified family of b-ary boxes of volume bt−m (here obviously t ≤ m).
We will consider only the case b = 2. A binary box is then a subset of Hd

of the form
d∏

i=1

[
ai2−ji , (ai + 1)2−ji

)
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with ji ∈ N and ai ∈ {0, 1, . . . , ji − 1}. For example,

[3/8, 1/2 = 4/8)× [3/4 = 6/8, 7/8) and [1/2, 3/4)× [3/4 = 12/16, 13/16)

are binary boxes of the appropriate type of volume 2−6 for d = 2 but
[5/8, 7/8)× [3/4, 13/16) is not (even if the volume is 2−6).

The concept of a net has the drawback of fixing the number n = bm of
points in advance. This is inconvenient in particular in situations in which
it is not known how large a value of n is required. To resolve these problems,
one defines an infinite sequence {xk}k∈N

to be a (t, d)-sequence if for all
m > t the jth segment of length bm is a (t,m, d) net in base b.

3b Specific Low Discrepancy Sequences
Nets and (t, d)-sequences have obviously desirable properties in terms of
filling Hd. However, the known algorithms for generating them are quite
complex and if implemented by an average user in a standard toolbox or
programming language, speed will be inferior compared to built-in pseudo-
random numbers. Therefore, one will usually apply standard packages (e.g.,
[w3.12], [w3.13]) for such structures; efficient generation is for the specialists.
In the following, we present some different low-discrepancy sequences that
have weaker regularity but are easier to generate.

For each k ∈ N and each b (typically a prime), we let a0(k), a1(k), . . .
denote the coefficients in the (unique) expansion

k =
∑

j

aj(k)bj , where aj(k) ∈ {0, 1, . . . , b− 1} , (3.2)

of k in powers of b (the sum is of course always finite: aj(k) = 0 at least
for j > logb k). Here 0 ≤ aj(k) < b. We will denote by ψb(k) the radical
inverse of k,

ψb(k) =
∑

j

aj(k)b−j .

This mapping “flips aj = aj(k) around the radix to the base-b fraction
.a0a1 . . ..” For example, ψ10(1043) = 0.3401 and ψ2(368) = 29/512 since
the binary representations of 368 and 29/512 are respectively 101110000
and 0.000011101, i.e.,

368 = 0 · 20 + 0 · 21 + 0 · 22 + 0 · 23 + 1 · 24 + 1 · 25 + 26 + 0 · 27 + 1 · 28,

29

512
=

16 + 8 + 4 + 1

512
=

0

2
+

0

4
+

0

8
+

0

16
+

1

32
+

1

64
+

1

128
+

0

256
+

1

512
.

The base-b Van der Corput sequence is {ψb(k)}k∈N
. Its element 0 is 0

(as for many specific low-discrepancy sequences), the next 1/2, the two
next 1/4, 3/4, the four next 1/8, 5/8, 3/8, 7/8, and so on. Van der Corput
sequences are key ingredients in many practically relevant low-discrepancy
sequences. In particular, a Halton sequence in dimension d is a sequence



268 Chapter IX. Numerical Integration

{xk}k∈N
obtained by choosing d relatively prime integers b1, . . . , bd and

letting

xk =
(
ψb1(k), . . . , ψbd

(k)
)
.

Usually, b1, . . . , bd are the first d of the primes 2, 3, 5, 7, 11, . . .; in particular,
this choice was made in Figure 3.3 below.

Remark 3.1 The generation of a Halton sequence is most conveniently
done recursively by updating a0(k), a1(k), . . . (the coefficients in the ex-
pansion of k in powers of b ∈ {b1, . . . , bd}) to a0(k + 1), a1(k + 1), . . . . To
this end, write aj = aj(k) and note that if a0 < b − 1, then the updating
simply amounts to incrementing a0 by 1. Otherwise, if a0 = b − 1, a0 is
updated to 0 and one tries to update a1 in the same way, going on to a2

if a1 = b − 1. Representing the aj as a finite vector a = (a0, . . . , am) with
am 
= 0, the updating algorithm becomes:

(i) i←− 0;

(ii) if ai < b− 1: ai ←− ai + 1; go to (iv);
else ai ←− 0; i←− i+ 1; if i < m+ 1, go to (ii);

(iii) a←− (a, 1);

(iv) return a.

Note that step (iii) is executed only if k = bm−1, in which case the updating
results in

a =
(
b− 1, b− 1, . . . , b− 1
︸ ︷︷ ︸

m+1

) −→ (
0, 0, . . . , 0
︸ ︷︷ ︸

m+1

, 1
)

�

The low-discrepancy properties of the Halton sequence is illustrated in
Figure 3.3 which shows the extent to which the bivariate marginals fill the
unit square well. The number of points is 1,000 and we have taken d = 16;
the [2, 3] in (d) (say) means that it is components 2 and 3 that are plotted
against each other, that is, the Van der Corput sequences with bases 3 and
5. As comparison, each of the three panels of Figure 3.4 contains 1,000
pseudorandom points in the unit square.

The figures show indeed the greater uniform coverage of the Halton se-
quence compared to random numbers, at least in the first components, and
this is what is behind the superiority in numerical integration problems
such as the one in Figure 3.1. On the other hand, some systematic devia-
tions start to show up for the higher-dimensional components (the points
get more concentrated on bands as the index of the component increases),
and this is indeed a problem. The deterioration of the performance of the
higher-dimensional coordinates can be seen from Figure 3.5, which is the
same as Figure 3.1 (with the Monte Carlo estimates omitted), except that
the xk are now components 13, . . . , 16 of the Halton sequence, not 1, . . . , 4.
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3c Discrepancy. The Koksma–Hlawka Bound
So far, we have kept the meaning of “low discrepancy” vague. The rigorous
discussion in the literature involves the concept of the discrepancy

D
(
x1, . . . ,xn; A

) def= sup
A∈A

∣
∣∣
# {i : xi ∈ A}

n
− |A|

∣
∣∣

(| · | = Lebesgue measure) of a finite set x1, . . . ,xn ∈ Hd relative to a
collection A of subsets of Hd.

The ordinary discrepancy D(x1, . . . ,xn) is obtained by letting A con-
sist of all rectangles

∏d
1[aj , bj), the star discrepancy D∗(x1, . . . ,xn) by
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imposing the restriction a1 = · · · = ad = 0 (for the connection, see Exer-
cise 3.2). It is known thatD∗(x1, . . . ,xn) grows at rate at least (log n)d−1/n
for any sequence x1,x2, . . ., and often the term “low discrepancy” is
restricted to sequences attaining this lower bound.

For a smooth function f on Hd, we define the variation (associated with
the names of Hardy and Krause) by

V (f) def=
d∑

k=1

∑

1≤i1<···<ik≤d

∫

Hd

∣
∣
∣
∣

∂kf

∂u1 · · ·∂uk
(
u(i1, . . . , ik)

)
∣
∣
∣
∣ dui1 · · · duik ,

where u(i1, . . . , ik) is the point in Hd with u(i1, . . . , ik)j = 1 when j 
∈
{i1, . . . , ik} and = uij otherwise. We can now state the Koksma–Hlawka
inequality:

∣
∣
∣
∣

∫

Hd

f(x) dx − 1
n

n∑

i=1

f(xi)
∣
∣
∣
∣ ≤ V (f)D∗(x1, . . . ,xn) (3.3)

(there is also a version for nonsmooth f that we omit).
The Koksma–Hlawka inequality justifies the statement that QMCM esti-

mators have close-to-O(1/n) convergence when implemented via sequences
that are low-discrepancy in the above strict (logn)d−1/n sense or close.
One drawback is that it is only an upper bound, so that in practice the
convergence is usually much faster (other concepts such as the L2 discrep-
ancy discussed in Drmota & Tichy [97] take account of this by discussing
averages over a class of integrands rather than the worst case). Another is
that the r.h.s. is difficult to compute; the star discrepancy has been evalu-
ated for some specific sequences, but most often the effort is considerable,
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and further, the integrals in V (f) are unknown and difficult to compute
(note that in realistic situations we don’t even know

∫
Hd
f !). A further

restriction on the usefulness is that V (f) = ∞ commonly occurs.

3d Discussion
(i) The typical application of QMCM is to evaluate integrals of the form∫

Ω ϕ(y) dy for a suitable region Ω ⊆ R
d. So far, we have restricted

Ω to Hd, but this is easily removed by a suitable transformation
Ω → Hd; see I.5.1.

(ii) It is widely believed that QMCM is efficient only if the dimension d
is fixed, so that one should avoid problems in which a stopping time
is involved (as for example in r.v. generation by rejection).
To illustrate this point, we considered a first-passage problem, com-
puting the probability z that a random walk with increments X def=
A−B distributed as the independent difference between exponential
r.v.’s with means 1 for A and 2 for B exits the interval (−4, 2) to the
right. Here

z = (1− e2/2)(2e− e−2/2) = 0.174

is explicitly available via martingale stopping.
Traditional Monte Carlo confirmed this number, while in replac-
ing pseudorandom numbers by the 2-dimensional Halton sequence
with R = 1,000 runs of the random walk up to exit time τ ,
there appeared to be convergence to 0.118 
= z. A combination in
which (A1, B1, A2, B2) were generated by the 4-dimensional Halton
sequence but the remaining A3, B3, . . . , Aτ , Bτ via pseudorandom
numbers gave convergence to the correct z, but did not improve the
precision significantly compared to the run with just pseudorandom
numbers.
Se further Exercise 3.3.

(iii) Concerning the dependence of the efficiency on d, the experience is
that standard quadrature rules outperform both MC and QMC for
small d, that QMC is the best of the three methods for moderate d,
and that MC is best for large d (largely because the order of the error
term does not depend on d as for the other two).

(iv) A universal advantage of MC as compared to QMC is that the error
bound (the confidence interval) is easy to compute, but the one for
QMC (the K-H inequality) is not. To remedy this, randomized QMC
has been suggested. This means (in the numerical integration setting)
that one selects a block size m and applies standard MC with R
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replicates of the estimator

Z
def=

1
m

m∑

i=1

f
(
xi +U

)
,

where x1, . . . ,xm is a fixed low-discrepancy sequence (the same for
all replications), U is uniform on Hd, and x+U is computed modulo
1 componentwise (the R replications use i.i.d. U1, . . . ,UR). Then a
confidence interval can be produced in a standard way. Randomized
QMCM has the further advantage of producing estimates that are
unbiased in the traditional sense.
Further randomization ideas are surveyed in L’Ecuyer & Lemieux [233].

(v) The problems associated with the higher-order components, as
demonstrated by Figure 3.5 and the surrounding discussion, can
sometimes be severe. One attempt to get out of this uses a repa-
rameterization (x1, . . . , xd) → (z1, . . . , zd) such that the zi influence
on f(z1, . . . , zd) is monotonically decreasing in i; the low-discrepancy
sequence is then used for the zi rather than the xi, thereby assign-
ing the more reliable first components of the sequence to the most
important variables. A notable example of this is generation of a
Brownian motion {B(t)}0≤t≤1 by bisection (see X.2b), where one
may use the first coordinate for B(1), the next for the normal r.v.
generatingB(1/2) using the Brownian bridge representation, the next
two for B(1/4), B(3/4), and so on. Associated with this approach is
the concept of effective dimension d′ < d, which roughly means that
the influence of xd′+1, . . . , xd on the integral of f(x1, . . . , xd) is minor.
Another approach to high dimensions is to use hybrid generators, that
is, sequences such that the first p components are one of the standard
QMCM sequences and the last d− p components are pseudorandom
numbers (say p = 50).

Once all of this is said, there is no doubt that QMCM can be highly
efficient for certain specific (and important) types of problems.

Exercises

3.1 (TP) Demonstrate why the bi used in the Halton sequence must be relatively
prime by considering the case d = 2, b1 = 2, b2 = 4.
3.2 (TP) Verify the inequality

D∗(x1,xn) ≤ D(x1,xn) ≤ 2dD∗(x1,xn)

in the case d = 2.
3.3 (A) Supplement (ii) of Section 3d by further runs using larger R, different
sequences of quasirandom numbers etc.
3.4 (A) Consider the same random-walk first-passage problem as in (ii) of Sec-
tion 3d. Redo the calculations there, using (a) QMC naively implemented via the
2-dimensional Halton sequence, (b) standard Monte Carlo, and (c) a combination
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of QMC and Monte Carlo explained below. Present (as in the text) the results
in terms of plots showing the convergence
Details for (c): use the 6-dimensional Halton sequence to generate U1, U2, U3, V1,
V2, V3. If τ > 3, generate U4, . . . , Uτ , V4, . . . , Vτ as traditional pseudorandom
numbers.
3.5 (A) Consider an Asian option with maturity T = 3 years, strike price K =
50, 100, or 150, r = 4%, and S(t) geometric Brownian motion with S(0) = 100
and yearly volatility 0.25. Compute the price using QMC implemented via the
Halton sequence. Present (as in the text) the results in terms of plots showing
the convergence and containing some Monte Carlo runs to compare with.
If time permits, redo using the Halton leap sequence instead. This is defined as the
Halton sequence sampled at bd+1, 2bd+1, . . ., where bd+1 should be taken prime
to b1, . . . , bd.
3.6 (A) Consider the NIG European call option in Exercise VII.2.3. Redo the
price calculation, using QMC implemented via the 2-dimensional Halton se-
quence. Present (as in the text) the results in terms of plots showing the
convergence and containing some Monte Carlo runs to compare with. Compare
also for a fixed number R of replications the precision of the estimates using
QMC, crude Monte Carlo, and Monte Carlo, where the variates in the routine
for generating the NIG r.v.’s are stratified.



Chapter X
Stochastic Differential Equations

1 Generalities about Stochastic Process Simulation

Let {X(t)}0≤t≤T be a stochastic process in discrete or continuous time. The
problem that we study in this and the following chapters is to generate a
sample path by simulation, where T is a fixed number (say T = 1) or a
stopping time.

The methods that we survey are highly dependent on the type of process
in question, and also on the type of application (what is the sample path
to be used for?). In some cases such as Lévy or stable processes, it may
even be nontrivial or impossible to generate one-dimensional distributions
(i.e., X(T ) for a fixed T ); we are then faced with a particular problem
in random-variate generation. In other situations such as stationary Gaus-
sian processes, the generation of X(T ) for a single T may be easy, but the
dependence structure may make it difficult to generate finite-dimensional
distributions (i.e., random vectors of the form

(
X(0), X(1), . . . , X(T )

)
in

discrete time, or a discrete skeleton in continuous time), in particular when
the dimension is high. A method that is suitable for a fixed T may not
be suitable if T is a stopping time; say the method is based on generating
discrete skeletons by bisection, starting with generating X(0), X(T ), then
supplementing with X(T/2), next with X(T/4), X(3T/4), and so on (see
further Section 2b). In continuous time, it may be straightforward to gen-
erate a discrete skeleton with the correct finite-dimensional distributions
(say in the case of Brownian motion), but using a discrete skeleton may
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introduce errors in the specific application, such as characteristics of the
first-passage time inf{t > 0 : X(t) ≥ x}.

The error criteria to be used depend on the type of application. If
one is interested in just generating X(T ) sufficiently accurately (in the
distributional sense), an appropriate error criterion may be

sup
f∈C

∣
∣Ef

(
X̃(T )

)− Ef
(
X(T )

)∣∣ (1.1)

for a suitable class C of smooth functions, where X̃(·) is the simulated
path.1 The accuracy of the sample path approximation can be measured
by criteria such as

E sup
0≤t≤T

∣
∣X̃(t)−X(t)

∣
∣ , (1.2)

assuming that X̃(·) and X(·) can be coupled (generated on a common
probability space) in a natural way, or, for some suitably chosen p, via an
Lp error criterion such as

E

∫ T

0

∣
∣X̃(t)−X(t)

∣
∣p dt, E

T∑

n=0

∣
∣X̃n −Xn

∣
∣p (1.3)

in continuous, respectively discrete, time.
For some continuous-time processes such as workloads in queues or queue

lengths and compound Poisson processes (with a possibly added linear
drift), there is a natural discrete event structure, that is, an embedded
sequence of points that determines the evolution of the process as a whole.
For many interesting processes such as general Lévy processes and solutions
to SDEs, this is not the case, and the process is then usually generated from
a discrete skeleton. Sometimes it then works quite well to define {X̃(t)}
by linear interpolation between grid points or by taking {X̃(t)} piecewise
constant, i.e., X̃(t) = X̃(nh) for nh ≤ t < (n+1)h, but in other cases such
procedures may be clearly unreasonable.

Remark 1.1 Note that if, as in (1.1), one wishes to compute expectations
of the form Ef

(
X(T )

)
for an SDE in a low dimension, an alternative to

simulation that is likely to be more efficient numerically is to solve the
corresponding backward PDE for

g(x, t) def= E
[
f
(
X(T )

) ∣∣X(t) = x
]
. (1.4)

Of course, if X is d-dimensional with d large, the use of PDE methods
for computing such expectations suffers from the same “curse of dimen-
sionality” as do conventional (non-sampling-based) numerical integration

1The notation X̃(·) is used only at this place. Later in this chapter, we will simulate
along a discrete grid 0, h, 2h, . . . and then write Xh(·) for the simulated path.
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methods in high dimensions. This makes simulation-based methods at-
tractive for computing either expectations of complex path-dependent
functionals (regardless of dimension) or computing expectations of smooth
functionals of X(T ) when d is (say) greater than or equal to 3. �

2 Brownian Motion

Let {B(t)}t≥0 be standard Brownian motion (BM). Throughout this

chapter, we use the notation thn
def= nh, Δh

nB
def= B(thn)−B(thn−1).

The generation of BM along the discrete skeleton 0, th1 , t
h
2 , . . . is straight-

forward: just generate the increments Δh
nB as i.i.d. N (0, h) variables and

let

Bhn
def= B(thn) = Δh

1B + · · ·+ Δh
nB . (2.1)

In view of the simplicity of this procedure, there is not much literature
on the simulation of Brownian motion. A notable exception is Knuth [219].

2a The Error from Linear Interpolation
To generate a continuous-time version of BM is intrinsically impossible
because of the nature of the paths. This creates the problem that most
Brownian functionals cannot be generated exactly either from a discrete
skeleton or from other obvious discrete-event schemes.

An obvious procedure is to use linear interpolation between grid points.
Let T = 1, consider the grid thn

def= nh with h
def= hN

def= 1/N , and let
Bh(t) be generated as a Gaussian random walk at the thn as in (2.1) and
by linear interpolation in between; note that this introduces a particular
coupling between the approximation Bh(t) and the BM itself, namely, the
two processes are taken to coincide at the thn. The error as measured by the
criteria (1.2), (1.3) is then given by the following result:.

Proposition 2.1 Let h def= hN
def= 1/N . Then

E

∫ 1

0

∣
∣Bh(t)−B(t)

∣
∣ dt = c1/N

1/2

where c1 =
√

π/32. Further,
√
N/ logN E sup

0≤t≤1

∣
∣Bh(t)−B(t)

∣
∣ → c2

as N →∞ for some 0 < c2 <∞.

Proof. Let ZT (t) def= B(t) − (t/T )B(T ), 0 ≤ t ≤ T , denote the Brownian
bridge in the time interval 0 ≤ t ≤ T . Then

∫ 1

0 |Bh(t) − B(t)| dt has the
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same distribution as the sum of N independent copies of
∫ 1/N

0
|Z1/N (t)| dt.

By standard scaling properties of Brownian motion,
{
ZT (tT )

}
0≤t≤1

has
the same distribution as {√TZ1(t)}0≤t≤1, and so

E

∫ 1

0

∣
∣Bh(t)−B(t)

∣
∣ dt

= N E

∫ 1/N

0

∣∣Z1/N (t)
∣∣ dt = E

∫ 1

0

|Z1/N (t/N)| dt

= N−1/2
E

∫ 1

0

|Z1(t)| dt = N−1/2

∫ 1

0

√
2t(1− t)/πdt = N−1/2c1

(note that Z1(t) has a N (0, t(1− t)) distribution, that the expected value
of the absolute value of a N (0, 1) r.v. is

√
2/π, and that Beta(3/2, 3/2) =

π/8).
The second assertion follows by extreme value theory. First, as above,

sup0≤t≤1

∣∣Bh(t) − B(t)
∣∣ has the same distribution as the maximum

of N independent copies of sup0≤t≤1/N |Z1/N (t)|, which in turn has
the same distribution as the maximum of N independent copies of
sup0≤t≤1

∣
∣Z1(t)

∣
∣/N1/2. By extreme value theory, this maximum minus√

logN/N1/2 has a (scaled) Gumbel limit distribution; for uniform
integrability, see Pickands [290]. �

Note that the rate of convergence in Proposition 2.1 is much slower than
in the deterministic case: if f(t) is a function of t ∈ [0, 1] and fh the function
obtained by linear interpolation using the same 1/N -grid as above, then
easy calculations using Taylor expansions show that

∫ 1

0

∣
∣fh(t)− f(t)

∣
∣ dt ∼ 1

12N2

∫ 1

0

|f ′′(t)| dt,

sup
0≤t≤1

∣∣fh(t)− f(t)
∣∣ ∼ 1

4N2
sup

0≤t≤1
|f ′′(t)|.

This is an important point in understanding the care that must be taken
in the simulation of SDEs.

2b Bisection
Assume as an example that we are interested in characteristics associated
with the first-passage time τ(x) def= inf {t ≥ 0 : B(t) ≥ x}. We can then
simulate a discrete skeleton

{
Bhn
}
, where Bhn

def= Bh(thn) = B(nh), and use

τn(x)
def= h · inf{n : Bhn ≥ x} as approximation. However, this obviously

overestimates τ(x), so one could consider making the skeleton finer and
finer so as to judge whether such a discrete approximation is sufficiently
accurate. We proceed to give the details for such algorithms.
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The basis is the observation that

B(t+ h)
∣
∣B(t) = a, B(t+ s) = b

∼ N
(
a+ (b− a)h/s, h− h2/s

)
, 0 < h < s,

as follows easily from the standard formula for conditioning in the
multivariate normal distribution (see A1). In particular,

B(t+ h)
∣∣B(t) = a, B(t+ 2h) = b ∼ N ((a+ b)/2, h/2) .

Consider {B(t)} in the time interval [0, 1]. The goal of bisection is to
generate a set of r.v.’s

bk0 , b
k
1 , . . . , b

k
2k−1, b

k
2k

that have the same joint distribution as

B(0), B(1/2k), . . . , B
(
(2k − 1)/2k

)
, B(1)

and the sample-path consistency property

bk2j = bk−1
j , j = 0, 1, . . . , 2k−1 . (2.2)

First generate b00, b01 by taking b00 = 0, b01 ∼ N (0, 1). If the bk−1
j have been

generated, define bk(i) by (2.2) for i = 2j. For i = 2j + 1, take bki ∼
N
(
y, 2−k−1

)
, where

y =
1
2
(
bk−1
j + bk−1

j+1

)
.

0 1

1
Δ1,1

Δ2,1 Δ2,2

Δ3,1 Δ3,2 Δ3,3 Δ3,4

FIGURE 2.1
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The construction is related to the wavelet representation of Brownian
motion; see Steele [346]. To see this, use the representation b01 = V0,

bki =
1
2

(
b2

k−1

j + b2
k−1

j+1

)
+ 2−(k+1)/2Vk,(i+1)/2

for i = 1, 3, . . . , 2k − 1, where the Vk,i are i.i.d. N (0, 1) r.v.’s and let
{bk(t)}0≤t≤1 be the process obtained by linear interpolation between the
bki . Then it is easy to see that

bk(t) = Δ0(t)V0 +
k∑

�=1

2−(�+1)/2
2�−1
∑

i=1

Δ�,i(t)V�,i ,

where Δ0(t) = t and the nonzero parts of Δ1,1(t),Δ2,1(t),Δ2,2(t),Δ3,1(t)
are the triangle function in Figure 2.1. In fact, the wavelet representation
states that

Δ0(t)Z0 +
∞∑

�=1

2−(�+1)/2
2�−1
∑

i=1

Δ�,i(t)V�,i

converges a.s. and defines a Brownian motion with continuous paths.
Bisection is well suited for combining with QMCM or stratification. In

both cases, one takes advantage of the fact that the Brownian path has
a shape that is to first order determined by V0, to the second by V1,1, to
the third by the V2,i and so on. Therefore, for QMCM one could let V0

and the V�,i, � ≤ k, be generated from a low-discrepancy sequence and the
V�,i with � > k from ordinary pseudorandom numbers (cf. the discussion of
hybrid generators in IX.3). For stratification, one could stratify the same
V ’s, possibly coarser for larger �.

Exercises

2.1 (A) Redo the Asian option in Exercise IX.6.2 for N = 6 sampling points,
using bisection and stratification. The simplest way may be to generate the
Brownian motion at N ′ = 8 half-yearly sampling points and ignore the last
two. The stratification can be done, for example, by taking eight strata for the
r.v. generating B(8), four for the one for B(4), and two for each of those for
B(2), B(6).
2.2 (A) Redo Exercise III.4.2 (the Kolmogorov–Smirnov test) using bisection and
stratification. The stratification can be done, for example, by taking eight strata
for the r.v. generating, B(1/2), and four for each of the ones for B(1/4), B(3/4).
What about B(1)?
2.3 (A) Consider an Asian option with maturity T = 10 years, strike price
K = 100, and sampled monthly. That is, the price is

e−rT
E
∗[AN(T )−K

]+
, where AN(T )

def
=

1

N

N∑

i=1

S(ti) ,

r = 4%, N = 120, S(t) is the price of the underying asset at time t, ti
def
= T/N ,

and E
∗ refers to the risk-neutral measure. It is assumed that S(t) is geometric
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Brownian motion with S(0) = 100 and yearly volatility 0.25. Thus, S(t) is
distributed as

S(0) exp
{(

r − 1
2
σ2)t + σB(t)

}

under P
∗, where B is standard BM. Compute the price using (a) ordinary (crude)

Monte Carlo (CMC), (b) CMC combined with bisection and stratification, and
(c) a hybrid QMCM generator combined with bisection.
For (b), (c), it may be easier to implement the bisection by generating up to
N ′ = 128 = 27 instead of N = 120. In (b), you may, for example, stratify B(N ′)
into 16 equiprobable strata and B(N ′/2) into 8 so that you get a total of S = 128
strata. The easiest way to perform the stratified sampling is probably to keep the
relevant restricted normals for each stratum in an array. The arrays are then
filled by sampling standard normals and moving them to the relevant array (if it
is not already full) until all of the S arrays are full. In (c), “hybrid” means that
the first (say) M of the needed N ′ uniforms are generated by something like the
Halton sequence and the rest as ordinary pseudorandom numbers.
2.4 (A) The stratification in Exercise 2.3 is a naive first attempt, and a much
larger variance reduction can be obtained by using a division into strata of
the range B(N ′), which is finer for large values and coarser for small values.
Experiment with this, using CMC only and stratifying B(N ′) only.

3 The Euler Scheme for SDEs

3a Generalities
In this and the following sections, we consider the SDE X(0) = x0,2

dX(t) = a
(
t,X(t)

)
dt + b

(
t,X(t)

)
dB(t) , t ≥ 0, (3.1)

subject to X(0) = x0, where {B(t)}t≥0 is standard Brownian motion. The
meaning of (3.1) is that

X(t) = x0 +
∫ t

0

a
(
s,X(s)

)
ds +

∫ t

0

b
(
s,X(s)

)
dB(s) , t ≥ 0, (3.2)

where the first integral is an ordinary integral and the second has to be
interpreted in the Itô sense. We discuss the multidimensional case in Sec-
tion 7 but assume now that everything is R-valued. Recall that thn

def= nh,
Δh
nB

def= B(thn)−B(thn−1). A numerical approximation ofX generated at the
thn and linearly interpolated in between will be denoted by

{
Xh(t)

}
0≤t≤1

,

so that Xh
n

def= Xh(thn) is the value at the nth grid point.

2Traditionally, μ(t, x) and σ(t, x) are used as much as a(t, x) and b(t, x), and we will
freely change between the two notations. Also, quite a few authors have the opposite
convention as here, to use a for standard deviation and b for drift.



3. The Euler Scheme for SDEs 281

SDEs occur in a variety of applications ranging from physics to biology
to mathematical finance. Of particular interest is the autonomous case, in
which a(x) = a(t, x) and b(x) = b(t, x) depend only on x but not on t. The
stochastic equation (3.1) describes the time evolution of a diffusion process
{X(t)}0≤t≤1, with drift function a(x) and diffusion coefficient b2(x), which
can be thought of as a process behaving as BM with drift a(x) and variance
b2(x) when at x. Some particularly notable diffusions are:
Geometric Brownian motion (GBM), in which a(x) = αx, b(x) =
βx. It can be expressed explicitly in terms of the driving BM as X(t) =
X(0) exp{(α− β2/2)t+ βB(t)}, and has lognormal marginals.
The Ornstein–Uhlenbeck process, in which a(x) = −αx, b(x) ≡ β
with α, β > 0. The Ornstein–Uhlenbeck (O–U) process is mean-reverting,
meaning that the drift points to a certain point z (here 0) in R. It can be
expressed explicitly in terms of the driving BM as

X(t) = e−αtX(0) + β

∫ t

0

e−α(t−s)dB(s)

or, equivalently (in a form free of stochastic integrals)

X(t) = e−αtX(0) + βB(t) − αβ

∫ t

0

e−α(t−s)B(s) ds .

A d-dimensional (time-varying) version of the O–U process takes the
form

dX(t) = A(t)
(
X(t)− z(t))dt + β(t) dB(t) ,

where A(t), z(t), β are (deterministic) matrix-valued functions of dimen-
sions d× d, d× 1, respectively d×m and B is a m-dimensional standard
BM. As for the O–U process, the solution X is Gaussian and can be ex-
plicitly computed (i.e., its mean and covariance functions are computable).
The explicit solution when d = m = 1 is

X(t) = eH(t)X(0) +
∫ t

0

eH(t)−H(s)
[
β(s)dB(s) − A(s)z(s) ds

]
,

where H(t) def=
∫ t
0
A(s) ds.

The Vasicek process is a translation X(t) def= z+Y (t) of an O–U process
Y with z > 0. Thus a(x) = −α(x − z), b(x) ≡ β. The Vasicek process
is often used as a model for a stochastic interest rate in finance, but a
sometimes controversial feature in that connection is the property that
it can attain negative values. Both the O–U and Vasicek processes are
Gaussian processes (have Gaussian finite-dimensional distributions) when
X(0) is Gaussian, in particular when X(0) is deterministic (X(0) = x0).
The d-dimensional Bessel process has a(x) = d, b(x) = 2

√
x. It can

be defined as a process with the same distribution as {‖Bd(t)‖}, where
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Bd(t) is standard d-dimensional BM (note that d is the dimension of the
underlying BM, not the Bessel process itself!). The Bessel(3) process has
in fact fundamental connections with the fine structure of Brownian paths;
see Rogers & Williams [305].

The above examples are all special cases of a general idea. Note that
because an O–U process X (a special case of which is BM) is Gaussian,
it can easily be simulated on a lattice. Of course, any process that can be
represented as Y (t) = f

(
X(t)

)
is then equally tractable. If f is 1-to-1, then

such a Y satisfies an SDE of the form

dY (t) =
[−αf ′(g(Y (t))

)
g
(
Y (t)

)
+ f ′′

(
g(Y (t))

)
β2/2

]
dt

+ βf ′
(
g(Y (t))

)
dB(t) , (3.3)

where g is the inverse to f and α, β are the parameters of the O–U process
X .
The Cox–Ingersoll–Ross process (CIR) is another standard stochastic
interest rate model. It has a(x) = α(c− x), b(x) = β

√
x, and X(t) > 0 a.s.

provided that 2αc ≥ β2. See further Exercise 3.1.
In general, the CIR process cannot be expressed as an explicit function

of the driving BM. A result appealing for simulation states that given X(s)
with s < t, X(t) is distributed as a noncentral χ2-r.v. with f

def= 4αc/β2

degrees of freedom (in general a noninteger) and noncentrality parameter

λ
def=

4αe−α(t−s)

β2
(
1− e−α(t−s))X(s) .

Such an r.v. can be generated as a central χ2 variate with a random (in
general noninteger) degree of freedom F = f+2N , whereN is Poisson(λ/2).
See also Glasserman [133, pp. 120–124].

However, if 2αc = β, the CIR process can be realized via the trick (3.3).
In particular, X(t) = Y (t)2, where Y is an O–U process with parameters
−α/2, b/2.

The Langevin diffusion has b(x) ≡ 1, a(x) = (d/dx) log π(x) =
π′(x)/π(x) for a given (unnormalized) density π(x). It has been used in
continuous-time MCMC, where the target distribution Π∗ is the one with
density proportional to π(·); see, e.g., [301, Section 7.8.5].

Karlin & Taylor [207] is a good source for further explicit examples as
well as a practically oriented discussion of diffusions. In general, additional
examples of interesting SDEs and Itô integrals with a solution that can be
expressed as an explicit functional of the driving BM are rare. One explicitly
solvable SDE is dX(t) = 2B(t) dB(t) with solution B(t)2 − t. This is a
special case of the class of processes X defined as the stochastic integral
X(t) = f

(
t, B(t)

)
that can be expressed as a stochastic integral w.r.t.

dB(t). In order that that X(t) be representable explicitly as f
(
t, B(t)

)
, the
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function f must satisfy the PDE ft + fxx/2 = 0, in which case dX(t) =
fx
(
t, B(t)

)
dB(t).

3b Numerical Methods for Ordinary Differential Equations
Consider the ODE ẋ(t) = a

(
t, x(t)

)
with initial condition x(0) = x0 in the

time interval [0, 1]. A numerical solution xh is typically implemented via
discrete approximations xhn

def= xh(thn) at equidistant grid points thn
def= nh,

where h = hN = 1/N . The error criterion is

e(h) def=
∣∣x(1)− xh(1)

∣∣ .

The basic numerical method is the Euler method

xh0 = x0, xhn = xhn−1 + a
(
thn−1, x

h
n−1

)
h . (3.4)

Under suitable smoothness conditions (which we omit here and in the
following), e(h) = O(h) = O(1/N).

Here are some improvements:

(1) Take a Taylor expansion of order p > 1 rather than p = 1 as in (3.4).
For p = 2, this gives

xhn = xhn−1 + a
(
thn−1, x

h
n−1

)
h +

{
at
(
thn−1, x

h
n−1

)
+ ax

(
thn−1, x

h
n−1

)}h2

2
,

where at
def= ∂a/∂t, ax

def= ∂a/∂x. Here e(h) = O(h2).

(2) In

x(h) = x(0) +
∫ h

0

a
(
t, x(t)

)
dt ,

approximate the integral by

h

2
[
a
(
0, x(0)

)
+ a

(
h, x(h)

)]

(the trapezoidal rule) rather than a
(
0, x(0)

)
h as in (3.4). Here x(h) is

unknown but can be estimated by (3.4), i.e., predicted by xh(h) def= x(0) +
a
(
0, x(0)

)
h. This gives xh0 = x0,

xhn
def= xhn−1 + a

(
thn−1, x

h
n−1

)
h,

xhn = xhn−1 + {a(thn−1, x
h
n−1

)
+ a

(
thn, x

h
n)
)}h

2
,

which is an example of a predictor–corrector method. Again, e(h) = O(h2).
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3c The Euler Method for SDEs
The numerical methods for SDEs are modeled after those for ODEs. We
will start with the Euler method, and in the next sections, we study SDE
analogues of methods based on higher-order Taylor expansion. We men-
tion for completeness that implicit methods have also been extended but
shall not give the details (see Kloeden & Platen [217] and Milstein &
Tretyakov [259]). In between the grid points, Xh(t) may be defined either
as Xh

n−1 when thn−1 ≤ t < thn or by linear interpolation.
The Euler scheme is Xh(0) = x0,

Xh
n = Xh

n−1 + a
(
thn−1, X

h
n−1

)
h+ b

(
thn−1, X

h
n−1

)
Δh
nB ,

where the Δh
nB are i.i.d. N (0, h) for fixed h and Xh

n
def= Xh(thn). When

considering the time horizon 0 ≤ t ≤ 1, we take h = 1/N with N ∈ N.

3d Error Criteria
For SDEs, one may be interested in two types of fit, strong and weak (which
one depends on the type of application):

(s) Xh should give a good approximation of the sample path of X , that
is, a good coupling. This leads to the error criterion

es(h) def= E
∣
∣X(1)−Xh(1)

∣
∣ = E

∣
∣X(1)−Xh

N

∣
∣ .

(w) Xh(1) = Xh
N should give a good approximation of the distribution of

X(1). That is, Eg
(
Xh
N

)
should be close to Eg

(
X(1)

)
for sufficiently

many smooth functions g.

We will say that Xh converges strongly to X at time 1 with order β > 0 if
es(h) = O(hβ), and weakly if

∣∣Eg(X(1))− Eg(Xh
N )
∣∣ = O(hβ)

for all g ∈ C 2(β+1)
p , the space of functions such that g′, g′′, . . . , g(2(β+1))

exist [in practice, the relevant values of β are β = 1, 3/2, 2, 5/2, . . ., so
that 2(β + 1) is an integer] and that g and the first 2(β + 1) derivatives
have polynomial growth (grows at most as a power of x).

The proofs of the following main results are given in Section 5:

Theorem 3.1 The Euler scheme (3.1) converges strongly with order β =
0.5 provided a and b satisfy the technical conditions (5.1)–(5.3) stated in
Section 5.

Theorem 3.2 The Euler scheme (3.1) converges weakly with order β = 1
under the technical conditions stated at the beginning of Section 5b.

Remark 3.3 The use of an equidistant grid thn = nh is traditional and
the one in common practical use. However, improvements in efficiency and
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accuracy can be obtained by an adaptive procedure where the step size is
diminished when a and (not least) b are large; see Gaines & Lyons [124].

A related but somewhat different idea for one-dimensional diffusions is
to take advantage of the fact that a diffusion can be constructed from BM
by first using the natural scale S(·) and next a time transformation of the
BM. To this end, one defines3

s(y) def= exp
{
−
∫ y

x∗

[
2a(z)/b2(z)

]
dz, S(x) def=

∫ x

x∗
s(y) dy .

That is, S is the solution of the ODE S′a + b2S′′/2 = sa + 2s′/2 = 0.
Defining Y (t) def= S

(
X(t)

)
, this ODE and Itô’s formula imply that

dY (t) = σY
(
Y (t)

)
dB(t) where σY (y) = s

(
S−1(y)b

(
S−1(y)

)
.

Because this SDE does not contain a dt term, the solution can be con-
structed as a time change of Brownian motion B, Y (t) = y0 + B

(
τ(t)

)
,

where τ(·) is the inverse function of

T (t) def=
∫ t

0

1
σ2
Y

(
y0 +B(s)

) ds .

Equivalently, τ solves the ODE τ ′(t) = σ2
Y

(
y0 + B(τ(t))

)
. In summary,

the diffusion X can be simulated as X(t) = x0 + S−1
(
B(τ(t)

)
. The dif-

ficulty is, of course, that in many cases s(x) , S(x), and T−1(t) have an
intractable form. Also note that whereas B(t) can be simulated exactly for
any t, T−1(t) cannot. This representation of the solution suggests, how-
ever, potential guidelines as to how the adaptive step sizes described above
should be chosen for a general SDE. See again Gaines & Lyons [124]. �

Remark 3.4 In some applications, the computation of interest involves
calculating an expectation of the form Eg

(
X(∞)

)
for an ergodic diffu-

sion X , where X(∞) is an r.v. having the stationary distribution. Talay &
Tubaro [350] show, under suitable conditions, that the Euler schemes dis-
cretization error does not degenerate at t = ∞. In particular, they provide
conditions under which there exists β ∈ R such that

Eg
(
X(∞)

)− Eg
(
Xh(∞)

)
= βh+ o(h)

as h ↓ 0, where Xh(∞) is distributed as the steady state of Xh (shown to
be ergodic for h sufficiently small). �

The above discussion of weak and strong error focuses on the bias of the
approximating process (weak error focuses on bias related to computation

3x∗ is some arbitrary point in the state space or its closure. The most natural def-
inition is to take x∗ as a boundary point, but often this leads to infinite integrals, in
which case x0 needs to be taken as an interior point, thereby identifying s(·) only up to
a constant.
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of Eg
(
X(t)

)
, whereas strong error relates to the bias associated with com-

puting the expectation of more complex path functionals). Of course, the
rate of convergence of a Monte Carlo algorithm depends not only on its
bias but also on its variance. To assess both effects simultaneously, con-
sider the root-mean-square error of an SDE approximation that is known
to exhibit a bias of order hr when time increment h is used. Of course,
the number R of independent replications that can be executed for a given
budget c of computer time then scales as h (because R/h must be roughly
proportional to c). For a scheme having bias of order hr, an optimal trade-
off of bias versus variance establishes that the best possible convergence
rate for root mean square error is of order c−r/(2r+1), and this is attained
when h is taken to be of order c−1/(2r+1). It follows that the order r of
an SDE approximation method plays a dominant role in development of
high-accuracy Monte Carlo schemes for computing solutions of SDEs; see
Duffie & Glynn [99] for further details.

One additional difficulty is that many high-accuracy approximation al-
gorithms require evaluating a large number of derivatives of the coefficient
functions of the SDE at each time increment. This can be numerically
costly, particularly when the SDE is high-dimensional. In part as a con-
sequence, it is fair to say that the Euler scheme is the dominant one in
practical use in higher dimensions. By working harder in the proof of
Theorem 3.2, one can in fact establish that there exists β ∈ R such that

Eg
(
Xh(T )

)
= Eg

(
X(T )

)
+ βh+ O(h2)

as h ↓ 0. As a consequence,

E
[
2g
(
Xh(T )

)− g
(
X2h(T )

)]
= Eg

(
X(T )

)
+ O(h2) .

Thus, an estimator based on replicating the r.v. Z def= 2g
(
Xh(T )

) −
g
(
X2h(T )

)
exhibits a bias of order h2, thereby improving the convergence

rate from c−1/3 in the simulation budget to c−2/5. Of course, the estima-
tor Z requires evaluating the approximation at two different step sizes h
and 2h, potentially doubling the effort per replication. Nevertheless, the
improved convergence rate makes this an appealing device from a practical
viewpoint. This is an example of what is called Romberg extrapolation in
the numerical analysis literature; see Talay [349] and Kebaier [209].

Kloeden & Platen [217] is the classical reference on simulation of SDEs,
but we also refer to the survey in Talay [349] and to Milstein & Tretyakov
[259].

Exercises

3.1 (A) Let p(t, T ) be the price at time t of a zero-coupon bond expiring at time
T > t. The return on such a bond corresponds to a continuous interest rate of

r(t, T )
def
= − 1

T − t
log p(t, T ) .
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Typically, r(t, T ) depends not only on the short rate r(t) = r(t, t+) at time t but
also on T , and the curve {r(t, t + u)}u≥0 is the term structure at time t.
Defining the instantaneous forward rate f(t, T ) as

f(t, T )
def
= − ∂

∂T
log p(t, T ) , we have p(t, T ) = exp

{
−
∫ T

t

f(t, s) ds
}

.

The (one-factor) Heath–Jarrow–Morton model postulates that for any fixed T ,

df(t, T ) = α(t, T ) dt + v(s, T ) dB(t) , (3.5)

where the driving BM is the same for all T .
To identify a risk-neutral measure P

∗, one combines the nonarbitrage argument
with the identity

exp
{
−
∫ T

0

f(0, s) ds
}

= E
∗ exp

{
−
∫ T

0

r(s) ds
}

,

which holds because both sides must equal p(0, T ). After some calculations, this
gives that under P

∗, the f(t, T ) evolve as in (3.5) with α(t, T ) replaced by

α∗(t, T )
def
= v(t, T )

∫ T

t

v(t, s) ds .

For these facts and further discussion, see, e.g., Björk [45].
Your assignment is to give projections) (some typical sample paths) of the risk-
neutral term structure {r(5, 5 + u)}0≤u≤10 after t = 5 years, using the Vasicek
volatility structure v(t, T ) = βe−α(T−t) and the initial term structure r(0, T ) =(
6 + T/30 − e−T

)
/100, which has roughly the shape of the data in Jarrow [195,

p. 3]. The parameters α, β should be calibrated so that sample paths of the short
rate in [0, 5] look reasonable.
Generate, for example, the r(5, 5 + u) at a quarter-yearly grid and use 10 yearly
grid points for the f(s, T ). Thus, you will need to calculate the f(i/10, 5+j/4) for
i = 1, . . . , 50, j = 1, . . . , 40. Note that the initial values f(0, T ) are analytically
available from the expression for r(0, T ). For calibration of a, b, use f(t− 1/10, t)
as approximation for r(t).

4 The Milstein and Other Higher-Order Schemes

4a The Milstein Scheme
The idea is that the approximation

∫ h

0

b
(
t,X(t)

)
dB(t) ∼ b

(
0, X(0)

)
B(h)
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is the main source of error for the Euler scheme. To improve it, we estimate
the error by Itô’s formula for b

(
t,X(t)

)
:

∫ h

0

b
(
t,X(t)

)
dB(t) − b

(
0, X(0)

)
B(h)

=
∫ h

0

{
b
(
t,X(t)

)− b
(
0, X(0)

)}
dB(t)

=
∫ h

0

{∫ t

0

[
bt
(
s,X(s)

)
+ a

(
s,X(s)

)
bx
(
s,X(s)

)

+
1
2
b2
(
s,X(s)

)
bxx
(
s,X(s)

)
]

ds

+
∫ t

0

b
(
s,X(s)

)
bx
(
s,X(s)

)
dB(s)

}
dB(t)

∼ O(h2) + b(0, x0)bx(0, x0)
∫ h

0

∫ t

0

dB(s) dB(t)

∼ b(0, x0)bx(0, x0)
∫ h

0

B(t) dB(t)

= b(0, x0)bx(0, x0)
{

1
2
B(h)2 − 1

2
h

}
.

This leads to the Milstein scheme Xh
0 = x0,

Xh
n = Xh

n−1 + ah+ bΔh
nB +

1
2
bbx{Δh

nB
2 − h} , (4.1)

where a = a
(
thn−1, x

h
n−1

)
and similarly for b, bx.

Theorem 4.1 The Milstein scheme (4.1) converges strongly with order
β = 1.

For the proof, see Kloeden & Platen [217].

Example 4.2 Starting from the same 512 = 29 i.i.d. N
(
0, 2−9

)
r.v.’s

V1, . . . , V512, we simulated geometric BM with μ = 2, σ2 = 4 in [0, 1]
using the Vi as common random numbers for the updating. We took
h = 1/n with n = 4, 8, . . . , 512 and implemented both the Euler scheme
(dashed line) and the Milstein scheme (dot-dashed line); the solid line
is interpolation between the exact value of GBM at the grid point (e.g.
exp{(μ− σ2/2)/4 + V1 + · · ·+ V128} at t = 1/4); the normal r.v.’s used in
the updating for, for example, h = 2−6 are V1 + · · · + V8, V9 + · · · + V16,
etc.). The results are given in Figure 4.1 and illustrate the better strong
convergence properties of the Milstein scheme. �

It may be noticed that the weak order of the Milstein scheme is 1 as for
the Euler scheme, so from this point of view there is no improvement. A
numerical illustration is given in Example 5.3. Also note that if b(t, x) def=
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FIGURE 4.1

b(t) does not depend on x (in particular, is constant), then the Euler scheme
and the Milstein scheme coincide (in particular, the Euler scheme has the
improved strong order β = 1).

In the view of the authors, the better strong convergence order of the
Milstein scheme compared to the Euler scheme is not in itself sufficient to
motivate preferring the Milstein scheme, because the concept of strong con-
vergence order depends on a particular coupling that is seldom of intrinsic
interest. Most applications (including as examples the exercises at the end
of this section) call for good distributional approximations instead. How-
ever, weak error as we have defined it sofar also have its caveats because
its concentrates on smooth functionals at a single point. Perez [288] takes
a different direction by looking at the total variation distance between the
SDE solution and its discrete approximation over the grid points.4 In this
distance measure, the Euler scheme does not even converge, whereas the
Milstein scheme converges at order h1/2. This provides one rigorous sense
in which Milstein provides a better approximation than does Euler.

4To take the t.v. distance over the whole path would not make sense: any discrete
approximation has quadratic variation 0, the solution itself not. Also, since t.v. distance
only involves distributional properties, this definition eliminates the coupling to the
coupling.
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4b Itô–Taylor Expansions
We proceed by refining the estimate used for the Milstein scheme. For
notational convenience, let, for example, bx denote bx

(
0, x0

)
when it occurs

outside integrals and bx
(
s,X(s)

)
when it occurs in an integral w.r.t. ds or

dB(s). We get

∫ h

0

b
(
t,X(t)

)
dB(t) − b

(
0, X(0)

)
B(h) =

∫ h

0

b dB(t) − bB(h)

=
∫ h

0

{∫ t

0

[
bt + abx +

1
2
b2bxx

]
ds +

∫ t

0

bbx dB(s)
}

dB(t) . (4.2)

In the last term, we expand bbx = b(s,X(s))bx(s,X(s)) one more time by
Itô’s formula and note that the dB(s) term dominates the ds term. Thus
approximately (4.2) is

[
bt + abx +

1
2
b2bxx

] ∫ h

0

t dB(t) + bbx

∫ h

0

B(t) dB(t)

+
∫ h

0

dB(t)
∫ t

0

dB(s)
∫ s

0

b
∂

∂x
(bbx) dB(u)

∼
[
bt + abx +

1
2
b2bxx

]
(hB − V ) +

1
2
(B2 − h)

+ b(bbxx + b2x)
∫ h

0

(
1
2
B(t)2 − t

2

)
dB(t) , (4.3)

where B def= B(h),

V
def= V (h) def=

∫ h

0

B(s) ds = hB(h) −
∫ h

0

s dB(s).

Similarly,
∫ h

0

a(t,X(t)) dt − a(0, X(0))h =
∫ h

0

a dt − ah

=
∫ h

0

{∫ t

0

[
at + aax +

1
2
b2axx

]
ds +

∫ t

0

bax dB(s)
}

dt

∼ 1
2

[
at + aax +

1
2
b2axx

]
h2 + bax

∫ h

0

B(t) dt

∼ 1
2

[
at + aax +

1
2
b2axx

]
h2 + baxV . (4.4)

By evaluating the differential of B(t)3/3−tB(t)) by Itô’s formula, it is seen
that twice the integral in (4.3) is B3/3− hB. Hence, approximating X(h)
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by x0 + ah+ bW+(4.3)+(4.4), we arrive at the Itô–Taylor formula

X(h) ∼ x0 + ah+ bB +
1
2
bbx(B2 − h) + axbV +

1
2

[
at + aax +

1
2
b2axx

]
h2

+
[
bt + abx +

1
2
b2bxx

]
(hB − V ) +

1
2
[
b(bbxx + b2x

]
(

1
3
B3 − hB

)
.

For the following, we note that the covariance matrix of (B, V ) =(
B(h), V (h)

)
is

( ∫ h
0 ds

∫ h
0 (h− s) ds

∫ h
0

(h− s) ds
∫ h
0

(h− s)2 ds

)

=

(
h 1

2h
2

1
2h

2 1
3h

3

)

. (4.5)

This follows, for example, from (A6.7) by writing

B =
∫ h

0

dB(s), V =
∫ h

0

dt
∫ t

0

dB(s) =
∫ h

0

(h− s)dB(s) .

4c Higher Order Schemes
A scheme of strong order 1.5 is obtained directly from the Itô-Taylor
expansion: Xh

0 = x0,

Xh
n = Xh

n−1 + ah+ bΔh
nB +

1
2
bbx

{
Δh
nB

2 − h
}

+ axbV
h
n +

1
2

[
at + aax +

1
2
b2axx

]
h2

+
[
bt + abx +

1
2
b2bxx

]
(hΔh

nB − V hn )

+
b

2
[
bbxx + b2x

]
(

1
3
Δh
nB

3 − V hn h

)
,

where a = a(thn−1, x
h
n−1) etc. and the

(
Δh
nB, V

h
n

)
are generated as i.i.d.

bivariate normals with mean 0 and covariance matrix (4.5).
A scheme of weak order 2 of a slightly simpler form can be obtained by

deleting the last term.

Exercises

4.1 (A) A bank wants to price its 5-year annuity loans in a market in which the
short rate r(t) at time t is stochastic. A loan is paid off continuously at a constant
rate, say p, and thus the amount paid back is determined by

s(0) = 0, ds(t) =
(
p + s(t)r(t)

)
dt ,

whereas an amount q(0) kept in the bank will develop according to

dq(t) = q(t)r(t) dt.

Thus, for a loan of size q(0) the payment rate p should be determined such that
Ec(5) = Eq(5) (ignoring profit and administration costs). To determine this,
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it suffices by an obvious proportionality argument to give estimates of the two
expectations when p = 1, q(0) = 1.
Note that a short rate r(t) corresponds to an interest per year of ε = er(t) − 1.
The bank employs the Cox–Ingersoll–Ross process as model for {r(t)}. This
means that we have a drift toward c, which we thus can interpret as the typ-
ical long-term interest rate and which the bank estimates corresponds to ε = 6%;
the interest rate at time 0 corresponds to ε = 6.5%.
For your simulations of {r(t)}, use the Milstein scheme. Do first some pilot runs
to determine (by sample path inspection) some values of the remaining two pa-
rameters α, β that appear to give reasonable fluctuations of r(t). Compare finally
your results with the deterministic values corresponding to r(t) ≡ c.
4.2 (A) At time t = 0, a submarine located at (0, 0) fires a torpedo against an
enemy vessel whose midpoint is currently at (0, 4) (the unit is km). The vessel is
0.14 km long, its speed measured in km/h at time t is Z1(t), a Cox–Ingersoll–Ross
process with parameters α1 = 6, c1 = 30, β1 = 1, and the direction is given by
the angle 30o NW. The information available to the submarine commander is a
N
(
c1, σ

2
)

estimate ĉ1 of c1, where σ2 = 4. The speed of the torpedo is another
Cox–Ingersoll–Ross process Z2(t) with parameters α2 = 60, c2 = 60, β2 = 7,
the angle (in radians!) giving the direction is θ(t) =

(
θ(0) + ωB(t)

)
mod 2π,

where B is standard Brownian motion and ω2 = 0.04, and θ(0) is chosen by the
submarine commander such that the torpedo would hit the midpoint of the vessel
in the absence of stochastic fluctuations, that is, if the vessel moved with speed
ĉ1, and the torpedo with constant direction θ(0) and speed c2. See Figure 4.2

� �
θ(0) 30o

,,

FIGURE 4.2

Compute the probability p that the torpedo hits the vessel, taking Z1(0) =
c1, Z2(0) = c2. [Hint: Verify that (except in the extreme tails of ẑ), θ(0) is the
arcsin of (ĉ1/2c1) sin 30o.]
4.3 (A−) Complement your solution of Exercise 4.2 with an analysis of which of
the parameters β1, β2, σ

2, ω2 are the major ones creating randomness.

5 Convergence Orders for SDEs: Proofs

We will give the proofs only for the autonomous case a(t, x) = a(x),
b(t, x) = b(x); we take w.l.o.g. T = 1 and use the notation thn, Xh

n , Δh
nB

employed above.
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5a Strong Convergence Orders
Proof of Theorem 3.1. The conditions that are needed are the Lipschitz
conditions

∣
∣a(t, x)− a(t, y)

∣
∣ ≤ K|x− y|, ∣

∣b(t, x)− b(t, y)
∣
∣ ≤ K|x− y|, (5.1)

the linear growth condition
∣∣a(t, x)

∣∣+
∣∣b(t, x)

∣∣ ≤ K(1 + |x|) , (5.2)

as well as
∣
∣a(t, x)− a(s, x)

∣
∣ +

∣
∣b(t, x)− b(s, x)

∣
∣ ≤ K

(
1 + |x|)√t− s (5.3)

for 0 ≤ s < t ≤ T , x ∈ R, and some constant K <∞ [here (5.1), (5.2) are
in fact the standard conditions for existence of a strong solution].

Let

X̃h(t) def= x0 +
∑

n: thn≤t

∫ thn

thn−1

a
(
X̃n(s)

)
ds +

∫ thn

thn−1

b
(
X̃h(s)

)
dB(s)

denote the piecewise constant extension of
{
Xh
n

}
(i.e., the process that is

Xh
n−1 for t ∈ [thn−1, t

h
n)) and for t ∈ [thn, thn+1), let

R′(t) def=
∫ t

thn

a
(
X(s)

)
ds +

∫ thn

0

[
a
(
X(s)

)− a
(
X̃h(s)

)]
ds ,

R′′(t) def=
∫ t

thn

b
(
X(s)

)
dB(s) +

∫ thn

0

[
b
(
X(s)

)− b
(
X̃h(s)

)]
dB(s) ,

r′(t) def= sup
s≤t

ER′(s)2, r′′(t) def= sup
s≤t

ER′′(s)2 .

Then X(t)− X̃h(t) = R′(t) +R′′(t) and hence

z(t) def= sup
s≤t

E
(
X(s)− X̃h(s)

)2 ≤ 2r′(t) + 2r′′(t) .

For s ∈ [thn, thn+1

)
, we get

ER′(s)2 ≤ 2E

[∫ s

thn

a
(
X(r)

)
dr
]2

+ 2E

[∫ s

0

∣
∣a
(
X(r)

)− a
(
X̃h(r)

)∣∣ dr
]2

≤ 2KE

[∫ s

thn

(
1 + |X(r)|) dr

]2
+ 2KE

[∫ s

0

∣
∣X(r)− X̃h(r)

∣
∣ dr

]2

≤ 2KE

∫ s

thn

(
1 + |X(r)|)2 dr + 2KE

∫ s

0

(
X(r)− X̃h(r)

)2 dr

≤ 2KE

∫ s

thn

(
1 + |X(r)|)2 dr + 2KE

∫ s

thn

(
X(r)− X̃h

n(r)
)2 dr

≤ 1
n

4K(1 + L) + 2K
∫ s

0

z(r) dr ,
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where the third step used the Cauchy–Schwarz inequality and we wrote
L

def= supr≤1 EX(r)2. Since by the Itô isometry (A6.7),

E

[∫ thn

0

[
b
(
X(s)

)−b(X̃h(s)
)]

dB(s)
]2

= E

[∫ thn

0

[
b
(
X(s)

)−b(X̃h(s)
)]

ds
]2
,

the same estimate holds for ER′′(s)2, and taking the sup over s ≤ t we
get z(t) ≤ C1h + C2

∫ t
0
z(r) dr, where C1

def= 8K(1 + L), C2
def= 4K. By a

standard analytic fact (Gronwall’s inequality), this implies z(t) ≤ C3h with
C3 independent of h. Taking t = 1, we get

E
∣
∣Xh(1)−X(1)

∣
∣ = E

∣
∣X̃h(1)−X(1)

∣
∣ ≤

[
E
(
X̃h(1)−X(1)

)2]1/2

≤ [
z(1)

]1/2 ≤ C4h
1/2 .

�

5b Weak Convergence Orders
We have to estimate

∣
∣Exf

(
Xh(1)

)− Exf
(
X(1)

)∣∣ =
∣
∣Exf

(
Xh
N

)− Exf
(
X(1)

)∣∣

for a given f ∈ C 2(β+1)
p , where h = 1/N .

The differential generator of the diffusion {X(t)} is

A = a(x)
d
dx

+
b2(x)

2
d2

dx2
.

We let u(t, x) = Exf(X(t)), ut(·) = u(t, ·) and will exploit the fact that u
satisfies the PDE

∂

∂t
u(t, x) =

(
Aut

)
(x) (5.4)

for t ≥ 0, x ∈ R subject to the initial condition u(0, x) = f(x). We shall
assume that a, b ∈ C 2(β+1)

p . It can then be shown (see Kloeden & Platen
[217, pp. 476, 473–474]) that also ut ∈ C 2(β+1)

p for t ≥ 0. In the following,
β = 1.

Proof of Theorem 3.2. For 0 ≤ s ≤ 1, set v(s, x) = u(1 − s, x). A key fact
is that

{
v
(
t,X(t)

)}
0≤t≤1

is a martingale [for the integrability, use the fact

that us ∈ C2(β+1)
p and that X has moments of all orders]. This martingale

property follows from Itô’s formula.
Note that

Exf
(
Xh(1)

)− Exf
(
X(1)

)
= Eu

(
0, Xh(1)

) − u(1, x)

= E
[
v
(
1, Xh

N

) − v
(
0, Xh

0

)]
=

N−1∑

n=0

[
v
(
thn+1, X

h
n+1

)− v
(
thn, X

h
n

)]
.
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Using the martingale property of {v(s,X(s)} in the first step, we get

E
[
v
(
thn+1, X

h
n+1

)− v
(
thn, X

h
n

) ∣∣Xh
n = y

]

= E
[
v
(
thn+1, X

h
n+1)

)− v
(
thn, X

h
n

) ∣∣Xh
n = y

]

− E
[
v
(
thn+1, X

h
n+1)

)− v
(
thn, X

h
n

) ∣∣Xh
n) = y

]

= E

[∂v
∂x

(thn, y)
(
Xh
n+1 − y

)
+

1
2
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)2

+
1
6
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)3 +
1
24
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)4

+ v
(
ti+1, X

h
n+1

)− v
(
thn, X

h
n

) ∣∣
∣Xh

n = y
]

−E

[∂v
∂x

(thn, y)
(
Xh
n+1 − y

)
+

1
2
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)2

+
1
6
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)3 +
1
24
∂2v

∂x
(thn, y)

(
Xh
n+1 − y

)4

+ v
(
thn+1, X

h
n+1

)− v
(
thn, X

h
n

) ∣∣
∣Xh

n = y
]
.

The following Lemma 5.1 therefore completes the proof, provided (∂/∂x)v(s, x)
is uniformly bounded (this uniform boundedness can be relaxed). �

Lemma 5.1 For j = 1, 2, 3,

Ey

(
Xh

1 − y
)j = Ey

(
X(h)− y

)j + O
(
h2
)
.

Further,

Ey

(
Xh

1 − y
)4 = Ey

(
X(h)− y

)4 = O
(
h2
)
,

Proof. Itô’s formula implies that Ey

(
X(h)− y

)j equals

j

∫ h

0

Eya
(
X(s)

)(
X(s)−y))j−1 ds+ j(j−1)

∫ h

0

Ey

b
(
X(s)

)

2
(
X(s)−y))j−2 ds .

So for j = 1,

Ey

(
X(h)− y

)
=

∫ h

0

Eya
(
X(s)

)
ds

= a(y)h + Ey

[∫ h

0

[
a
(
X(s)

)− a
(
X(0)

)]
ds
]

= a(y)h +
∫ h

0

[
(Aa(y)s+ o(s)

]
ds

= a(y)h + O(h2) ,

where A is the generator. Similar but more tedious calculations yield.

Ey

(
X(h)− y

)2 = b(y)h + O(h2),

Ey

(
X(h)− y

)3 = O(h2) = Ey

(
X(h)− y

)4
.
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Since

EΔh
nB = 0, EΔh

nB
2

= h, EΔh
nB

3
= O(h2), EΔh

nB
4

= O(h2), (5.5)

[in fact, EΔh
nB

3 = 0!) the moments of Xh(h) − y indeed match those of
X(h)− y up to terms of order O(h2). �

Remark 5.2 An inspection of the proof shows that it is fact not necessary
to make the obvious choice of Δh

nB as N (0, h); it suffices that (5.5) holds
so that, for example, one could take

P
(
Δh
nB =

√
h
)

= P
(
Δh
nB = −

√
h
)

=
1
2
. �

Example 5.3 We simulated R = 5,000 replications of geometric BM with
μ = 2, σ2 = 2 in the time interval [0, 1]. The value, say Yr, of the log of
therth replication at t = 1 was transformed to Wr

def= (Yr−μ+σ2/2)/σ, so
that the weak error can be measured by how close the Wr are to standard
normal r.v.’s. Figure 5.1 gives Q-Q plots with the empirical quantiles of the
Wr on the horizontal axis and the normal quantiles on the vertical. The
first column is the Euler scheme with normal Δh

nB, the second the Milstein
scheme with normal Δh

nB, and the third the Euler scheme with the Δh
nB

taken as the ±√h-variables in Remark 5.2. The three rows correspond to
n = 16, 32, 64 steps.

The figure illustrates that indeed the Milstein scheme does not improve
the weak error of the Euler scheme and also shows a perhaps surprisingly
good performance of the nonnormal Δh

nB. �

Remark 5.4 A key to the above analysis of the approximation error of the
Euler scheme is the so-called backward PDE (5.4). This PDE also plays an
important role in the following variance reduction technique for SDEs.

Note that if u(t, x) = Exf
(
X(t)

)
satisfies (5.4), then

du
(
T − s,X(s)

)
=

∂

∂x
u
(
T − s,X(s)

)
b
(
X(s)

)
dB(s) (5.6)

for 0 ≤ s ≤ T . Using the initial condition for u, the integrated version of
(5.6) is therefore

f
(
X(T )

)− Ef
(
X(T )

)
=
∫ T

0

∂

∂x
u
(
T − s,X(s)

)
b
(
X(s)

)
dB(s) .

Note that if v is sufficiently smooth and bounded,
∫ T

0

∂

∂x
v
(
T − s,X(s)

)
b
(
X(s)

)
dB(s)

has mean zero, so it can be used as a control variate. So, consider estimating
Ef
(
X(T )

)
by averaging i.i.d. replicates of an Euler approximation to the
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FIGURE 5.1

r.v.

f
(
X(T )

) − λ

∫ T

0

∂

∂x
v
(
T − s,X(s)

)
b
(
X(s)

)
dB(s) ,

where λ is an appropriately chosen value of the control coefficient.
Asssuming T = Nh, the corresponding Euler approximation is

f
(
Xh(T )

) − λ

(N−1)h∑

n=0

∂

∂x
v
(
T − s,Xh

n

)
b
(
Xh
n

)
Δh
n+1B .

If one has a good approximation to the solution u (so that ∂v/∂x ≈ ∂u/∂x),
one should choose λ ≈ 1, in which case the degree-of variance reduction can
be substantial. See Newton [277] and Henderson & Glynn [181] for further
details. �

Exercises

5.1 (TP) Verify the martingale property of v
(
t, X(t)

)
and (5.4) in the proof of

Theorem 3.2.
5.2 (TP) Explain why the distribution in the last column of Figure 5.1 is discrete.
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6 Approximate Error Distributions for SDEs

The strong convergence order β = 1/2 for the Euler scheme (cf. Theo-
rem 3.1) suggests a functional limit theorem with normalization constant
h−1/2 for the difference between the Euler approximation and the exact
value. In this section, we heuristically derive the corresponding error dis-
tribution (see (6.2) below). We refer to Kurtz & Protter [225] and Jacod &
Protter [193] for a more detailed and rigorous analysis, which also covers
the multidimensional case (as well as Lévy-driven SDEs in [193]).

The general (time-homogeneous) one-dimensional SDE takes the form

dX(t) = a
(
X(t)

)
dt + b

(
X(t)

)
dB(t) , (6.1)

and its Euler approximation (for time increment h) is given by

Xh
n −Xh

n−1
def= a

(
Xh
n−1

)
h + b

(
Xh
n−1

)
Δh
nB

in our usual notation, where Xh(t) is defined as Xh
n−1 when thn−1 ≤ t < tnn.

The normalized error process is given by

Zh(t) def= h−1/2
(
Xh(t)−X(t)

)
.

Suppose that Zh converges to a limit process Z as h ↓ 0. We will now
argue that the stochastic equation satified by Z should be

dZ(t) = a′
(
X(t)

)
Z(t) dt + b′

(
X(t)

)
Z(t) dB(t)

+
1√
2

(
b′
(
X(t)

)
b
(
X(t)

)
+ a′

(
X(t)

)
b
(
X(t)

))
dB1(t) ,(6.2)

where X is the solution to the SDE (6.1) and B1 is a standard Brownian
motion independent of B.

Remark 6.1 This result provides support for the notion that the error
associated with computing expectations of suitably continuous path func-
tionals (e.g., Lipschitz) of the SDE via the Euler method is of order h1/2,
a conclusion identical to the strong error estimate in Theorem 3.1. Note,
however, that the error of the Euler approximation has to do with the mag-
nitude of Eϕ(Xh)− Eϕ(X) (for a given functional ϕ(·)), so that the error
depends only on the marginal distributions of Xh and X . The result (6.2)
is, however, specific to a particular coupling (i.e., joint distribution of Xh

and X). Hence, in principle, a different coupling could lead to a different
characterization of the error. �
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We now turn to the heuristic derivation of (6.2). Note that if a(·) and
b(·) are smooth, then

Zhn − Zhn−1 = h−1/2
[
b
(
Xh
n−1

)− b
(
Xh
n−1

)] ·Δh
nB

+ h−1/2
[
a
(
Xh
n−1

)− a
(
Xh
n−1

)] · h

+ h−1/2

∫ thn

thn−1

[
b
(
X(s)

))− b
(
Xh
n−1

)]
dB(s)

+ h−1/2

∫ thn

thn−1

[
a
(
X(s)

)− a
(
Xh
n−1

)]
ds .

Writing

Δh
n

∗ def= b′
(
Xh
n−1

)
Zhn−1Δ

h
nB + a′

(
Xh
n−1

)
Zhn−1 h ,

we obtain

h1/2
[
Zhn − Zhn−1 −Δh

n

∗]

≈
∫ thn

thn−1

b′
(
Xh
n−1

)[
X(s)−Xh

n−1

]
dB(s)

+
∫ thn

thn−1

a′
(
Xh
n−1

)[
X(s)−Xh

n−1

]
ds

= b′
(
Xh
n−1

) ∫ thn

thn−1

[∫ s

thn−1

b
(
X(u)

)
dB(u) +

∫ s

thn−1

a
(
X(u)

)
du
]
dB(s)

+ a′
(
Xh
n−1

) ∫ thn

thn−1

[∫ s

thn−1

b
(
X(u)

)
dB(u) +

∫ s

thn−1

a
(
X(u)

)
du
]
ds

≈
[
b′
(
Xh
n−1

)
b
(
Xh
n−1

)
+ a′

(
Xh
n−1

)
b
(
Xh
n−1

)]
Ih1 (thn)

+
[
b′
(
Xh
n−1

)
a
(
Xh
n−1

)
+ a′

(
Xh
n−1

)
a
(
Xh
n−1

)]
Ih2 (thn) , (6.3)

where

Ih1 (thn)
def=
∫ thn

thn−1

∫ s

thn−1

dB(u) dB(s) , Ih2 (thn) def=
∫ thn

thn−1

∫ s

thn−1

du dB(s) .

Note that

h−1/2Ih1 (thn) = h−1/2

((
Bhn)−Bhn−1

)2

2
− h

2

)
def= Mh

1 (thn)−Mh
1 (thn−1) .

Also, let

h−1/2Ih2 (thn) def= Mh
2 (thn)−Mh

2 (thn−1) .
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Both {Mh
1 (thk)}k=1,2,... and {Mh

2 (thk)}k=1,2,... are square integrable martin-
gales, with (joint) predictable variations given by

〈
B,B

〉
(thn) = thn ,

〈
Mh

1 ,M
h
1

〉
(thn) = thn/2 ,〈

B,Mh
1

〉
(thn) = 0 ,

〈
Mh

2 ,M
h
2

〉
(thn) = hthn/3 .

The martingale CLT implies that
(
B,Mh

1 ,M
h
2

) D→ (
B,B1/

√
2, 0
)

in D[0,∞) as h ↓ 0, where B1 is a standard Brownian motion independent
of B. Combining this with (6.3) leads to (6.2).

7 Multidimensional SDEs

The simple SDE (3.1) may be generalized to multidimensions by allowing
both the solution and the driving BM to be vector-valued, say R

p and
R
q-valued (p 
= q is allowed). Thus X(0) = x0,

dX(t) = a
(
t,X(t)

)
dt + b

(
t,X(t)

)
dB(t) , 0 ≤ t ≤ 1, (7.1)

where B is q-dimensional Brownian motion with drift vector 0 and covari-
ance matrix Iq,5 and a : [0, 1] × R

p → R
p, b : [0, 1] × R

p → R
p × R

q.
Written coordinate by coordinate,

dXi(t) = ai
(
t,X(t)

)
dt +

q∑

j=1

bij
(
t,X(t)

)
dBj(t) , i = 1, . . . , p . (7.2)

The generalization of the Euler scheme is straightforward:

Xh
i;n = ai

(
thn−1,X

h
n−1

)
h +

q∑

j=1

bij
(
thn−1,X

h
n−1

)
Δh
j;nB ,

where the Δh
j;nB are i.i.d. N (0, h). Also the proof that the strong error

order is 1/2 and the weak error order 1 carries over with mainly notational
changes.

However, the Milstein scheme gets into difficulties for q > 1 because the
multidimensional Itô formula has a form that makes the correction term to
Euler contain r.v.’s of the form

Ijk
def=

∫ h

0

Bk(s) dBj(s) ,

5Note that the assumption of independent coordinates of {B(t)}, i.e., covariance
matrix Σ = I, is no restriction because it may always be made to hold by replacing B
with Σ−1/2B if necessary.
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whose density cannot be found in closed form when j 
= k and for which
there is no straightforward r.v. generation. Various solutions, all fairly com-
plicated, have been suggested. For example, Rydén & Wiktorsson [323] and
Wiktorsson [363] suggest using the fact that the distribution of Ijk is in-
finitely divisible with a computable Lévy measure so that general methods
for Lévy processes (see Chapter XII) can be used.

In more detail, using the multidimensional Itô formula and ignoring dt
terms precisely as in the derivation of the Milstein scheme with p = 1 in
Section 4a, we get the following approximation to the correction term to
the term containing dBj(t) in the ith component:
∫ h

0

[
bij
(
t,X(t)

)− bij
(
0,x0

)]
dBj(t)

≈
∫ h

0

dBj(t)
∫ t

0

p∑

�=1

q∑

k=1

b�k
∂bij
∂xj

dBk(s) ≈ b�k(0,x0)
∂bij
∂xj

(0,x0)Ijk .

It is fair to say that the Euler scheme is the dominant one in practical
use in multidimensions.

Exercises

7.1 (A) The classical set of coupled ODEs for a predator–prey model is


̇(t) = 
(t)
(
a + bh(t)

)
, ḣ(t) = h(t)

(
c− d
(t)

)
;

cf. I.5.20. Khasminskii & Klebaner [216] and Chen & Kulperger [70] suggest the
SDE

dX1(t) = X1(t)
(
a + bX2(t)

)
+ σ1X1(t)dB1(t) ,

dX2(t) = X1(t)
(
c− dX1(t)

)
+ σ2X2(t)dB2(t) ,

as one among many possible stochastic versions of the model, where B1, B2 are
independent standard Brownian motions. The linearity in X1(t) of the term
σ1X1(t)dB1(t) in dX1(t) is suggested by diffusion approximations for branching
processes and similarly for σ2X2(t)dB2(t).
Experiment with the sample path behavior of the solution for the set of param-
eters a = −0.2, b = 0.001, c = 0.3, d = 0.01 in I.5.20 and various values of
σ1, σ2.

8 Reflected Diffusions

Brownian motion W
def= Wμ,σ2 with drift μ and variance constant σ2 is

defined as σB(t) + μt, where {B(t)} is standard Brownian motion. Since
this process has the same distribution as {σ(B(t) + tμ/σ

)}, we may assume

σ2 = 1 and will just write W def= Wμ,1 in the following. Obviously, {W (t)}
is straightforward to simulate among a discrete skeleton by just adding a
linear term to {B(t)}.
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Reflected Brownian motion (RBM) {V (t)} with drift μ and starting from
V (0) = x ≥ 0 is defined as

V (t) = W (t) + Lx(t) , where Lx(t)
def=

(− inf
0≤s≤t

W (s)− x
)+

(see [16, Section IX.2] for a general discussion of the reflection mapping).
If μ = 0, x = 0, then {V (t)} has the same distribution as {|B(t)|} and
so simulating at discrete grid points thn = nh is easy and there is no error
at the grid points. If μ 
= 0, it seems natural to simulate first a discrete
skeleton

{
Wh
n

}
of {W (t)} and let {V hn } be the (discrete skeleton) of the

reflected version defined by the Lindley recursion

V hn =
(
V hn−1 + ΔWh

n

)+
= Wh

n +
(− min

�=0,...,k
Wh − x

)+
. (8.1)

However, now there is a systematic error also at the grid points, because
even if {Wh

n } fits exactly, the minimum is taken over too small a set and
so V hn is smaller than V (thn).

A careful analysis of this situation was given by Asmussen, Glynn, &
Pitman [20], who showed that the error at a fixed point, say T = 1, is of
order h1/2 and gave precise asymptotics. They also discussed the following
algorithm as improvement of (8.1). The key observation is that for fixed
h > 0, the joint density of

(
W (h),− min

0≤t≤h
W (t)

)
(8.2)

is known. For simulation purposes, a convenient representation of this dis-
tribution is to note that marginally, W (h) is N (μh, h), and that by a result
of Lévy,

Fy(x)
def= P

(− min
0≤t≤h

W (t)− y ≤ x
∣
∣W (h) = y

)
= 1− e−2x(y+x)/h. (8.3)

By easy calculus,

F−1
y (z) =

−y +
√
y2 − 2h log(1− z)

2
.

Thus, an algorithm for exact simulation of the values V hn of RBM at the
thn = nh is obtained as follows:

(i) Let t←− 0, V ←− 0.

(ii) Generate ΔW as N (μh, h) and let

R ←− −ΔW
2

+

√
ΔW 2 − 2h log(U)

2
,

where U is uniform on (0, 1).

(iii) Let L←− (−R− V )+.

(iv) Let t←− t+ h, V ←− V + ΔW + L.
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(v) Return to 2.

Example 8.1 We considered RBM with μ = −1, σ2 = 1, and reflection at
0. It is known that the stationary distribution is exponential with density
π(x) def= 2e−2x. Thus, if we generate V (0) with density π(x), V (T ) should
again have density π(x) and the weak error of a simulation scheme may
be assessed by a Q-Q plot. This is given in Figure 8.1, with the upper
row corresponding to the naive algorithm (8.1) and the lower to the im-
provement using (8.3); we took T = 100, and the columns correspond to
h = 1, 1/2, 1/4.
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FIGURE 8.1

The improvement provided by the more sophisticated algorithm is quite
clear, and one also notes the slow convergence of the naive algorithm.

�

Now consider a general diffusion given by μ(x) and σ2(x) and having
(upward) reflection at x0. The naive Euler scheme is then

Xh
n = max

[
x0, X

h
n + μ

(
Xh
n)h+ σ

(
Xh
n)Δh

nB
]
. (8.4)

It is clear that the order of its strong error must be at least 1/2, whereas
the analysis of RBM above indicates that the weak order error is also 1/2
(rather than 1 as in the case of no reflection). However, the exact scheme
for RBM outlined above suggests that an improvement may be obtained
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using the approximation

Xh
n = ϕ

(
h,Xh

n−1, μ
(
Xh
n−1

)
, σ2

(
Xh
n−1

))
, (8.5)

where ϕ
(
h, x, μ, σ2) is the mapping given by the algorithm that updates

RBM(μ, σ2) from V hn−1 = x to V hn = ϕ(· · · ). Lepingle [239] confirms that
this approximation improves the weak error from order 1/2 to order 1.

A similar conclusion can be drawn for one-dimensional SDEs subject to
killing the process at the boundary. If a naive implementation of the Euler
scheme is used, the bias of the scheme is of order h1/2 (because of the
order-h1/2 random fluctuations exhibited in intervals of length h). On the
other hand, a recursive scheme similar to (8.5) yields a bias of order h in
the weak sense. The recursion depends on an exact simulation algorithm
for killed BM (i.e., for an SDE with constant drift and variance functions;
see Gobet [158] for details).

Example 8.2 We considered GBM with μ = −1/2, σ2 = 1, and reflection
at x0 = 1. Then logX(t) is RBM(−1, 1). Thus, proceeding as in Example
8.1, we generate logX(0) with density π(x), and study the weak error by
an exponential Q-Q plot of the logX(T ). This is given in Figure 8.2, with
the upper row corresponding to the naive algorithm (8.4) and the lower to
(8.5); again, T = 100 and the columns correspond to h = 1, 1/2, 1/4.
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FIGURE 8.2

The conclusions are similar to Example 8.1. �



8. Reflected Diffusions 305

An open problem of considerable interest is to find good algorithms for
simulating reflected Brownian motion in higher-dimensional regions; see
Chen & Yao [69] for a discussion of this class of models..

Exercises

8.1 (A) Produce some further illustrations for RBM like that of Example 8.1
by choosing μ = 0, V (0) = 0, and taking advantage of the fact that then the
marginal distribution of V (t) is that of the absolute value of a N (0, t) r.v.
8.2 (TP) In [20], it is suggested that RBM be simulated on a random grid asso-
ciated with a Poisson process that is run independently of the BM W by using
the fact that if T is an exponential r.v. with rate λ that is independent of W ,
then the r.v.’s W (T ) − min0≤t≤T W (t) and −min0≤t≤T W (t) are independent
and exponentially distributed with rates η and ω respectively, where

η
def
= −μ +

√
μ2 + 2λ, ω

def
= μ +

√
μ2 + 2λ.

More precisely, the suggested algorithm for simulation of BM W , the minimum
M , and thereby RBM V = W −M at the epochs t of a Poisson(λ) grid, is:

(i) Let t← 0, W ← 0, V ← 0, M ← 0.
(ii) Generate T , S1, S2 as independent exponential r.v.’s with rates 1, η, ω,

respectively.
(iii) Let t← t + T , M ← min(M, W − S2), W ← B + W1 − S2, V ←W −M .
(iv) Return to (ii).

Explain why this algorithm does not produce unbiased estimates as claimed in
[20].



Chapter XI
Gaussian Processes

1 Introduction

Gaussian models are widely used not only in the setting of R- or R
d-valued

stochastic processes with time parameter t belonging to one-dimensional
sets such as N, [0,∞), [0, T ], (−∞,∞), but also in the context of random
fields. We therefore allow t to vary in a general index set T, and de-
fine {X(t)}t∈T to be d-dimensional Gaussian if for any finite subset T0,
X(T0)

def= {X(t)}t∈T0 has a d × ∣∣T0

∣
∣-dimensional Gaussian distribution

with mean vector μ(T0) and covariance matrix Σ(T0) (say); when T 
⊆ R,
one often talks of a Gaussian random field.

For examples beyond T ⊆ R, take, e.g., T ⊆ R
2 and think of T as a

geographical region. Then X(t) could be a vector of climatic data (yearly
rainfall, mean temperatures in the 12 months of the year, etc.) at location
t, or geophysical information like such as strength and direction of the
magnetic field, or the gravitation. Gaussian random fields evolving in time
are also covered by the formalism. For example, let S ⊂ R

2 be a part of an
ocean and T

def= S× [0,∞). When modeling the movement of ocean waves,
X(s, t) could then be the deviation of the actual water level from a base
level at location s ∈ S at time t.
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1a Covariance Representation

If the mean function μ(s) def= EX(t) and the covariance function r(s, t) def=
Cov

(
X(s), X(t)

)
are known, we also know

μ(T0)
def=

(
μ(t)

)
t∈T0

and Σ(T0)
def=

(
r(s, t)

)
s,t∈T0

(1.1)

for any finite subset T0 and thereby the distribution of the whole process.
Conversely, a pair of given μ- and r-functions will specify a consistent fam-
ily of finite-dimensional distributions and thereby the distribution of the
whole {X(t)}t∈T , provided Σ(T0) is symmetric and nonnegative definite
for each T0. In summary, a Gaussian process is completely specified by its
mean and covariance functions μ(·), r(·, ·). When viewing μ(·), r(·, ·) as the
fundamental parameters of the Gaussian process, one often talks of a rep-
resentation in the time domain. In Section 4, we will meet representations
in the frequency domain obtained by Fourier transforming the covariance
function.

If T ⊆ R
d, we call {X(t)}t∈T stationary when μ(t) def= μ is independent

of t and r(s, t) def= r(t − s) depends only on t − s. If, in addition d > 1,
and r(t− s) depends only on ‖t− s‖ (Euclidean norm), we call the process
isotropic. The distribution of a stationary process is invariant under shifts
and the distribution of an isotropic process under rotations (orthonormal
transformations).

The smoothness of the sample paths at t is determined by smoothness
properties of r(s, t) at s = t. Consider for simplicity a stationary process
with T = R, d = 1, and covariance function rX(t). A sufficient condition
for a.s. continuity is r(h)− r(0) = O

(
h/| log h|) as h ↓ 0, which is slightly

weaker than differentiability from the right. For example, this covers the
stationary Ornstein–Uhlenbeck process where rX(t) = rX(0)e−α|t| for some
α > 0. The sample functions are differentiable, with derivative say X ′(t), if
rX(h) is twice differentiable at h = 0, and then the covariance function of
X ′ is rX′ (t) = −r′′X(t). More generally, the bivariate process (X,X ′) has

rX,X′(t) =
(

rX(t) −r′X(t)
−r′X(t) −r′′X(t)

)
. (1.2)

Similarly, the condition for existence of the kth derivative ofX is essentially
the existence of the 2kth derivative of r(t).

Figure 1.1 illustrates the effect of the smoothness properties of r(·) on the
sample path. We took r(t) = e−4|t|β with β = 1 (the Ornstein–Uhlenbeck
process), β = 4/3, 5/3, and (the differentiable case) β = 2. The figure uses
2,000 time steps in T = [0, 5], Cholesky factorization (see Section 2), and
common random numbers to produce the Gaussian white noise driving the
simulations.
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That the universe of Gaussian processes includes examples with smooth
sample paths is definitely a main reason that Gaussian modeling is
attractive in many situations.

1b Simple Examples
A discrete-time ARMA(p, q) process has representation

Xn+1 = β1Xn+β2Xn−1+ · · ·+βpXn−p+1+α1εn+ · · ·+αqεn−q+1 , (1.3)

where the εn are i.i.d. standard normal variables. If p = 0, we talk
of an MA(q) (moving average) process, and if q = 1, of an AR(p)
(auotoregressive) process.

A set of i.i.d. N (0, 1) r.v.’s indexed by t ∈ T, where T is discrete, is
often referred to as white noise on T. An example is of course the εk in
(1.3). The meaning of the concept is less clear for a continuous T. It is
commonly agreed, not least among engineers, to term the formal infinitesi-
mal increments dB(t) of standard Brownian motion as white noise, but the
mathematical meaning of the concept in this context is unclear.

Moving averages

X(t) =
∫ t

−∞
β(t− s) dB(s) (1.4)



1. Introduction 309

of white noise of this type provide an obvious continuous-time and infinite-
memory analogue of MA(q) processes as defined above.

If ε1, ε2 are i.i.d. N (0, 1) and λ ∈ (0, 2π), then

X(t) = cos(tλ)ε1 + sin(tλ)ε2 (1.5)

defines a stationary Gaussian process that we can think of as a random
periodic oscillation with frequency f = λ/2π. The same is true for linear
combinations of independent such processes. We thereby obtain a class
of processes that, in a suitable sense, is dense in the class of Gaussian
processses; see further Section 4.

1c Gaussian Processes as Limits
Many stochastic models can be approximated by Gaussian processes for
reasons having to do with CLT effects. A good example is given by the
GI/G/∞ queue with arrival rate λ.1 As the renewal process is accelerated
(i.e., λ sent to infinity), the total number-in-system process can then be
approximated by a stationary Gaussian process with a covariance that de-
pends on the fine structure of the service-time distribution, but only on
the interarrival time Tk through λ = 1/ET1 and ET 2

1 ; see, e.g., Borovkov
[51]. Certain characteristics of the limiting process may require simulation,
for example, computation of the probability that the limiting process ex-
ceeds x in some time interval. For such computations, the ideas of this
chapter are relevant. As we shall see, Gaussian processes have certain
properties that lend themselves to efficiently implementable simulations.
In addition, a simulation of the approximating Gaussian process is clearly
far less time-consuming than a more detailed simulation of the underlying
queuing dynamics themselves.

One point of caution is worth raising, however. As in the setting of the
standard CLT, Gaussian approximations tend to work well when the event
of interest or expectation to be computed is sampled from the “middle of
the distribution.” On the other hand, Gaussian approximations tend to be
poor when one is computing tail events. For such computations, simulating
the underlying model (with all its inherent complexities) is unavoidable.

Another significant example of a Gaussian process occurring as a limit
is fractional Brownian motion, which we treat separately in Section 6.

1d First Remarks on Simulation
An important feature in the simulation of processes such as Markov chains,
regenerative processes, and solutions of SDEs is the fact that such processes
are causally simulated via recursive updating. Such recursive updating has

1A queue with renewal arrivals, general service times, and infinitely many servers.
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an associated complexity forf N updatings of O(N). This is not true for
Gaussian processes except for special cases such as finite-order moving
averages and autoregressions. In general, the complexity of simulating N
correlated Gaussian r.v.’s (exactly) increases at a rate factor faster than N .
On the other hand, Gaussian processes have the unusual characteristic that
they do not need to be simulated causally. In particular, when simulating a
Gaussian process over the time interval T = [0, 1], we may use bisection in
a similar way as in X.2b by first simulating at times 0 and 1, then at 1/2,
next at 1/4 and 3/4, and so on. If we wish, we can successively simulate
the Gaussian r.v.’s that bisect the successive subintervals that are gener-
ated. This freedom to simulate noncausally can potentially be quite useful
in the case of computing the distribution of the maximum of a Gaussian
process for which it is known by theory (see, e.g., Mandjes [248]) that the
maximizer is likely to be close to a specific time t0. In this context, we may
wish to focus most of the early sampling at time epochs close to t0.

For a few Gaussian processes, one may in principle have the possibility to
generate values at an arbitrary t ∈ T from just a finite set of r.v.’s; (1.5) is
one example. In general, one has to be satisfied with generating the process
on finite subsets of T. This will then be achieved by successively generating
X(Tn), where the sets Tn are finite and increasing in n. If the target is
just X(T0) for some finite T0, one may want to avoid the recursive step
and generate X(T0) directly. This would cover cases such as evaluating the
tail of the maximum on a compact set, whereas in dealing with stopping
time problems (e.g., first-passage problems) the recursive step is essential.

In dealing with random fields, the problems for going from Tk−1 to Tk

are in general just the same as for processes with a one-dimensional time
scale. Therefore for most purposes the problem of simulating a Gaussian
process boils down to the case T = T0 = {0, 1, . . . , N}, with the twist that
in some cases N is not determined a priori.

We are therefore back to the problem of II.3 of simulating from a mul-
tivariate Gaussian distribution in R

N with covariance matrix ΣN and
(w.l.o.g) mean vector 0. One method, Cholesky factorization, has already
been introduced in II.3, but we revisit it here in Section 2 from a stochastic
process point of view. The method uses a factorization ΣN = CCT. In
Section 3, we discuss another method to provide such a factorization that
is potentially more efficient when N is large, as will often be the case in a
stochastic-process setting. Both of these methods are exact, that is, they
produce samples with exactly the required N (0,ΣN ) distribution. Sec-
tion 4 gives some Fourier-inspired methods which are potentially fast but
also introduce some bias. Finally, Section 6 deals with a more specialized
topic, fractional Brownian motion.

Exercises

1.1 (TP) Show that the Brownian bridge B(t)− tB(1) is a Gaussian process on
T = [0, 1] and compute r(s, t).
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1.2 (TP) Compute r for the moving average (1.4).
1.3 (TP) Show (1.2) by taking limits in L2.

2 Cholesky Factorization. Prediction

We consider recursive algorithms based on the covariance function, study-
ing how to generateXn+1 given that X0, . . . , Xn have been generated. Thus
we need to specify the conditional distribution of Xn+1 given X0, . . . , Xn,
which is a standard problem in the multivariate normal distribution.
Write R(n) for the covariance matrix of X0, . . . , Xn, and let r(n) be the
(n+ 1)-column vector with rk(n) = r(n+ 1, k), k = 0, . . . , n. Then

R(n+ 1) =
(
R(n) r(n)
r(n)T r(n+ 1, n+ 1)

)
.

Therefore by general formulas for the multivariate normal distribution
given in A1, the conditional distribution of Xn+1 given X0, . . . , Xn is
N
(
X̂n+1, σ

2
n

)
, where

X̂n+1 = r(n)TR(n)−1

⎛

⎜
⎜
⎜
⎝

X0

X1

...
Xn

⎞

⎟
⎟
⎟
⎠
, σ2

n = r(n+1, n+1)−r(n)TR(n)−1r(n) ,

and we can just generate Xn+1 according to N
(
X̂n+1, σ

2
n

)
.

Note that in the terminology of time series (e.g., Brockwell & Davis
[58]), X̂n+1 is the best linear predictor for Xn+1 (in terms of minimizing
the mean-square error) and σ2

n the corresponding prediction error.
From the point of view of simulation, the difficulty is to organize the

calculations economically, say by recursive computation of γ(n)TΓ(n)−1 to
avoid matrix inversion in each step, or by some other method.

An established device is Cholesky factorization. This is an algorithm for
writing a given symmetric (n + 1) × (n + 1) matrix Γ = (γij)i,j=0,...,n as
Γ = CCT, where C = (cij)i,j=0,...,n is (square) lower triangular (cij = 0
for j > i), and has already been used in II.3, where it was found that C
can be computed recursively: for i = j = 0, determine c00 by γ(0, 0) = c200
(i = j = 0); for i = 1 use the two equations

γ(1, 0) = c10c00, γ(1, 1) = c210 + c211

determining c10, c11; in general, if ci′j has been computed for i′ < i, let

cij =
1
cjj

(
γ(i, j)−

j−1∑

k=0

cikcjk

)
, j < i, c2ii = γ(i, i)−

i−1∑

k=0

c2ik . (2.1)
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For simulation of X0, . . . , Xn, the implication is that we can take
Y0, . . . , Yn to be i.i.d. standard normal, write Y (n) = (Y0 . . . Yn)T,
X(n) = (X0 . . . Xn)T, and define C(n) to be the Cholesky factorization
of R(n). Then the Xi are generated by X(n) = C(n)Y (n). Component by
component,

Xi =
i∑

k=0

cikYk, i = 0, . . . , n. (2.2)

Note that we did not write cik(n), because (2.1) shows that cik(n) does
not depend on n as long as i, k ≤ n. This means in particular that to get
C(n + 1) from C(n), one needs to compute only the last row (i = n+ 1).
That X(n) has the correct distribution follows from

Cov
(
X(n)

)
= Cov

(
C(n)Y (n)

)
= C(n)IC(n)T = R(n).

Remark 2.1 The representation (2.2) shows that Y0, . . . , Yn form a
Gram-Schmidt orthonormalization of X0, . . . , Xn. That is, (in the L2

sense) Y0, . . . , Yn are orthonormal and

span(Y0, . . . , Yk) = span(X0, . . . , Xk) . �

Remark 2.2 The number of flops needed to update element j in row i of
C via(2.1) is O(j). Therefore the number of flops for row i is O(i2), and
that for all n+ 1 rows is O(n3). �

In conclusion, simulation via Cholesky factorization is exact (no approx-
imation is involved), and one does not need to set the time horizon in
advance. Note also that no matrix inversion at all is involved. The draw-
back of the method is that because of the complexity O(n3), it becomes
slow as n becomes large. Also, memory may present a problem (one needs
to store all cij).

In general, Cholesky factorization is just a mathematical device for ma-
trix manipulation. However, in the case of Gaussian processes the procedure
can be given an interesting interpretation in terms of the standard prob-
lem of time-series analysis of prediction or forecasting: given that we have
observed X0, . . . , Xn, we want a predictor of Xn+1. Now the best linear
predictor (in terms of minimizing the mean-square error) of Xn+1 is

X̂n+1 = E
[
Xn+1

∣
∣X0, . . . , Xn

]
= r(n)TR(n)−1

⎛

⎜
⎜
⎜
⎝

X0

X1

...
Xn

⎞

⎟
⎟
⎟
⎠
,

and thus algorithms for recursive prediction are potentially useful for
simulation as well.

Two such algorithms are given in [58, Chapter 5], the Durbin–Levinson
algorithm and the innovations algorithm. We consider only the latter. The
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key is to represent X̂i as a linear combination of the Xk − X̂k with k < i
rather than the Xk,

X̂i =
i−1∑

k=0

θi,i−k(Xk − X̂k) (2.3)

in the notation of [58]. Obviously X̂0 = 0, σ2
n = Var(Xn+1− X̂n+1), σ2

−1 =

r(0, 0). Define Yk
def= (Xk − X̂k)/σk−1.

Proposition 2.3 The Yk are i.i.d. standard normal.

Proof. All that needs to be shown is independence. Let Hk denote the
subspace of L2 spanned by X0, . . . , Xk and let

〈
X,Y

〉
= E(XY ) denote

the usual inner product in L2. For i < j we have Xi − X̂i ∈ Hj−1 and
Xj − X̂j ⊥Hj−1 by definition of X̂j . Thus the r.v.’s Yj

def= Xj − X̂j are
orthogonal, i.e., uncorrelated, and independence follows from properties of
the multivariate normal distribution. �

If we let cik
def= θi,i−kσk−1, k < i, cii = σi−1, and write Xi = (Xi −

X̂i) + X̂i, (2.3) takes the form (2.2). That is, determining the θi,j needed
for the innovation algorithm involves just the same equations as Cholesky
factorization, and (with the right choice of sign) the Yk in (2.2) can be
interpreted as the (Xk − X̂k)/σk−1, which in turn form a Gram–Schmidt
orthonormalization of the Xk (cf. Remark 2.1).

For a further variant of Cholesky factorization, see Hosking [185].

Exercises

2.1 (A) Let X be a stationary Gaussian process with mean zero and covariance
function

γ(s) = γ(t, t + s) =

{
(2 + |s|)(1− |s|)2 −1 < s < 1,

0 |s| ≥ 1.

Simulate a discrete skeleton of X by Cholesky factorization to get a Monte Carlo
estimate of

z = P

(
sup

0≤t≤2
X(t) > 2

)
.

2.2 (A) Consider a stationary Gaussian process {X(t)}t≥0 in continuous time
with covariance function e−t2 . Then the sample paths are differentiable, cf. Sec-
tion 1a, so we can define the upcrossing times u1, u2, . . . of y by u1

def
= inf{t >

0 : X(t) = y, X ′(t) > 0}, un+1
def
= inf{t > un : X(t) = y, X ′(t) > 0} and the

subsequent downcrossing times by dn
def
= inf{t > un : X(t) = y, X ′(t) < 0}. The

nth excursion above y is {X(t)}un≤t≤dn and its length is dn − un. The problem
is to use Cholesky factorization to give a simulation estimate (with confidence
limits) of the typical length 
 of an excursion, as defined as the limiting time
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average


 = lim
T→∞

LT

NT
where NT = #{n : un ≤ T}, LT =

∑

n: un≤T

(dn − un).

Start by simulating some discrete skeletons X(0), X(h), X(2h), . . . to determine
an appropriate mesh h. For the estimation of 
, use the Palm representation 
 =
ELT /(λT ), where λ = ENT /T ; cf. IV.6e and Aberg et al. [3].
2.3 (A) Complement Exercise 2.2 by using the number NT (yi) of upcrossings of
yi in [0, T ], i = 1, . . . , k, as multiple control variates. The mean of N is given by
Rice’s formula: for a stationary and differentiable Gaussian process with variance
σ2, the rate of upcrossings of level y > 0 is 1/ENT (L) where

ENT (L) =
1

2π
e−y2/2

√
−r′′(0) .

.

3 Circulant-Embeddings

We shall here survey an exact method for simulating a segment of a sta-
tionary process, say

(
X0, X1, . . . , XN

)
, in discrete time given its covariance

function r0, r1, . . . , rN , which has the advantage over Cholesky factoriza-
tion of having a far better complexity, O(N logN) compared to O(N3).
References are Davis et al. [81], Ripley [300], Dietrich & Newsam [90], and
Wood & Chan [367].

The method uses finite Fourier methods. Recall from A3 that the (finite)
Fourier matrix F = Fn of order n is the square matrix with rows and
columns indexed by {0, 1, . . . , n− 1} and rsth entry wrs, where w = wn =
e2πi/n is the nth root of unity. The finite Fourier transform of a vector
a = (a0 . . . an−1)T is then â = Fa/n, and since F−1 = F /n (complex
conjugate), a can be recovered from the Fourier transform â as a = F â.
Element by element,

âr =
n−1∑

s=0

asw
rs/n , ar =

n−1∑

s=0

âsw
−rs .

A circulant of dimension n is a n× n matrix of the form

C =

⎛

⎜
⎜
⎜
⎜
⎝

c0 cn−1 · c2 c1
c1 c0 cn−1 · c2
· c1 c0 · ·

cn−2 · · · cn−1

cn−1 cn−2 · c1 c0

⎞

⎟
⎟
⎟
⎟
⎠

;

note the pattern of equal entries cij
def= ck on {ij : i− j = k mod n}. Again,

we label the rows and columns 0, 1, . . . , n− 1.
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Proposition 3.1 The eigenvalues of a circulant are λs =
∑n−1
v=0 cvw

−vs,
s = 0, . . . , n− 1. The eigenvalue corresponding to λs is the sth column

(wst)t=0,...,n−1 =
(
1 ws w2s . . . ws(n−1)

)T

of F . That is, C = FΛF /n, where Λ is the diagonal matrix with the λs
on the diagonal. In vector notation, λ = Fc.

Proof. The rsth element of CF is

n−1∑

t=0

crtfts =
n−1∑

t=0

ct−rwts =
n−1∑

v=0

cvw
rs−vs = λsw

−rs ,

which we recognize as the rsth element of FΛ. That is, CF = FΛ, which
is equivalent to the assertion of the proposition because of F−1 = F /n.
�

We now turn to the algorithm. The first step is to embed the covariance
matrix Σ of X0, . . . , XN as the upper left corner of a circulant of order 2M .
It is easy to see that this is possible if and only if M ≥ N . If M = N , the
circulant C is unique and equals
⎛

⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎝

r0 r1 · rN−1 rN rN−1 rN−2 · r2 r1
r1 r0 · rN−2 rN−1 rN rN−1 · r3 r2
· · · · · · · · · ·
rN rN−1 · r1 r0 r1 r2 · rN−2 rN−1

rN−1 rN · r2 r1 r0 r1 · rN−3 rN−2

· · · · · · · · · ·
r1 r2 · rN rN−1 rN−2 rN−3 · r1 r0

⎞

⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎠

.

For example, if N = 3, r = (8 4 2 1)T, then

Σ =

⎛

⎜
⎜
⎝

8 4 2 1
4 8 4 2
2 4 8 4
1 2 4 8

⎞

⎟
⎟
⎠ and C =

⎛

⎜⎜
⎜
⎜
⎜
⎜
⎝

8 4 2 1 2 4
4 8 4 2 1 2
2 4 8 4 2 1
1 2 4 8 4 2
2 1 2 4 8 4
4 2 1 2 4 8

⎞

⎟⎟
⎟
⎟
⎟
⎟
⎠

.

The idea of this circulant embedding is that the eigendecomposition of
C is easy to evaluate via Proposition 3.1 and that one thereby also ob-
tains a square root D (in the sense that DD

T
= C), namely D def=

(1/n1/2)FΛ1/2, provided all entries of Λ are nonnegative, that is, provided
the vector Fc is nonnegative. Of course,D is typically complex, but this is
no problem: we may choose ε = (ε0 , . . . , ε2N−1) with components that are
i.i.d. and standard complex Gaussian (i.e., the real and the imaginary parts
are independent N (0, 1)), and then the real and the imaginary parts, say
X0, . . . , X2N and X ′0, . . . , X ′2N , of Dε will be (dependent) 2N -dimensional
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Gaussian with covariance matrixC. ThereforeX0, . . . , XN andX ′0, . . . , X ′N
have the desired distribution.

The advantage compared to Cholesky factorization is that the necessary
matrix manipulations can be done via the fast Fourier transform (FFT),
which has complexity O(N logN) as compared to the O(N3) for Cholesky
factorization. Algorithmically, this means that λ is first evaulated via the
FFT as Fc. Next one forms the vector η with components λ1/2

i εi, and Dε
is computed as Fη.

The nonnegativity assumption is of course crucial for the algorithm and
is discussed by Dembo et al. [86] and Dietrich & Newsam [90]. Both pa-
pers contains results and examples that show that nonnegativity is not
automatic, but the overall picture is rather optimistic. A particular result
of [90], which would cover many practical cases, states that nonnegativity
holds if the sequence r0, r1, . . . , rN is nonnegative, decreasing, and convex.
A case not covered by this is the Gaussian covariance function rk = e−k

2/�2 .
However, it is shown in [90] that nonnegativity holds for a given � if m and
� are sufficiently large, more precisely, � ≥ π−1/2 and m ≥ π�2. A further
relevant reference is Craigmile [77], to which we return in Section 6.

The big advantages of the circulant-embedding method are of course its
speed (the complexity O(n logn)) and that it gives exact results. The draw-
back is that one needs to predefine the simulation horizon n, so that the
method is not suitable for situations in which the time horizon is adaptively
determined by the history of the realization simulated thus far.

Exercises

3.1 (TP) Verify the claim that the circulant embedding exists and is unique
when M = N by giving expressions for c0, c1, . . . , c2M−1 in terms of the rk.
3.2 (TP) For M > N , find the number of free parameters from which to choose
the circulant.

4 Spectral Simulation. FFT

We consider throughout this section a stationary Gaussian process X with
discrete or continuous time, covariance function r(t), and (for simplicity)
mean 0.

A simple example is

X(t) def= cos(λt)Y1 + sin(λt)Y2 , (4.1)

where Y1, Y2 are independent N
(
0, σ2

)
. Indeed, stationarity follows from

the independence of

Cov
(
X(s+ t), X(s)

)

= σ2 cos
(
λ(s + t)

)
cos(λt) + σ2 sin

(
λ(s + t)

)
sin(λt) = σ2 cos(λt)
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of t. The process (4.1) is periodic with period 2π/λ, or equivalently with
frequency f(λ) def= λ/2π, and random phase.

A superposition

X(t) def=
n∑

i=1

cos(λit)Yi,1 + sin(λit)Yi,2

of independent processes of type (4.1) is obviously again stationary with
covariance function r(t) =

∑n
1 σ

2
i cos(λit). One refers to {λ1, . . . , λn} as

the spectrum. A common engineering interpretation is that frequency λi/2π

is represented in the signal X with average weight (energy) σ2
i .

Example 4.1 We considered

X(t) =
9∑

i=1

[
cos(λit)Yi,1 + sin(λit)Yi,2

]
+

9∑

i=1

[
cos(μit)Yi,3 + sin(μit)Yi,4

]
,

where the Yi,k are independent normals with mean 0 and Var(Yk,i) = 1/9
for k = 1, 2, Var(Yk,i) = 1/9 · 16 for for k = 3, 4, and

(
λ1 , λ2 , . . . , λ9

)
=

(
2π · 0.92, 2π · 0.94, . . . , 2π · 1.08

)
,

(
μ1 , μ2, . . . , μ9

)
=

(
2π · 4.6, 2π · 4.7, . . . , 2π · 5.4) .

Thus the signal X is a perturbed oscillation with frequency 1 and weight 1
superimposed by a perturbed oscillation with frequency 5 and weight 1/16.
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FIGURE 4.1
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Figure 4.1 shows simulated paths of the two components in the first two
panels, and X in the third. �

In the general case, consider first the case of a discrete-time process
X0, X1, X2, . . . and write rk = r(k). Then the sequence {rk} is positive
definite, and so by Herglotz’s theorem, it can be represented as

rk =
∫ 2π

0

eikλ ν(dλ) (4.2)

for some finite real measure ν on [0, 2π), the spectral measure; the condition
that the process be real-valued is equivalent to

∫

A

ν(dλ) =
∫

2π−A
ν(dλ) , A ⊆ [0,π) (4.3)

(if the spectral density s = dν/dλ exists, this simply means that s is sym-
metric around π, s(λ) = s(2π−λ), 0 < λ < π). The spectral representation
of the process is

Xn =
∫ 2π

0

einλ Z(dλ) , (4.4)

where {Z(λ)}λ∈[0,2π) is a complex Gaussian process that is traditionally
described as having increments satisfying

E

[(
Z(λ2)− Z(λ1)

)(
Z(λ4)− Z(λ3)

)]
= 0,

E
∣
∣Z(λ2)− Z(λ1)

∣
∣2 = ν(λ1, λ2] (4.5)

for λ1 ≤ λ2 ≤ λ3 ≤ λ4; the integral (4.4) should be understood as the
L2 limit of approximating step functions (of course, the imaginary part in
(4.4) has to vanish since X is real-valued). See, e.g., Cramér & Leadbetter
[78].

For simulation, it is then appealing to simulate Z and construct X via
(4.4). However, Z is not completely specified by (4.5). But:

Proposition 4.2 Assume that X is real-valued and that ν({π}) = 0. De-
fine Z by first taking {Z1(λ)}0≤π, {Z2(λ)}0≤π to be independent real-valued
Gaussian with independent increments satisfying

Var
(
Zi(λ2)− Zi(λ1)

)
=

1
2
ν(λ1, λ2] , i = 1, 2,

and next letting Z(λ) def= Z1(λ) + iZ2(λ) for 0 ≤ λ ≤ π and

Z(π + λ) = Z(π) + Z(π)− Z(π− λ−) (4.6)
= 2Z1(π)− Z1(π− λ−) + iZ2(π − λ−), 0 < λ < π.(4.7)

Then (4.4) holds, i.e.,

Xn = 2
∫ π

0

cos(nλ)Z1(dλ) − 2
∫ π

0

sin(nλ)Z2(dλ). (4.8)
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Note that in the presence of a spectral density s, we may rewrite the
definition of the Zi as

dZi(λ) =

√
1
2
s
(
Bi(λ)

)
dBi(λ) ,

where B1, B2 are independent standard Brownian motions.
Proof. Given Z, we define X by (4.4). By definition, dZ(π+λ) = dZ(π − λ),
so that

∫ 2π

π einλ Z(dλ) = =
∫ π

0 e−inλ Z(dλ). This implies that (4.4) can
be written in the alternative form (4.8). In particular, (4.8) shows that
X is real-valued (and obviously Gaussian), so it suffices to show that the
covariance function is correct. But by (A6.7),

Cov(Xn+k, Xn) = E[Xn+kXn] = E
[
Xn+kXn

]

= E

[∫ 2π

0

ei(n+k)λ Z(dλ) ·
∫ 2π

0

e−inλ Z(dλ)
]

=
∫ 2π

0

ei(n+k)λe−inλ
E
∣
∣Z(dλ)

∣
∣2

=
∫ 2π

0

eikλ ν(dλ) = rk.

�

For practical implementation, the stochastic integrals in (4.8) may be
computed either by SDE schemes as in Chapter X, or by discrete approx-
imations as follows. We say that X has discrete spectrum if ν has a finite
support, say mass σ2

k at λk, k = 0, . . . , N − 1. If X is real-valued, this
means by (4.3) that N is of the form 2M and that we can choose λk ≤ π,
λM+k = 2π− λk, k = 0, . . . ,M − 1. Then we can write

Zi(λ) =
∑

k:λk≤λ
σkZk,i, 0 ≤ λ ≤ π,

with the Zk,i i.i.d. real normal with variance 1/2, and (4.8) becomes

Xn = 2
M−1∑

k=0

σk{cos(nλk)Zk,1 − sin(nλk)Zk,2} . (4.9)

A process of the form (4.9) is of course straightforward to simulate. In
general, spectral simulation is then performed by approximating the spec-
tral measure by a measure with finite support, which is always possible. But
note that there is no canonical way to perform this discrete approximation,
and that the method is only approximative.

The great advantage of the method is, however, the speed when (4.9)
is implemented via the FFT (see A3) when N is a power of 2, N = 2m.
One then needs to choose the λk of the form 2πk/N , which again is always
possible, let ak = σkZk and take Xn as #ân where F â with F the finite
Fourier matrix and a = (a0 . . . aM−1).
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In continuous time, the same method of course applies to simulating any
discrete skeleton X0, Xh, X2h, . . . . One needs then to compute the spectral
measure νh of the skeleton, which is most often performed from formulas
such as

νh(dλ) =
∞∑

k=−∞
ν
(
d(λ + 2kπ/h)

)

where ν is the spectral measure in the Bochner representation

r(t) =
∫ ∞

−∞
eitλ ν(dλ) (4.10)

(r(t) = r(s, s+ t)). For details and implementation issues, see for example
Lindgren [240, Appendix D].

An idea somewhat related to spectral simulation is to use wavelets. See,
e.g., Abry & Sellan [4] for a special case.

Exercises

4.1 (A) The Pierson–Moskowitz spectrum has spectral density

dν

dλ
(λ) =

5H2
s

λp(λ/λp)5
exp

{
−5

4

1

(λ/λp)4

}
, −∞ < λ <∞.

It is a standard spectrum in the ocean sciences for waves in equilibrium with the
wind. Here Hs is the significant wave height, defined as four times the standard
deviation of the surface elevation, and λp > 0 is the peak frequency, i.e., the
frequency where the density has its maximum.
Use spectral simulation to generate some typical wave paths from the Pierson–
Moskowitz spectrum. Experiment also with the common suggestion to truncate
the spectrum to |λ| ≤ λc for some λc < ∞, in order eliminate some of the fine
ripple on the surface.

5 Further Algorithms

A stationary Gaussian discrete-time process has the ARMA form (1.3) if
and only if the spectral measure is absolutely continuous with density of
the form p(eiλ)/q(eiλ) where p, q are polynomials; cf. Brockwell & Davis
[58, Chapter 4]. For a general {Xn}, one can find polynomials pn, qn such
that

pn(eiλ)
qn(eiλ)

dλ w→ ν(dλ) ;

see again [58]. This suggests that one choose p, q such that the measure with
density p(eiλ)/q(eiλ) is close to ν, and simulate the corresponding ARMA
process as an approximation to {Xn}.
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The precise form of p, q is of course arbitrary and subject to choice.
See Krenk & Clausen [223] and Gluver & Krenk [141] for some relevant
discussion.

Some further references relevant for the general problem of simulating
Gaussian processes are Wood & Chan [367] and Dietrich & Newsam [89].

6 Fractional Brownian Motion

Mandelbrot & Van Ness [247] defined fractional Brownian motion (fBM)
as a mean-zero Gaussian process {BH(t)}t≥0 with covariance function of
the form

r(t, s) =
σ2

2
(|t|2H + |s|2H − |t− s|2H) (6.1)

for some H ∈ (0, 1) (the Hurst parameter or self-similarity parame-
ter). Equivalently, for any fixed h > 0 the increments BH(h), BH(2h) −
BH(h), BH(3h)−BH(2h), . . . form a stationary Gaussian sequence (called
fractional Brownian noise) with variance r(0) = σ2h2H and covariance
function

r(n) =
σ2h2H

2
(
(n+ 1)2H + (n− 1)2H − 2n2H

)
, n = 1, 2, . . . . (6.2)

For H = 1/2, we are back to standard Brownian motion. For H > 1/2,
(6.2) and a convexity argument shows that the increments are positively
correlated, and similarly for H < 1/2, they are negatively correlated. The
class of fBMs can be characterized as the only self-similar2 Gaussian pro-
cesses with stationary increments. There has been a boom of interest in
fractional Brownian motion in recent years, mainly because of statistical
studies of phenomena such as internet traffic that show self-similarity and
long-range dependence, meaning a nonintegrable covariance function violat-
ing the conditions for a CLT for the time average in [0, t] with normalizing
constant t1/2; cf. IV.1.3. For this and further aspects of self-similarity and
long-range dependence, see, e.g., Park & Willinger [284], Leland et al. [238],
Paxson & Floyd [287], and Taqqu et al. [96]. Fractional Brownian motion is
then a natural candidate as a model both because of its intrinsic properties
and because it appears as (functional) limit of many more detailed descrip-
tors of network traffic. Some selected references on performance of systems
with fractional Brownian input are Norros [279], Duffield & O’Connell [100],
and Narayan [270]. However, there are virtually no explicit results, and so
simulation becomes an important tool.

2A stochastic process {X(t)} is self-similar if for some H, {X(at)} D
=
{
aHX(t)

}
for

all a ≥ 0.
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FIGURE 6.1

Figure 6.1 contains sample paths of fBM with H = 0.25, 0.5 (Brownian
motion), 0.75, and 0.95. The figure uses 1,000 time steps in T = [0, 1],
Cholesky factorization, and common random numbers to produce the
Gaussian white noise driving the simulations.

For simulation, one can use one of the methods discussed in Sections 2–5
for general stationary Gaussian processes (in this setting, the increments
of {BH(t)}). In particular, the Cholesky factorization method has been
implemented by Michna [257]. In general, circulant embeddings seem to
be a very attractive approach; note that, in the case of the covariance
function (6.2), the required non-negativity assumption on the eigenvalues
of the circulant embedding are covered by Dietrich & Newsam [90] for
1/2 < H < 1 and by Craigmile [77] for 0 ≤ H < 1/2 (more generally,
[77] covers a general stationary Gaussian sequence with r(n) ≤ 0 for all
n ≥ 1). One should note that the (fast) methods of ARMA approximations
and FFT are potentially dangerous because they destroy the long-range
dependence.

Special algorithms for fractional Brownian motion could potentially be
based on some of the many stochastic integral representations of {BH(t)}
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that are around. The classical one is

BH(t) = CH

[∫ 0

−∞

{
(t− y)H−1/2 − |y|H−1/2

}
dW (y)

+
∫ t

0

(t− y)H−1/2 dW (y)
]
, (6.3)

where

CH
def=

√
2H

(H − 1/2)Beta(H − 1/2, 2− 2H)

and {W (y)} is a two-sided Brownian motion. However, simulating via
(6.3) faces the same difficulty as above, because one has to truncate the
integral to a finite range, thereby destroying long-range dependence. A
representation without this difficulty is

BH(t) =
∫ t

0

K(t, y) dW (y) , (6.4)

where

K(t, s) def= C′H s
1/2−H

∫ t

s

uH−1/2(u − s)H−3/2 du ,

C′H
def=

√
H(2H − 1)

Beta(H − 1/2, 2− 2H)

(cf. Norros, Valkeila, & Virtamo [281]). However, we do not know of
practical implementations of simulating via (6.4).

Another representation of relevance for simulation is

BH(t) =
∞∑

n=1

sin(xnt)
xn

Xn +
∞∑

n=1

1− cos(ynt)
yn

Yn , 0 ≤ t ≤ 1, (6.5)

where 0 < x1 < x2 < · · · are the positive real zeros of J−H , the Bessel
function of the first kind, and 0 < y1 < y2 < · · · the positive real zeros of
J1−H , and the Xn, Yn are independent Gaussian r.v.’s with mean zero and

VarXn =
2c2H

x2
nJ1−H(xn)

, VarYn =
2c2H

y2
nJ−H(yn)

, c2h
def=

Γ(1 +H) sin(πH)
π

;

see Dzhaparidze & van Zanten [107]. The convergence of (6.5) (in L2 and
a.s.) follows from the known asymptotics xn, yn ∼ nπ. Kozachenko et
al. [222] discuss simulation apects and give careful remainder estimates
for the tail series in (6.5).

Some further references on aspects of simulating fractional Brownian
motion are Mandelbrot [246] (a fast ad hoc method), Abry & Sellan [4]
(wavelets), Paxson [286] (FFT), Dieker & Mandjes [91] (spectral simu-
lation), [92] (rare-event simulation), Norros, Mannersalo, & Wang [280]
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(bisection with truncated memory), and Michna [257], and Huang et
al. [186] (importance sampling methods).

Exercises

6.1 (TP) Derive (6.2) from (6.1).



Chapter XII
Lévy Processes

1 Introduction

An important family of stochastic processes arising in many areas of applied
probability is the class of Lévy processes. A process X = {X(t)}t≥0 is said
to be a Lévy process if it has stationary and independent increments and
satisfies X(0) = 0.

Standard Brownian motion B is a Lévy process, and so is a Brownian
motion {μt+ σB(t)} with general drift and variance parameters, and a fur-
ther fundamental example is the counting process Nλ of a Poisson process,
where λ is the rate. In fact, one of the central results in the theory of Lévy
processes is that any Lévy process can be represented as an independent
sum of a Brownian motion and a “compound Poisson”-like process. In par-
ticular, any Lévy process exhibiting finitely many jumps per unit time can
be represented as

X(t) = μt+ σB(t) +
Nλ(t)∑

i=1

Yi

for t ≥ 0, where the Yi are i.i.d. and independent of B,Nλ. The compound
Poisson process is easily simulatable, at least when an algorithm for gener-
ating r.v.’s from the distribution of Y1 is possible. To simulate the Brownian
component, one can of course just proceed as in Chapter X.

However, there are Lévy processes for which the non-Brownian jump
component J = {J(t)}t≥0 exhibits infinitely many jumps per unit time.
Dealing with such processes is the main topic of this chapter.
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The jump process J is characterized by its Lévy measure ν(dx), which
can be any nonnegative measure on R satisfying ν({0}) = 0 and

∫ ∞

−∞
(y2 ∧ 1) ν(dy) < ∞. (1.1)

Equivalently,
∫
|y|>ε ν(dy) and

∫ ε
−ε y

2 ν(dy) are finite for some (and then
all) ε > 0.

A rough description of J is that jumps of size x occur at intensity ν(dx).
In particular, if ν has finite mass λ def=

∫∞
−∞ ν(dy), then J is a compound

Poisson process with intensity λ and jump size distribution ν(dy)/λ. In
general, for any bounded interval I separated from 0, the sum of the jumps
of size ∈ I in the time-interval [s, s + t) is a compound Poisson r.v. with
intensity tλI

def= t
∫
I
ν(dy) and jump-size distribution ν(dy)1y∈I/λI . Jumps

in disjoint intervals are independent, and so we can describe the totality of
jumps by the points in a planar Poisson process N(dy, dt) with intensity
measure ν(dy) ⊗ dt. A point of N at (Yi, Ti) then corresponds to a jump
of size Yi at time Ti for J . If in addition to (1.1) one has

∫ ∞

−∞
(|y| ∧ 1) ν(dy) < ∞ (1.2)

(this is equivalent to the paths of J being of finite variation), one can simply
write

J(t) =
∫

R×[0,t]

y N(dy, dt). (1.3)

If (1.2) fails, this Poisson integral does not converge absolutely, and J has
to be defined by a compensation (centering) procedure. For example, letting

Y0(t)
def=

∫

{y: |y|>1}×[0,t]

y N(dy, dt), Yn(t)
def=

∫

|y|∈(yn+1,yn]

y N(dy, dt),

one can let

J(t) def= Y0(t) +
∞∑

n=1

{Yn(t)− EYn(t)} , (1.4)

where 1 = y1 > y2 > · · · ↓ 0 and

EYn(t) = t

∫

|y|∈(yn+1,yn]

y ν(dy) .

The series converges a.s. since
∞∑

n=1

Var
(
Yn(t)

)
=

∞∑

n=1

t

∫

|y|∈(yn+1,yn]

y2ν(dy) = t

∫ 1

−1

y2ν(dy) < ∞,

and the sum is easily seen to be independent of the particular partitioning
{yn}. But note that since the role of the interval [−1, 1] is arbitrary, a
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compensated Lévy jump process is given canonically only up to a drift
term.

If J(t) ≥ 0 for all t ≥ 0, then J is called a subordinator. The Lévy measure
for a subordinator necessarily satisfies (1.2), and any Lévy jump process
satisfying (1.2) can be written as the independent difference between two
subordinators, defined in terms of the restriction of ν to (0,∞), respectively
the restriction of ν to (−∞, 0) reflected to (0,∞) (possibly a positive drift
term has to be added).

The property of stationary independent increments implies that
log EesX(t) has the form tκ(s). Here κ(s) is called the Lévy exponent; its
domain includes the imaginary axis #s = 0 and frequently larger sets
depending on properties of ν, say {s : #s ≤ 0} in the case of a subordi-
nator. Thus, κ(s) is the cumulant g.f. of an infinitely divisible distribution,
having the Lévy–Khinchine representation

κ(s) = cs+
σ2s2

2
+
∫ ∞

−∞

(
esy − 1− sy1|y|≤1

)
ν(dy) , (1.5)

where one refers to
(
c, σ2, ν

)
as the characteristic triplet.

In the finite variation case (1.2), the Lévy-Khinchine representation (1.5)
is often written

κ(s) = c1s+
σ2s2

2
+
∫ ∞

−∞
(esy − 1) ν(dy) , (1.6)

where c1 = c− ∫ 1

−1 y ν(dy).
In the older literature, the Lévy–Khinchine representation often appears

in the form

κ(s) = c2s+
σ2s2

2
+
∫ ∞

−∞

(
esy − 1− sy

1 + y2

)
ν(dy) . (1.7)

A different equivalent form that is sometimes used is

κ(s) = c2s+
σ2s2

2
+
∫ ∞

−∞

(
esy − 1− sy

1 + y2

)
1 + y2

y2
θ(dy) , (1.8)

where θ(dy) def= y2/(1 + y2) ν(dy) can be any nonnegative finite measure.
Bertoin [41] and Sato [330] are the classical references for Lévy processes,

but there are also some good recent texts such as Applebaum [8] and Kypri-
anou [226]. A good impression of the many directions into which the topic
has been developed and applied can be obtained from the volume edited
by Barndorff-Nielsen et al. [37].

1a Special Lévy Processes
In the examples we treat, the Lévy measure will have a density w.r.t.
Lebesgue measure, which we denote by n def= dν/dx. The density of X(t) is
denoted by ft(x) throughout.
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Example 1.1 For 1 < α < 2, α 
= 1, the α-stable Sα(σ, β, μ) distribution
is defined as the distribution with c.g.f. of the form

κ(s) = −σα|s|α
(
1− β sign(s/i)) tan

πα

2

)
+ sμ, #s = 0 ,

for some σ > 0, β ∈ [−1, 1], and μ ∈ R. There is a similar but somewhat
different expression, which we omit, when α = 1. The reader should note
that the theory is somewhat different according to whether 0 < α < 1,
α = 1, or 1 < α < 2.

If the r.v. Y has an Sα(σ, β, μ) distribution, then Y +a has an Sα(σ, β, μ+
a) distribution and aY an Sα(σ|a|, sign(a)β, μ) distribution. Thus, μ is a
translation parameter and σ a scale parameter. The interpretation of β
is as a skewness parameter, as will be clear from the discussion of stable
processes to follow.

A stable process is defined as a Lévy jump process in which X(1) has
an α-stable Sα(σ, β, 0) distribution. This can be obtained by choosing the
Lévy density as

n(y) =

{
C+/y

α+1 y > 0,
C−/|y|α+1 y < 0,

(1.9)

with

C±
def= Cα

1± β

2
σα , Cα

def=
1− α

Γ(2− α) cos(πα/2)
.

One can reconstruct β from the Lévy measure as β = (C+−C−)/(C++C−).
If 0 < α < 1, then (1.2) holds and the process can be defined by (1.3). If
1 ≤ α < 2, compensation is needed and care must be taken to choose the
drift term to get μ = 0. Stable processes have a scaling property (self-
similarity) similar to Brownian motion,

{
T−1/αX(tT )

}
t≥0

D= {X(t)}t≥0

(μ = 0 is crucial for this!).
Stable processes and some of their modifications are treated in depth in

Samorodnitsky & Taqqu [329]. �

Example 1.2 An important property of stable processes is that the Lévy
density and hence the marginals have heavy tails. A modification with light
tails corresponds to the Lévy density

n(x) =

{
C+e−Mx/x1+Y x > 0,
C−eGx/|x|1+Y x < 0,

where C,G,M > 0, 0 ≤ Y < 2. Such a Lévy process is called a tem-
pered stable process (see Section 7 for a generalization). For Y > 0 and
C+ = C− = C, the corresponding Lévy process is called the CGMY process
(CGMY = Carr–Geman–Madan–Yor; cf. the notation for the parameters!);
for Y = 0 and C+ = C− = C, the process is called the variance Gamma
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process. The Lévy exponent is

κ(s) = C+Γ(−Y )
[
(M − s)Y −MY

]
+ C−

[
(G+ s)Y −GY

]
. �

Example 1.3 Since the Gamma distribution with density proportional to
xα−1e−λx is infinitely divisible, there is a Lévy process with this distribu-
tion of X(1). For obvious reasons, it is called the Gamma process. The Lévy
measure can be shown to have density n(x) = αe−λx/x for x > 0; note that
n(x) ∼ x−1, x ↓ 0, so the Lévy measure is infinite but at the borderline
of being so. Hence small jumps play a relatively small role for the Gamma
process. By standard properties of the Gamma distribution,

κ(s) = log
( λ

λ− s

)α
, ft(x) =

λαt

Γ(αt)
xαt−1e−λx . �

The variance Gamma process in Example 1.2 is the difference between two
independent Gamma processes.

Example 1.4 The normal inverse Gaussian (NIG) Lévy process has four
parameters α, δ > 0, β ∈ (−α, α), μ ∈ R, and

κ(s) = μs− δ
(√
α2 − (β + s)2 −

√
α2 − β2

)
.

The Lévy measure has density
αδ

π|x|K1

(
α|x|)eβx, x ∈ R, (1.10)

(here as usual K1 denotes the modified Bessel function of the third kind
with index 1), and the density of X(1) is

f1(x) =
αδ

π
exp

{

δ
√
α2 − β2 − βμ

}
K1

(
α
√
δ2 + (x− μ)2

)

√
δ2 + (x− μ)2

eβx ,

which is called the NIG(α, β, μ, δ) density; the density ft(x) of X(t) is
NIG(α, β, tμ, tδ). �

Example 1.5 Let X be any Lévy process with nonnegative drift. Then
T (x) def= inf{t : X(t) > x} is finite a.s., and clearly {T (x)}x≥0 has station-
ary independent increments, so it is a Lévy process (in fact a subordinator,
since the sample paths are nondecreasing).

The most notable example is the inverse Gaussian Lévy process, which
corresponds to X being Brownian motion with drift γ > 0 and variance 1.
Here

κ(s) = γ −
√
γ2 − 2s, fx(t) =

x

t3/2
√

2π
exp

{
γx− 1

2

(x2

t
+ γ2t

)}
,

and the Lévy measure has density

n(x) =
1√

2πx3/2
e−xγ

2/2, x > 0. �
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We will see further examples in Section 5 in connection with subordi-
nation.

1b Lévy Processes in Mathematical Finance
Using a Lévy process X instead of Brownian motion to model the log
returns has recently become an extremely popular approach; see Cont &
Tankov [75] and Schoutens [331]. There are two motivations, both empiri-
cally motivated. The first is statistical and originates from studies in which
the geometric BM Black–Scholes model does not appear to describe reality
well. One reason may be that log returns appear to have a clearly nonnormal
distribution, another that the implied volatility (see further Exercise 3.2)
computed from traded option prices does not appear to be a constant func-
tion of the strike price K, but exhibits a skew or a smile. Working with a
Lévy process instead widens the class of possible marginals to the class of
infinitely divisible distributions, which is much more flexible than the class
of normals.

The second motivation is that Lévy processes allow for sample paths with
jumps. Even if continuous observation is in principle impossible, one may
observe atypically large changes at certain times and may then interpret
these as jumps. For example, one could model crashes at the stock exchange
as a Poisson process N , at the epochs of which the stock prices decrease
by a factor of 1 − δ. In the Black–Scholes model, this leads to X(t) =
μt + σB(t) + log(1 − δ)N(t), where B is a Brownian motion independent
of N .

A difficulty is that the risk-neutral measure P
∗ is no longer unique. As

discussed in I.3, the requirement is absolute continuity and that e−rt+X(t)

be a P
∗-martingale. A popular choice is exponential change of measure

(often referred to as the Esscher transform in this setting), where X is a
Lévy process under P

∗ with Lévy exponent

κ∗(s) = κ(s+ θ)− κ(θ) ,

where (in order that the martingale property hold) θ satisfies κ∗(1) =
r. Occasionally one also encounters the minimal entropy measure, which
comes out as follows. Assuming that the jump part has finite expectation,
i.e., that

∫
|x|>1 |x| ν(dx) <∞, one can write

κ(s) = μs+ σ2s2/2 +
∫ ∞

−∞
(esy − 1− sy) ν(dy) . (1.11)

The c.g.f. under the minimum entropy measure is then of the same form,
but with μ and ν replaced by

μ∗ = μ+ λσ +
∫ ∞

−∞
y
(
exp {λ(ey − 1)} − 1

)
ν(dy),

ν∗(dy) = exp {λ(ey − 1)} ν(dy) ,
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where λ is determined by κ∗(1) = r.
Of the examples in Section 1a, particularly popular choices in mathe-

matical finance are the CGMY process and the NIG process. For further
examples and comprehensive treatments of Lévy processes in finance, see
Schoutens [331] and Cont & Tankov [75].

Exercises

1.1 (A) Consider the Asian option in the GBM model with the same parame-
ters as in Exercise I.6.2, but assume in addition that events occur at the stock
exchange at Poisson rate λ = 1/5, causing the stock prices to fall by 20% (that
is, log S(t) has to be replaced by log S(t) + log(0.8)N(t), where N is an indepen-
dent Poisson(λ) process). Compute the option price for K = 100 under both the
Esscher measure and the minimal entropy measure.

2 First Remarks on Simulation

Because of the property of stationary independent increments, the problem
of simulating a discrete skeleton

{
Jhn
}
, where Jhn

def= Jh(thn), thn
def= nh, of

a Lévy jump process is obviously equivalent to the problem of r.v. gener-
ation from a specific infinitely divisible distribution. One can tentatively
distinguish three types of processes, for which one would apply different
methods:

(a) The marginal densities ft(x) are available in a simple form, so
standard methods will apply to simulate the increments.

(b) In quite a few other cases (the NIG process is one example), the
ft(x) may be explicitly known but involve special functions, making
r.v. generation tedious.

(c) A third group of Lévy processes consists of those for which the ft(x)
are not known in closed form [the Lévy density n(x) and/or Lévy
exponent κ(s) will typically be known].

Examples from (a) are the Gamma, inverse Gaussian, and Cauchy Lévy
processes. The NIG process is one important example from (b); others
are the hyperbolic Lévy and Mexiner processes not discussed here, and so
is the minimum entropy process (cf. Section 1b) associated with a given
Lévy process because of the eλey

occuring in the Lévy density. The CGMY
process provides an example from (c).1

1A curious example falling between these groups is a Lévy process with ft(x) a
Student t density for some t = t0 but not explicitly available for t �= t0, as discussed by
Hubalek [188].
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The simulation of a Lévy process of type (a) is of course rather easy,
though the r.v. generation may be more or less straightforward (see, e.g.,
Example 5.1 for the inverse Gaussian case). Also for some special pro-
cesses of type (b) or (b) there exist simple algorithms. In particular, stable
processes are of type (C) except for α = 1 or 1/2, but nevertheless, r.v. gen-
eration from stable distributions is surprisingly easy; see Section 2a below.
Subordination may also provide an easy route in some cases, cf. Section 5.
Methods that can be used beyond such special cases are discussed in Sec-
tions 3 and 4. Here the r.v. generation has to be based directly on the Lévy
measure ν. It is obviously impossible to generate an infinity of jumps, and
so invariably some truncation or limiting procedure is involved. An alterna-
tive for case (B) is course to bound the special functions by more standard
ones so that acceptance–rejection methods may apply. Finally, both in (b)
and(c) transform-based methods as discussed in II.2e may apply.

We proceed to some special algorithms.

2a Stable Processes
For stable distributions, there is a standard algorithm due Chambers,
Mallow, & Stuck [66] (see also Samorodnitsky & Taqqu [329]). It has a par-
ticularly simple form for a symmetric stable distribution (β = 0): if Y1, Y2

are independent such that Y1 is standard exponential and Y2 uniform on
(−π/2,π/2), then

X =
sin(αY2)

(cosY2)1/α

(cos((1 − α)Y2)
Y1

)(1−α)/α

(2.1)

has an Sα(1, 0, 0) distribution. Note that if α = 2, then (2.1) reduces to

X =
√
Y1

sin(2Y2)
cosY2

= 2
√
Y1 sinY2 ,

which is the Box–Muller method for generating a normal r.v. with variance
2. The algorithm is also fairly simple and efficient in the asymmetric case,
but is then of a somewhat more complicated form.

For asymmetric stable distributions and processes, the right-skewed case
β = 1 can be viewed as a building block because of the fact that if Y1, Y2

are independent and Sα(1, 0, 0) distributed, then

Y = μ + σ

(
1 + β

2

)1/α

Y1 − σ

(
1− β

2

)1/α

Y2

has an Sα(σ, β, μ) distribution.

2b The Damien–Laud–Smith Algorithm
Early algorithms for simulation from an infinitely divisible distribution were
suggested by Bondesson [50] and Damien, Laud, & Smith [80]. Bondesson’s
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method is an early instance of ideas related to the series representations
discussed below, and we return to it there. The starting point of [80] is the
finite measure θ(dy) = y2/(1 + y2) ν(dy) in the form (1.8) of the Lévy–
Khinchine representation. Write c def=

∫∞
−∞ θ(dy).

Proposition 2.1 ([80]) Let (Ui, Vi), i = 1, . . . , n, be i.i.d. pairs such that U
has distribution θ(dy)/c and the conditional distribution of V given U = y
is Poisson(c(1 + y2)/ny2), and let

Zn
def=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

n∑

i=1

UiVi in the finite variation case,

n∑

i=1

(
UiVi − c

nUi

)
in the compensated case.

Then Zn
D→ X(1) as n→∞.

Proof. Letting λn(y)
def= c(1 + y2)/ny2, we have E

[
esUV |U = y

]
=

exp{λn(y)(esy − 1)}. Thus in the finite-variation case, we get for #s = 0
that

log EesZn = n log
(∫ ∞

−∞
exp{λn(y)(esy − 1)} y2

c(1 + y2)
ν(dy)

)

= n log
(∫ ∞

−∞

{
1 + λn(y)(esy − 1) + O(1/n2)

} y2

c(1 + y2)
ν(dy)

)

= n log
(

1 +
1
n

∫ ∞

−∞
(esy − 1)ν(dy) + O(1/n2)

)

= n log
(

1 +
1
n
κ(s) + O(1/n2)

)
→ κ(s) ,

as should be (using that the O(1/n2) term is uniform in y). For the
compensated case, see [80]. �

A particularly appealing case is the Sα(1, 1, 0) case in which U can be
generated as

√
1/W − 1 with W having a Beta(α/2, 1−α/2) distribution.

For some purposes, a disadvantage of using discrete skeletons is that one
cannot precisely identify the location of the large jumps; doing so is impor-
tant, for example, for reducing the uniform error X.(1.2) (note that even in
the simple case of a Poisson process, X.(1.2) evaluated for a discrete skele-
ton does not go to zero). The methods discussed in the two next sections
are better suited for this.
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3 Dealing with the Small Jumps

Since we have discussed Brownian motion separately, we consider here only
the case σ2 = 0. Recall also that

∫ ∞

−∞
(y2 ∧ 1) ν(dy) < ∞ , (3.1)

and that the paths of J are of finite variation (no compensation needed) if
and only if

∫ ∞

−∞

(|y| ∧ 1
)
ν(dy) < ∞ (3.2)

(say a stable process with 0 < α < 1 or a subordinator).
For simulation, the compound Poisson case is obviously straightforward

from any point of view (provided at least that it is straightforward to
simulate from the probability measure proportional to ν(dy)), and so we
concentrate in the following on the case

∫∞
−∞ ν(dy) = ∞.

Any Lévy jump process J can be written as the independent sum

J(t) = J (1)(t) + J (2)(t) , (3.3)

where the Lévy measures of J (1), J (2) are the restrictions ν(1), ν(2) of ν to
(−ε, ε), respectively {y : |y| ≥ ε}. Here ν(2) is finite, so J (2) is a compound
Poisson process, and simulation is straightforward. As a first attempt, one
would then choose ε > 0 so small that J (1) can be neglected and just
simulate J (2).

As a more refined procedure, it is often suggested (e.g., Bondesson [50],
Rydberg [322]) to replace J (1) by a Brownian motion with the appropriate
variance σ2

ε
def=

∫ ε
−ε y

2 ν(dy) and mean με
def=

∫ ε
−ε y ν(dy) in the finite-

variation case (3.2), με = 0 in the compensated case. The justification
for this is the folklore that because small jumps become more and more
dominant as ε becomes small, one should have

{(J (1)(t)− μεt
)
/σε}t≥0

D→ {B(t)}t≥0 (3.4)

as ε ↓ 0 where B is standard BM. However, the gap in the argument is
that even if jumps of J (1) are small, such is not necessarily the case for the
jumps of the l.h.s. of (3.4) because of the division by σε, which is small.
Thus standard central limit theory suggests that

ε/σε → 0 (3.5)

is a necessary condition. A rigorous discussion was provided by Asmussen
& Rosiński [26], who showed that (3.4) holds if and only if

σcσε∧ε ∼ σε (3.6)

for all c > 0. This is certainly implied by (3.5), and is in fact equivalent,
provided the Lévy measure μ has no atoms close to 0.
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The proof uses a special CLT for Lévy jump processes. Rather than going
into this, we will give a direct proof of the following result, which covers
most cases of practical interest:

Proposition 3.1 Assume that ν has a density of the form L(x)/|x|α+1 for
all small x, where L(x) is slowly varying as x → 0 and 0 < α < 2. Then
(3.4) holds.

Proof. We show only that J (1)(1), properly normalized, has a limiting
standard normal distribution. By Karamata’s theorem ([116] or [44]),

σ2
ε =

∫ ε

−ε
x2 ν(dx) =

∫ ε

−ε
|x|1−αL(x) dx ∼ L(ε) + L(−ε)

2− α
ε2−α .

Since L(ε)εγ → 0, εγ/L(ε) → 0 for any γ > 0 and similarly for L(−ε), we
therefore have ε/σε → 0, so that

log E exp
{
s
(
J (1)(1)− με

)
/σε

}

=
∫ ε

−ε
(esx/σε − 1− sx/σε) ν(dx) =

∫ ε

−ε

(
s2x2

2σ2
ε

+ O
( |s3x3|

σ3
ε

))
ν(dx)

=
s2

2
+ o(1),

where the last equality follows from
∫ ε

−ε
|x3| ν(dx) ∼ L(ε) + L(−ε)

3− α
ε3−α . �

Remark 3.2 The process J (2) of large jumps will of course be simulated
at a Poisson grid 0 < t1 < t2 < · · · . The whole process along this Poisson
grid is then obtained by adding a N

(
(tk − tk−1)με, (tk − tk−1)σ2

ε

)
r.v. to

the jump at tk for the update from tk−1 to tk. However, in some cases it is
desirable to have the process represented along a deterministic equidistant
grid thn

def= nh. This is easily implementable by performing the update
from thn−1 to thn by adding a N

(
hμε, hσ

2
ε

)
r.v. to the jumps of

{
J (2)(t)

}
in(

thn−1, t
h
n

]
. �

In summary, we have the following three approximate algorithms for
generating J :

J(t) ≈ J (2)(t) , (3.7)
J(t) ≈ μεt + J (2)(t) , (3.8)
J(t) ≈ μεt + σεB(t) + J (2)(t) , (3.9)

where με = 0 for all small ε in the infinite-variation case (so that algo-
rithms (3.7) and (3.8) are the same). Clearly, the algorithms in the list
are increasingly complex but also, one would hope, increasingly accurate.
Thus in particular, to achieve the same accuracy, one would believe that
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algorithm (3.9) could be run be with a larger ε than algorithm (3.7),
which would reduce the computational effort. Indeed, generating J (2) is
much more demanding than generating the drift or Brownian term, so that
roughly the computational effort should be proportional to the Poisson
parameter λε

def=
∫
|x|>ε ν(dx), that goes to ∞ as ε ↓ 0.

Example 3.3 We consider a stable process with index α = 1/2 and Levy
density c

2x
−3/2, x > 0, in the completely asymmetric case, and c

2 |x|−3/2,
x ∈ R, in the symmetric case, where c =

√
2/π. Then X(1) can be gener-

ated as 1/U2 in the asymmetric case and as 1/U2−1/V 2 in the symmetric
case, where U, V are independent standard normals.
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FIGURE 3.1

Figure 3.1 is a Q-Q plot restricted to X(1) ∈ (0, 1.2) (which corre-
sponds to 0.87% of the mass) of the quantiles of R = 25,000 simulated
approximate values of X(1) toward the quantiles of simulated exact val-
ues, using the above exact algorithm. The four rows correspond to ε =
1/2, 1/3, 1/8, 1/16. The columns are algorithms (3.7), (3.8), and (3.9). Note
that in this example,

με =
∫ ε

0

c

2
x−1/2 dx = cε1/2, σ2

ε =
∫ ε

0

c

2
x1/2 dx =

c

3
ε3/2 .

Figure 3.2 is a similar Q-Q plot for the symmetric case in the interval
X(1) ∈ (−1.2, 1.2), which corresponds to 25% of the mass. The first column
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is the identical algorithms (3.7), (3.8), the second (3.8). The four rows
correspond to ε = 2, 1, 1/2, 1/4, and we have

με = 0 , σ2
ε =

∫ ε

−ε

c

2
|x|1/2 dx =

2c
3
ε3/2

(note that the mean of the small jumps is 0 by symmetry, so that pure
mean compensation does not give anything new).

It is seen in the asymmetric case that mean compensation (algorithm
(3.8) is indeed an improvement but has the problem of the atom at με,
which is largely removed by the normal refinement (3.9). Some relevant
numbers, including the computational effort

λε =

{∫∞
ε

c
2x
−3/2 dx = cε−1/2 in the asymmetric case,

∫
|x|>ε

c
2x
−3/2 dx = 2cε−1/2 in the symmetric case,

and the probability of simulating X(1) = 0, which is e−λε , respectively
e−2λε , are given in the following tables, where the first corresponds to the
asymmetric case and the second to the symmetric case:

ε 1/2 1/4 1/8 1/16
λε 1.13 1.60 2.26 3.19
με 0.56 0.40 0.28 0.20
σε 0.31 0.18 0.11 0.06

e−λε 0.32 0.21 0.10 0.04

,

ε 2 1 1/2 1/4
λε 1.13 1.60 2.26 3.19
σε 1.23 0.79 0.43 0.26

e−2λε 0.32 0.21 0.10 0.04

�
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Error rates for the various algorithms discussed above have been derived
independently in Signahl [342] and Cont & Tankov [75, Sections 6.3, 6.4].

Remark 3.4 In many of the parametric examples, r.v. generation from the
distribution Fε obtained by normalizing the Lévy measure ν to (ε,∞) is
nonstandard. For example, for the CGMY process of Example 1.2, we need
to generate r.v.’s from the density proportional to e−Mx/x1+Y , ε < x <∞.
An obvious procedure is to use acceptance–rejection, with proposal either
the exponential distribution with rate M shifted to (ε,∞), or the Pareto
density cε/x1+Y on (ε,∞). If M is large, one expects the first alternative
to be the more efficient; for M small, the second. An alternative approach
to simulation from the CGMY process is given in Example 4.5.

A general approach is to find a majorizing Lévy density ñ(x) from which
the jumps are easily generated. Assuming n(x) ≤ cñ(x) with c = 1 (the case
c ≥ 1 is easily handled by a time-change argument), one then simulates the
jumps corresponding to ñ(·) and accepts a jump of size x w.p. n(x)/ñ(x).
By standard properties of Poisson thinning, this makes jumps in [x, x+dx)
occur at intensity n(x) dx, as should be. See Rosiński [307] for further
discussion of this approach. �

Exercises

3.1 (TP) Carry out the time-change argument in Remark 3.4.
3.2 (A) Consider a European call option with the underlying risk-neutral asset
price of the form S(t) = S(0)eX(t), where X(t) is the CGMY process of Exam-
ple 1.2. The maturity is T = 1 years, the short rate is 4% per year, and w.l.o.g.,
we take S(0) = 1. By a least squares fit to traded option prices, Asmussen et
al. [24] calibrated the parameters C = 1.17, G = 3.58, M = 11.5, Y = 0.50.
Using these parameters and any of the numerical schemes of this section, compute
the option price p(K) for strike prices K ∈ [0.85, 1.15] and thereby the implied
volatility σ(K) as a function of K. That is, σ(K) is the solution of p(K) =
BS
(
r, T, K, σ(K)

)
, where BS(·) is the Black–Scholes price.

4 Series Representations

We will start by deriving the most basic series representation of a subordi-
nator {X(t)}0≤t≤1 with Lévy density n(x) def= dν/dx, x > 0, and no drift
term.

The idea comes from the algorithm for simulation of an inhomogeneous
Poissson process from i.i.d. standard exponentials given in the second
half of II.4.2. More precisely, if β(t) is the intensity function, if B(t) def=∫ t
0
β(s) ds < ∞ for all t < ∞, and Γ1,Γ2, . . . are the epochs of a Poisson

process with unit rate, then the epochs of the inhomogeneous Poissson pro-
cess can be constructed as B−1(Γ1), B−1(Γ2), . . .. In particular, if an epoch
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at time t gives the reward r(t), we obtain the total reward as
∞∑

i=1

r
(
B−1(Γi)

)
.

The relevance for our subordinator comes from the fact that the totality
of jumps of {X(t)}0≤t≤1 (that is, X(1)) can be seen as the total reward of
an inhomogeneous Poissson process on (0,∞) with intensity function n(x)
and reward function r(x) = x. However, we encounter the difficulty that∫ t
0 n(x) dx is infinite, so that the above (forward) algorithm does not apply

directly. To resolve this, we simply reverse time by letting it run down from
∞ to 0 rather than up the other way. This provides a backward algorithm
in which, letting ν(x) def=

∫∞
x
n(y) dy, we construct the largest jump as

ν−1(Γ1), the second-largest one as ν−1(Γ2), and so on. In summary, we
have proved the first part of the following theorem:

Theorem 4.1 Consider a subordinator {X(t)}0≤t≤1 with Lévy density
n(x) = dν/dx, x > 0, and no drift term, and let Γ1,Γ2, . . . be the epochs
of a Poisson process with unit rate. Then

X(1) D=
∞∑

i=1

ν−1(Γi) .

Further, if U1, U2, . . . are i.i.d. uniform(0, 1) and independent of Γ1,Γ2, . . .,
then

{X(t)}0≤t≤1
D=
{ ∞∑

i=1

ν−1(Γi)1Ui≤t
}

0≤t≤1
.

To obtain the second part, i.e., the representation of the whole sample
path, we just have to note that the algorithm places the ith-largest jump
at t = Ui, and that a given jump of size x in [0, 1] is equally likely to occur
at any t.

To get an implementable algorithm, the series expansion has of course
to be truncated. The two most obvious possibilities are to consider
either

∑N
1 with N fixed and large, or

∑τ
1 with ε small, where τ

def=
inf{i : ν−1(Γi) < ε}. In the latter case, the algorithm yields the jumps of
size greater than ε, with the largest one smaller than ε added. Since this
term will be negligible for ε small, one does not expect the approximations
provided by the algorithm to be essentially different from the compound
Poisson ones discussed in the previous section in which the Lévy measure is
truncated to [ε,∞). Similarly, in considering

∑N
1 , the jumps smaller than

ν−1(ΓN ) are neglected, but because of the LLN ΓN/N → 1, these are to the
first order of approximation the same as those smaller than ε = ν−1(N).
In summary, the algorithm provided by Theorem 4.1 may just be seen as
the compound Poisson algorithm with the generation of the jump sizes
implemented via inversion. However, more sophisticated series expansions
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sometimes contains genuine improvements. Also series expansions are po-
tentially more advantageous for some aspects of variance reduction (cf.
Section 6b).

In the following, we survey several variants of the representation in The-
orem 4.1. Throughout, let M be a Poisson process on [0,∞) with intensity
λ, and denote the nth epoch by Γn (thus, {Γn − Γn−1}n=1,2,... is a sequence
of i.i.d. exponential r.v.’s with mean 1/λ). Let further the sequences {Un},
{ξn} be independent of M and i.i.d., such that Un is uniform(0, 1) and
ξn has some distribution varying from case to case in the following. The
representations we consider typically have the form

{X(t)}0≤t≤1
D=
{ ∞∑

n=1

G(ξn,Γn)1Un≤t
}

0≤t≤1

in the finite-variation case.
We first consider the algorithm of Bondesson [50].

Proposition 4.2 ([50]) Assume that {X(t)} is a subordinator. Then:

(i) There exist a family {H(dy, u)}u≥0 of distributions on [0,∞) and a
λ > 0 such that

λ

∫ ∞

0

H(dy, u) du = ν(dy) . (4.1)

(ii) For such a family {H(dy, u)}, let W1,W2, . . . be r.v.’s that are condi-
tionally independent given M , such that Wi has distribution H(·,Γi)
given M . Then X = W1 +W2 + · · · has the same distribution as X1.

Proof. For (i), we let λ = 1 and H(x, u) def=
∫∞
x+
H(dy, u). Then (4.1) can

be rewritten as
∫ ∞

0

H(x, u) du = ν(x), x ≥ 0. (4.2)

Letting H(·, u) be the degenerate distribution at ν−1(u), we have H(x, u)
= 1 when x ≤ ν−1(u), i.e., u ≤ ν(x), andH(x, u) = 0 when x > ν−1(u), i.e.,
u > ν(x), cf. II.2.2(a). This proves (4.1). For an alternative construction,
see the proof of Corollary 4.4 below.

For (ii), we can use (4.1) to write the Lévy exponent κ(s) = log EesX1 as

κ(s) =
∫ ∞

0

(esy − 1)ν(dy) =
∫ ∞

u=0

∫ ∞

y=0

λ(esy − 1)H(dy, u) du ,

which we recognize as the c.g.f. of the total reward X∗(∞) in a time-
inhomogeneous compound Poisson process {X∗(t)}0≤t<∞ with constant
arrival rate λ and jump-size distribution H(·, u) at time u. From this the
result follows. �

As is seen from the proof, Theorem 4.1 is the special case in which H(·, u)
is the degenerate distribution at ν−1(u).
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Bondesson considers only one-dimensional distributions, not processes,
but in fact, we have the following:

Corollary 4.3 Under (i) of Proposition 4.2,

{X(t)}0≤t≤1
D=
{ ∞∑

n=1

Wn1Un≤t
}

0≤t≤1
. (4.3)

Proof. Let X̃(t) def=
∑∞
n=1Wn1Un≤t. We can then think of X̃(t) as the

total reward in the process obtained from {X∗(t)} by thinning with re-
tention probability t. Hence as in the proof of Proposition 4.2, with λ

replaced by λt, we get log EesX̃(t) = tκ(s), and it remains only to show
independence of increments. But if we split {X∗(t)} into three processes
{X∗(t; 1)}, {X∗(t; 2)}, {X∗(t; 3)} by letting a jump go to the three pro-
cesses with respective probabilities t, t+ s, and 1− t− s according to the
Un, these processes are independent and hence so are the total rewards

X∗(∞; 1) =
∞∑

n=1

Wn1Un≤t = X̃(t),

X∗(∞; 2) =
∞∑

n=1

Wn1{t < Un ≤ t+ s} = X̃(t+ s)− X̃(t).

�

In the following, let λ = 1. There are several series representations of
Lévy processes of similar type as (4.3) around in the literature. For example,
an Sα(1, β, 0) process with α < 1 can be represented as

C1/α
α

∞∑

n=1

ξnΓ−1/α
n 1Un≤t , (4.4)

where

Cα
def=

(∫ ∞

0

x−α sinxdx
)−1

, P(ξn = 1) = P(ξn = −1) =
1 + β

2
.

Letting H(·, u) be the distribution of an r.v. that attains the values
±C1/α

α u−1/α with probabilities (1±β)/2, this representation is of the same
form as in Corollary 4.3. For 1 ≤ α < 2, there are similar expansions like
(4.4) but with certain centering terms tb(α)

n added for each term (corre-
sponding to compensation). See [329] for details. Perhaps more surprisingly,
if the process is not completely skewed (i.e., if |β| 
= 1) then such centering
can be avoided. For example, for α 
= 1 a possible representation is (4.4)
with the distribution of ξn changed to P(ξn = a±) = 1 − a±/(a+ + a−),
where

a±
def= ±

[
1± β

2

(
1 + β

1− β

)±1/(α−1)

+ 1

]1/α

;
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cf. Janicki & Weron [194].
Here is one more example, random thinning of i.i.d. sequences (Rosiński

[306], [307]); the thinning corresponds to allowing H(·, u) to have an atom
at 0 in Proposition 4.2.

Corollary 4.4 Consider the finite-variation case. Let the ξn have distri-
bution F , where F is a probability distribution on R/ {0} that is equivalent
to ν in the Radon–Nikodym sense, and let g = dν/dF . Then the process
can be represented as

∞∑

n=1

ξn1{g(ξn) ≥ Γn, Un ≤ t} .

Proof. For y > 0, we get

H(dy, u) = P(ξn ∈ dy; g(ξn) ≥ u) = F (dy)1{g(y) ≥ u} .
Thus g = dν/dF yields

∫ ∞

0

H(dy, u) du = F (dy)g(y) = ν(dy) . �

Example 4.5 For the specific case of tempered stable processes, in par-
ticular the CGMY process, some series expansions have recently been
developed by Rosiński [308] that compared to the acceptance–rejection pro-
cedure of Remark 3.4 have the attractive feature of not needing tuning to
the particular set of parameters. Consider the one-sided case with Lévy
density n(x) = Ce−Mx/x1+α, x > 0. In the finite variation case 0 < α < 1,
this expansion is

X(t) =
∞∑

n=1

[( C

αΓn

)1/α

∧ (TnV 1/α
n /M

)]
1{Un ≤ t} , 0 ≤ t ≤ 1,

where the Vn are uniform(0, 1) and the Tn standard exponential (with ob-
vious independence properties). In the compensated case 1 ≤ α < 2, the
expansion takes instead the form

X(t) = bt +
∞∑

n=1

{[( C

αΓn

)1/α

∧
(TnV

1/α
n

M

)]
1{Un ≤ t} − t

( C
αn

)1/α
}

for 0 ≤ t ≤ 1, where

b = α−1/αζ(1/α)C1/α − Γ(1− α)CMα−1

(ζ(·) is Riemann’s zeta function). We omit the formula for b for the special
case α = 1. �

Exercises

4.1 (A) In earthquake modeling, let S(t) be the stress potential at time t (taken
to be left-continuous) and s = 20 a threshold value. At time τ = inf {t : S(t) > s}
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an earthquake occurs, and the potential is then reset to 0, S(τ+) = 0. Between
quakes, the stress potential builds up like a subordinator with Lévy density

n(x) =
x1/2 + 3

x7/4
.

Produce a histogram for the severity of an earthquake, as defined by the r.v.
S(τ )− s. You will not need to generate more complicated r.v.’s than mixtures of
Paretos (Pareto r.v.’s are easily generated by inversion).

5 Subordination

Let {T (t)}t≥0 be a subordinator (a nondecreasing Lévy process) and
{Yt}t≥0 an independent general Lévy process, possibly starting from Y0 
=
0. It is then clear that the process {X(t)}t≥0 given by X(t) def= YT (t) has
stationary independent increments, hence is a Lévy process, which is said to
be subordinated to {Yt}. When the process {X(t)} can be represented this
way and the increments of {Yt} are easily simulatable, an obvious algorithm
for simulating {X(t)} is to simulate {T (t)} at a grid 0 < t1 < t2 < · · · that
is equidistant or Poisson, and to generate X(tk) as YT (tk).

The following two examples, in which {Yt} is Brownian motion, have
recently become popular in finance as models for log returns of stock prices
etc., due in part to a stochastic volatility interpretation: the increment
YT (t+h) − YT (h) can be viewed as Gaussian with the stochastic variance
T (t+ h)− T (t), or in different terms, as a normal variance mixture.

Example 5.1 The NIG (normal inverse Gaussian) Lévy process in Ex-
ample 1.4 is Brownian motion subordinated to the inverse Gaussian Lévy
process. More precisely, in terms of the four parameters α, β, μ, δ, {Yt} is
Brownian motion with initial value Y0 = μ, drift β, and variance 1, whereas
T (t) = Tγ(δt), where {Tγ(t)} is inverse Gaussian as in Example 1.5 with
γ =

√
α2 − β2.

To exploit this structure for simulation, one starts by generating the
inverse Gaussian subordinator {Tγ(δt)}t≥0 along a discrete grid h, 2h, . . . .
This can be done, for example, by the following algorithm due to Michael,
Schuchany, & Haas [256] for generating an r.v. X having the distribution
of the first passage time of a BM(γ, 1) to the level δ > 0:

(i) Let Y ∼ N (0, 1), Z ←− Y 2/γ.

(ii) Let Z ←−
(
δ + Z/2−√δZ + Z2/4

)
/γ, p←− δ/(δ + γZ).

(iii) Let U ∼ uniform(0, 1). If U > p, return X = (δ/γ)2/Z. Else return
X = Z.

�
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Example 5.2 The variance Gamma Lévy process is Brownian motion sub-
ordinated to the Gamma process. Since Gamma r.v.’s will typically be easily
available, this implies that the variance Gamma process can be simulated
exactly along a discrete grid thn

def= nh. �

Simulation of Lévy processes via subordination is further discussed in
Madan & Yor [243], Rubenthaler [311], and Rubenthaler & Wiktorsson
[312].

Exercises

5.1 (TP) The definition of the NIG distribution amounts to sampling a BM B1

at the first passage time of an independent BM B2. Show that one does not get
a larger class of distributions by allowing (B1, B2) to be a bivariate BM with a
possibly nonzero correlation coefficient.
5.2 (TP) Show that if X is inverse Gaussian(δ, γ), then (X − δ/γ)2/X has a
(scaled) χ2

1 distribution. Use this to verify the above algorithm for generating X.

6 Variance Reduction

If a Lévy process is simulated via discrete skeletons, variance reduction
can be carried out much as for random walks, using importance sampling,
control variates, stratification, QMC, or other methods.

6a Importance Sampling
The most obvious choice of importance distribution for a Lévy process is
of course another Lévy process. Compared to random walks, one specific
feature of Lévy processes is that absolute continuity (on a time interval
[0, T ]) of two continuous-time Lévy processes is not automatic even if the
marginals are absolutely continuous. More precisely:

Theorem 6.1 Let P1,P2 be the governing probabilities for two Lévy pro-
cesses with characteristic triplets (c1, σ2

1 , ν1), (c2, σ2
2 , ν2), and let T < ∞.

If σ2 > 0, then P1 and P2 restricted to FT
def= σ

(
X(t) : 0 ≤ t ≤ T

)
are

equivalent if and only if (i) σ2
1 = σ2

2, (ii)
∫∞
−∞(e�(x)/2 − 1)2 ν1(dx) < ∞,

where �
def= log(dν2/dν1). If σ2 = 0, it is in addition required that (iii)

c2 − c1 =
∫ 1

−1 x
(
ν2(dx)− ν1(dx)

)
.

The proof is in Sato [330, Section 33]; see also Cont & Tankov [75, pp.
307 ff].

The likelihood ratio between two compound Poisson processes is given
in Example V.1.13 and is simple. The expression in case of general Lévy
processes is somewhat more complicated; see again the above references.
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Example 6.2 Let P1 = P corresponding to the characteristic triplet
(c, σ2, ν), and let P2 = Pθ be defined by exponential tilting, i.e., κθ(s) =
κ(s+ θ)− κ(θ), where κ(θ) <∞, i.e., eθx ∧ x2 is ν-integrable. We get

κθ(s) = (c+ σ2θ)s + σ2s2/2 +
∫ ∞

−∞

(
e(θ+s)x − eθx − sx1x≤1

)
ν(dx)

=
(
c+ σ2θ +

∫ 1

−1

(eθx − 1)ν(dx)
)
s + σ2s2/2

+
∫ ∞

−∞
eθx
(
esx − 1− sx1x≤1

)
ν(dx) ,

which gives the exponentially tilted triplet as (cθ, σ2
θ , νθ), where σ2

θ = σ2,
νθ(dx) = eθxν(dx), and

cθ = c+ σ2θ +
∫ 1

−1

(eθx − 1)ν(dx) .

To verify absolute continuity, note that (i) is trivial. For requirement
(ii), note that �(x) = θx. The asymptotics of

(
eθx/2 − 1

)2 at x = ±∞ are
eθx ∨ 1, which is ν1-integrable away from x = 0. The asymptotics at x = 0
are θ2x2/4, which is ν1-integrable away from x = ±∞. This verifies (ii) and
absolute continuity when σ2 > 0. If σ2 = 0, we have

cθ − c =
∫ 1

−1

x(eθx − 1)ν(dx) =
∫ 1

−1

x
(
νθ(dx)− ν(dx)

)
.

So (iii) holds and absolute continuity.
In this example, the likelihood ratio takes a simple form,

dP

dPθ

∣
∣
∣
FT

= e−θX(T )+Tκ(θ) ,

as may be seen, for example, by discrete-random-walk approximations. �

6b Variance Reduction via the Large Jumps
The wavelet representation of BM via Brownian bridges is, as discussed
in X.2b and the exercises there, particularly well suited for implementing
variance reduction via stratification and QMC by concentrating on the
r.v.’s along a binary grid (say B(1/4), B(1/2), B(3/4), B(1)) that are most
important for the shape of the path. However, the representation does
not carry over to general Lévy processes. Instead we propose that in some
situations one could concentrate on the big jumps. More precisely, it follows
from Theorem 4.1 that steps (i), (ii) of the following algorithm generate
the K biggest jumps of a Lévy process over the time interval [0, 1] (ν(x) =∫∞
x
ν(dy) denotes the tail of the Lévy measure and ν−1 its inverse). The

whole process can then be obtained by supplementing with the small jumps
as in steps (iii), (iv):
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(i) Generate T1, . . . , TK as standard exponentials and U1, . . . , UK as
uniform(0, 1).

(ii) Let x1 = ν−1(T1), x2 = ν−1(T1 + T2), . . . , xK = ν−1(T1 + · · ·+ TK).

(iii) Using any of the algorithms of Sections 2–4, generate a Lévy process
{Y (t)}0≤t≤1 with Lévy measure ν(dx)1{x ≤ xK};

(iv) Put X(t) = Y (t) +
K∑

k=1

xk1Uk≤t , 0 ≤ t ≤ 1.

In itself, this algorithm does of course not provide variance reduction. How-
ever, the point is that it identifies some crucial r.v.’s, namely T1, . . . , TK
and U1, . . . , UK , to which one may apply say stratification, importance
sampling, or QMC.

We do not know of implementations of this idea. One would expect that
the efficiency depends on a proper tuning of K to the tail of the Lévy
measure (a larger K for a lighter tail).

Obvious variants of this algorithm are obtained by replacing Theorem 4.1
by some of the other series representations in Section 4.

Exercises

6.1 (TP) Show that two tempered stable processes with parameters C1
+, C1

−, G1,
M1, Y 1, C2

+, C2
−, G2, M2, Y 2 (cf. Example 1.2) satisfy the conditions of Theo-

rem 6.1 if and only if C1
+ = C+

2 , C1
− = C−2 .

6.2 (TP) Discuss the minimum entropy entropy measure parallel to Example 6.2
dealing with the Esscher tranform.
6.3 (TP) Show that for the NIG process, exponential tilting means changing β
to β + θ.

7 The Multidimensional Case

We shall be relatively brief, and therefore consider only the case corre-
sponding to finite variation for a pure jump process. Let now ν be a
nonnegative measure on R

d with d > 1 and satisfying
∫

Rd ‖x‖ ν(dx) <∞,
where ‖·‖ is any norm. The same construction as in (1.3) then immediately
applies and gives a process X(t) ∈ R

d, the dynamics of which can infor-
mally be described by a jump x = X(t) −X(t−) occurring at intensity
ν(dx). The (trivial) case of independent components ofX(t) corresponds to
ν(dx) being concentrated on the union of the d one-dimensional boundaries
{x : xj = 0 when i 
= j}.

Two main examples are as follows:

(i) Multivariate α-stable processes, which can simply be constructed by
equipping the jumps of a one-dimensional α-stable process by i.i.d.
random directions. That is, if νP(dr, du) is the Lévy measure written
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in polar coordinates, so that r > 0, u ∈ Sd−1 def=
{
x ∈ R

d : ‖x‖ = 1
}
,

then

νP(dr, du) =
C

rα+1
dr σ(du) ,

where σ is a probability measure on Sd−1.

(ii) Tempered multivariate α-stable processes, which are defined by a
tempering function q(r,u) that is completely monotonic for fixed
u with q(0+,u) = 1, q(∞,u) = 0 (hence q(·,u) is convex and
decreasing on (0,∞)), so that

νP(dr, du) =
Cq(r,u)
rα+1

dr σ(du) .

The simulation of the process can be carried out in a similar way as in
Section 3 by truncating ν to Ccd, where Cd = [−ε, ε]d. The corresponding
jump part is then d-dimensional compound Poisson(λε, Fε), where λε =
ν
(
Ccd
)

and Fε is ν/λε truncated to Ccd. The remaining small jumps can be
neglected, replaced by their expected values, or by a d-dimensional BM.
See further Rosiński [308] and Cohen & Rosiński [73].

Whereas of course the case of independent components is straightfor-
ward, the dependence structure of multivariate Lévy processes presents
interesting problems from the modeling, and thereby the simulation, point
of view. The construction of a copula from a multivariate distribution by
transforming by the inverse marginal c.d.f.’s (cf. II.3) does not carry over
to multivariate Lévy measure because of the singularity at x = 0. Instead,
one proceeds via the marginal tails. To be more precise, we assume for sim-
plicity that ν(dx) is concentrated on (0,∞)d with density ν(x). The Lévy
tail is then

ν(x1, . . . , xd)
def= ν

(
(x1,∞)× · · · × (xd,∞)

)
,

and the kth marginal Lévy tail is

νk(xk)
def= ν

(
(0,∞)k−1×(xk,∞)×(0,∞)d−k

)
= ν(0, . . . , 0, xk, 0, . . . , 0) .

We define the Lévy copula corresponding to ν by

C(y1, . . . , yd)
def= ν

(
ν−1
1 (y1), . . . , ν−1

1 (yd)
)
, 0 < y1, . . . , yd <∞ .

The kth marginal is

Ck(yk)
def= C(∞, . . . ,∞, yk,∞, . . . ,∞)
= ν(0, . . . , 0, ν−1

k (yk), 0, . . . , 0) = yk .

This is similar to the uniform marginals for an ordinary copula, except that
yk varies in (0,∞) rather than (0, 1), and that therefore C is an infinite
measure rather than a probability measure.
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Now assume that we are given d Lévy measures ν∗1 , . . . , ν∗d on (0,∞), and
that we want to construct a Lévy measure ν∗ on (0,∞)d having the ν∗k as
marginals and the same Lévy copula as ν. This is obtained by letting

ν∗(x1, . . . , xd) = C
(
ν∗1(x1), . . . , ν∗d(xd)

)
.

For d = 2, the corresponding Lévy process can be simulated as

X∗(t) =
( ∞∑

i=1

(ν∗1
−1(Γ1,i)1Ui≤t,

∞∑

i=1

(ν∗2
−1(Γ2,i)1Ui≤t

)
(7.1)

for t ∈ [0, 1], provided C is absolutely continuous, where the Ui are
uniform(0, 1), the Γ1,i are the epochs of a standard Poisson process, and
Γ2,i has c.d.f. C2(Γ1,i, ·) given Γ1,i, where C2 = (∂/∂y2)C.

A simple example is an Archimedean Lévy copula, constructed as

C(y1, . . . , yd) = φ−1
(
φ(y1), . . . , φ(y1)

)
,

where φ : (0,∞) → (0,∞) is strictly decreasing and convex with φ(0+) =
∞, φ(∞) = 0.

For further examples, proofs, and discussion, see Cont & Tankov [75,
Sections 5.4, 5.5, 6.6], Tankov [351], and Barndorff-Nielsen & Lindner [36].

Exercises

7.1 (TP) Explain that (7.1) cannot be a valid representation for independent
components. Which condition is violated?

8 Lévy-Driven SDEs

An SDE driven by a Lévy process {X(t)} has just the same form as in the
case of a driving BM,

dY (t) = a
(
t, Y (t)

)
dt + b

(
t, Y (t)

)
dX(t) ; (8.1)

for the stochastic calculus needed to deal with such SDEs in the presence
of jumps of the driving process, see Protter [297].

Example 8.1 One of the most notable examples is a Lévy driven
Ornstein–Uhlenbeck process, dY (t) = −αY (t) dt + dX(t) with α > 0. If
{X(t)} is a subordinator, the model has the notable property that negative
values cannot occur, which is one of several reasons that the Lévy-driven
Ornstein–Uhlenbeck process is a popular model for stochastic interest rates
in mathematical finance.

Similar ideas have been employed in stochastic volatility models. We
mention in particular the model

dY (t) =
(
μ+ βσ2(t)

)
dt + σ(t) dB(t) + ρ dX(t) ,

dσ2(t) = −ασ2(t) dt + dX(t) ,
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for an asset price S(t) = S(0)eY (t) suggested by Barndorff-Nielsen &
Shephard [38]; here X is a subordinator, B an independent BM, and the
interpretation of the term βσ2(t) is as a “volatility risk premium.” �

The dominant numerical method for Lévy-driven SDEs is the Euler
scheme, in which an approximation Y hn

def= Y h(thn) along a discrete grid
thn

def= nh is generated as

Y hn = Y hn−1 + a
(
thn−1, Y

h
n−1

)
h + b

(
thn−1, Y

h
n−1

)[
X
(
thn
)−X(thn−1)

]
.

For convergence properties, see, e.g., Jacod [191], Jacod et al. [192], and
references there.

Remark 8.2 It is tempting to attempt to modify the derivation of the
Milstein scheme for SDEs driven by BM to Lévy-driven SDEs. If the driv-
ing Lévy process is simulated along a discrete skeleton only, it turns out,
however, that in order to implement such a scheme one has in general to
be able to generate the increment of X jointly with the quadratic variation
over (thn, thn−1], and no simple algorithms are known for this.

The situation is somewhat different when the process is simulated as in
Section 3 as sum of the process J (2) of large jumps and a part W that is
a BM(με, σ2

ε). If one is satisfied with the solution of the SDE along the
Poisson grid 0 < t1 < t2 < · · · for J (2), one can then just use the one-step
Milstein update corresponding to replacing dX(t) in (8.1) by dW (t) in the
open time interval (tn−1, tn). If one wants to have Y represented along a
deterministic equidistant grid thn, the update from thn−1 to thn can the be
done as follows. If there are no jumps of J (2) in

(
thn−1, t

h
n

]
, just use one-step

Milstein updating. If there is precisely one jump, say at time thn−1 < s < thn
and of size ΔX(s), use one-step Milstein updating in

(
thn−1, s

)
. Then add

b
(
s, Y (s)

)
ΔX(s) to Y (s−) and use one-step Milstein updating in (s, thn).

For m > 1 jumps, split in a similar way in m+ 1 subintervals.
We know of neither implementations nor analysis of these ideas. �



Chapter XIII
Markov Chain Monte Carlo Methods

1 Introduction

Markov chain Monte Carlo (MCMC) is a method for obtaining informa-
tion on a distribution Π∗ whose point probabilities (or density w.r.t. some
reference measure μ) are typically known only up to a constant. Given a
nonnegative function π(x) on a set E, set

C
def=

⎧
⎪⎪⎨

⎪⎪⎩

∑

x∈E
π(x) in the discrete case,

∫

E

π(x)μ(dx) in the continuous case.

Then Π∗ is the distribution with point probabilities π∗(x) def= π(x)/C in
the discrete case and density π∗(x) def= π(x)/C w.r.t. μ in the continuous
case, where the normalization constant C is assumed unknown.1 In order
not to have to differentiate between the two cases in the following, we will
let μ denote counting measure on E in the discrete case. Because many
arguments are basically the same in the two cases but technically more
transparent in the discrete case, we will often deal just with the discrete
case.

The setup of a known π(·) but an unknown C may appear quite special
at first sight, but we will see some very important examples in Section 2.

1Note the notational difference from Chapter IV, where π is the target distribution
itself, not its unnormalized density.
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MCMC proceeds by finding an ergodic Markov chain ξ0, ξ1, . . . having
stationary distribution Π∗. One then simulates ξ0, ξ1, . . . , ξn for some large
n. As n→∞, the empirical distribution Π̂∗n given by

Π̂∗n(A) def=
1

n+ 1

n∑

k=0

1{ξk ∈ A} (1.1)

(A is a measurable subset of E) converges to Π∗ under weak conditions,
and Π̂∗n is therefore close to Π∗ if n is large. Thus, if we are interested in
the Π∗-expectation Π∗[f ] def=

∫
E f(x)π∗(x)μ(dx) of a function f on E, we

may use the estimator

f̂n
def=

1
n+ 1

n∑

k=0

f(ξk) . (1.2)

Similarly, an idea of the shape of Π∗ can be obtained by plotting a histogram
of ξ0, ξ1, . . . , ξn in the one-dimensional case, of one-dimensional marginals
in the multidimensional case, or by other methods such as scatter plots.

These ideas are exactly the same as those of Chapter IV on steady-state
simulation, except for the first step: whereas Chapter IV tacitly assumes
that it is straightforward to generate paths of ξ, as will be the case for
a queuing or inventory system, a Markov chain specified in terms of its
transition mechanism rather than its stationary distribution, etc., it is not
a priori clear in the MCMC setting how one can construct the transition
mechanism for {ξk} so that the stationary distribution is Π∗. A candidate
is of course just to let ξ0, ξ1, . . . be i.i.d. r.v.’s with distribution Π∗; however,
since C is unknown, the standard methods for r.v. generation seldom apply
to Π∗, so this idea is seldom practical (see II.2.16 for a discussion of the
applicability of acceptance–rejection). We return to these points later, but
start the more detailed treatment of MCMC in the next section with some
examples indicating how the setup of an unknown C but known π(x) may
arise.

The literature on MCMC is enormous and rapidly expanding. Estab-
lished textbook treatments are Gilks, Richardson, & Spiegelhalter [129]
and Robert & Casella [301]. There are, however, many surveys around,
e.g., Brooks [60], Green [166], Roberts & Rosenthal [302]. Also, a number
of texts that are focused on some special application areas have extensive
treatments of MCMC, e.g., Häggström [189] and Cappé et al. [65].

While it is important for many applications to allow a general (non-
discrete) state space, the ideas of MCMC can best be understood by
thinking of the Markov chain {ξn} as an ordinary discrete one, i.e., E is
finite or countable. Then one traditionally specifies {ξn} via the transition
matrix P def=

(
p(x, y)

)
x,y∈E. The point probabilities π̂∗n(x) of the empirical



352 Chapter XIII. Markov Chain Monte Carlo Methods

distribution and Π∗[f ] are then given by

π̂∗n(x)
def=

1
n+ 1

n∑

k=0

1{ξk = x} , x ∈ E, Π∗[f ] =
∑

x∈E
f(x)π(x)/C ,

and so on. In the general case, the role of the transition matrix P is
taken by the transition kernel P defined by P (x,A) def= Px(ξ1 ∈ A). This
can be viewed as an operator f → Pf , ν → νP acting on functions
to the right by Pf(x) def=

∫
E
f(y)P (x, dy) and on measures to the left

by νP (A) def=
∫
E ν(dx)P (x,A). In particular, the condition that π∗ be a

stationary density can be written as π∗P = π∗ in the general case, and
π∗P = π∗ in the discrete case, where π∗ is the row-vector representation
of π∗. Note that since C cancels, alternative formulations of the stationar-
ity requirement are πP = π and πP = π, where πP = π can be written
out as

π(y) =
∑

x∈E
π(x)p(x, y) (1.3)

in the discrete case, and similarly in the continuous case πP = π means

π(A) =
∫

E

p(x,A)π(x)μ(dx) . (1.4)

2 Application Areas

2a Bayesian Statistics
The point of view of Bayesian statistics is to view the parameter θ (typ-
ically a vector) as the outcome of an r.v. Θ with a specific distribution,
the prior distribution or just the prior. The density (continuous case) or
the probability mass function (discrete case) of Θ is denoted by π(0)(θ) in
the following, and the density of the observation vector y = (y1, . . . , yp) is
denoted by L(y | θ) (the likelihood). Since now both the observations and
the parameter are random, it makes sense to consider the conditional den-
sity (or p.m.f.) π∗(θ |y) of Θ given Y = y. The corresponding distribution
is the posterior distribution or just the posterior, and is the form in which
the Bayesian statistician usually gives his estimate; traditional maximum
likelihood (ML) would typically report the point estimate

θ̂
def= argmaxθ∈ΘL(y | θ) ,

possibly supplemented by a confidence interval based on a CLT for θ̂.
The Bayesian procedure is certainly different from traditional statistics,

one main reason being that prior information on θ is assumed available.
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We will discuss this below, but we start with Bayes’s formula

π∗(θ |y) =
L(y | θ)π(0)(θ)∫
L(y | ζ)π(0)(ζ) dζ

, (2.1)

which is the basic formula in the area.
Bayes’s formula can be found in virtually any undergraduate textbook

in probability or statistics. The derivation is elementary: just substitute Θ
for X in the general formula

fX |Y=y(x) =
fX,Y (x, y)
fY (y)

=
fY |X=x(y)fX(x)
∫
fX,Y (z, y) dz

=
fY |X=x(y)fX(x)

∫
fY |X=z(y)fX(z) dz

.

Example 2.1 Assume that Y1, . . . , Yp are i.i.d. N (θ, 1) given θ and that
θ itself is N

(
μ, ω2

)
. Then the numerator in (2.1) is

p∏

i=1

1√
2π

e−(yi−θ)2/2 · 1√
2πω2

e−(θ−μ)2/2ω2

= c1(μ, ω2,y) exp
{−θ2(p+ 1/ω2)/2 + θ(py + μ/ω2)

}
,

where y def= (y1 + · · ·+ yp)/p. Letting

ω∗2 def=
1

p+ 1/ω2
, μ∗ def= ω∗2(py + μ/ω2),

this can be written as

c1(μ, ω2,y) exp{−θ2/2ω∗2 + θμ∗/ω∗2} = c2(μ, ω2,y)e−(θ−μ∗)2/2ω∗2
.

This is proportional to the N
(
μ∗, ω∗2

)
density. Since the denominator in

(2.1) is just a normalizing constant ensuring that the θ-integral of (2.1) is
1, the posterior distribution is N

(
μ∗, ω∗2

)
.

Note that μ∗/y → 1 as p → ∞, so that the posterior mean is approxi-
mately y (the ML estimator μ̂ in the traditional setting) for large p, whereas
ω∗2 → 0. Similarly, if ω2 →∞, one gets μ∗ → y, ω∗2 → 0. �

Some easy elementary examples of the same type can be found in the
exercises. Parameters in the prior distribution such as (μ, ω2) are referred
to as hyperparameters. Example 2.1 is a simple case of conjugate families:
the posterior distribution belongs to the same parametric family as the
prior.

The examples of explicit posteriors are, however, rather few and elemen-
tary in nature. Nevertheless, Bayes’s formula (2.1) contains some essential
information, since the numerator is essentially explicit as the product of
the standard likelihood L(y | θ) and the prior density π(0)(θ). However, for
purposes such as computing the posterior mean of θ (the Bayes estimator),



354 Chapter XIII. Markov Chain Monte Carlo Methods

it is the denominator in (2.1) that presents the major obstacle from the
numerical point of view, since the integral may be high-dimensional and
not available in closed form. Thus we have a case for MCMC, with Π∗ the
posterior and π(θ) = L(y | θ)π(0)(θ).

In contrast, the evaluation of the point at which the maximum a pos-
teriori probability is attained (the point at which the posterior density or
p.m.f. has its maximum) does not in itself require the numerator of (2.1).
However, the optimization of the denominator may be difficult, and a pos-
sible approach is then to run an MCMC sequence ξ0, . . . , ξn and use ξk∗ as
estimator, where k∗ is the maximizer of L(y | ξk)π(0)(ξk). Similar remarks
apply to posterior quantiles.

The Bayesian approach has up to rather recently been considered con-
troversial in statistics, with the frequentist’s point of view having been the
more dominant one. The frequentist will possibly admit having some sub-
jective beliefs on θ. Say we want to test whether a coin is fair. Then we
consider it far more likely that θ = 0.47 than that θ = 0.96. But the fre-
quentist’s problem is how to quantify this belief to the degree that he/she
is willing to postulate a very specific distributional form like the Beta with
specified parameters. He/she will basically consider this as intrinsically im-
possible and will not be willing to accept that the estimates depend on the
prior distribution.

As noted in the last paragraph of Example 2.1, the Bayesian approach
does, however, often lead to answers that are basically close to traditional
ML. More precisely, this is typically the case when the number of obser-
vations is large (the uncertainty on θ expressed by the variability in the
prior distribution then becomes eliminated by the information in the ob-
servations as p→∞), or when the prior is flat, i.e., spread out over a much
larger range than where the observations indicate that θ should be located
(e.g., in the setting of Example 2.1, a flat prior means a large ω2). This
makes the Bayesian view more acceptable to the frequentist, and the gain is
then that Bayesian computations using MCMC are much more straightfor-
ward than a corresponding likelihood maximization. This has substantially
widened the class of statistical problems that are tractable, and it is now
common that former frequentists take a pragmatic view and attack at least
some statistical problems using Bayesian computations implemented via
MCMC.

The numerical difficulties of ML are, however, not the only driver for
the increasing use of Bayesian MCMC methods. One further case is em-
pirical Bayes situations in which individual-specific data are more limited
than data on the population from which the individual is sampled; see
Exercise 2.2 for an example. Also, model estimation and prediction (e.g.,
predicting future values of a time series with unknown parameters) are “de-
coupled” problems in the frequentist world, but they allow a unified and
simultaneous implementation via the Bayesian approach.
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Example 2.2 As a typical example of a statistical problem in which
Bayesian MCMC methods are used, consider one-way analysis of variance
for a group of q items, where the observation vector is

Y =
(
Yij
)
i=1,...,q, j=1,...,ni

,

where i denotes group index and j stands for the index of the ni repli-
cations within the group. The two traditional statistical models are then
the fixed-effects model with the Yij being independent such that Yij ∼
N
(
θi, σ

2
)
, where θ1, . . . , θq, σ2 are unknown parameters, and the random-

effects model, in which one assumes Yij = θi + σεij , where as in the
fixed-effects model σ2 is an unknown parameter but θ1, . . . , θq are r.v.’s
assumed to be i.i.d. N

(
μ, ω2

)
r.v.’s and the εij are i.i.d. N (0, 1). One can

think of μ as the overall level, θi as the level within group i, ω2 as the
variance between groups, and σ2 as the variance within a group.

ML estimation of the parameters in the fixed-effects model can be done
explicitly in a standard way. The same is true for the random-effects model
provided n

def= ni does not depend on i. Otherwise, the computational
difficulties are at a different level, and Bayesian MCMC methods provide
an appealing alternative. As an example of the models that are typically
used, assume that the prior on σ2 is inverse Gamma (IG, see A1) with
parameters α1, λ1, that the θi are i.i.d. N

(
μ, ω2

)
given μ, where μ itself

has a N
(
μ0, τ

2
)

distribution and ω2 an IG(α2, λ2) distribution. Since the
squared coefficient of variation of the Gamma(α, λ) distribution is 1/α, this
prior is flat assuming that α1, α2 are small and τ2 is large. The posterior
density π of the parameters μ, σ2, ω2, θ1, . . . , θp is proportional to the joint
density of the parameters and the observations yij , which means that we
may take

π
(
μ, σ2, ω2, θ1, . . . , θp

)

= e−(μ−μ0)2/2τ2
hα1,λ1(σ

2)hα2,λ2(ω
2)

×
q∏

i=1

1
ω

e−(θi−μ)2/2ω2 ×
q∏

i=1

ni∏

j=1

1
σ

e−(yij−θi)
2/2σ2

,

where hα,λ(y) = y−α−1e−λ/y; cf. (A1.1). �

2b Point Processes and Particle Systems
As noted in I.5.2, one often specifies point processes in a multidimensional
region Ω by their unnormalized density π(x) w.r.t. the standard Poisson
process on Ω, where x = (a1, . . . ,am

)
with m the number of points and the

ai their locations. For example, for the Strauss process, π(x) = λm(x)ηt(x)

with t(x) def=
∑

i�=j 1{d(ai,aj) < r} (Euclidean distance). MCMC is rele-
vant because the normalizing constant is intractable, and the purpose of
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MCMC may be just to see what a typical realization looks like, or to com-
pute some characteristics Π∗[f ] such as the expected total number of points
which corresponds to f(x) = m(x) (see also Exercise V.1.9).

A closely related model, first used in statistical mechanics, is used for
particle systems.2 A particle system is a configuration of particles on a
discrete set S of sites, such that a particle at site i is described by a charac-
teristic (mark) yi taking values in a set that for simplicity we shall assume
is {−1, 1} ({0, 1} is more convenient in some situations). The state of the
system is a configuration x def= (xi)i∈S , and we shall think of it as random,
that is, as the outcome of a r.v. (Xi)i∈S with values in {−1, 1}S .

For example, in a ferromagnet a site may be an atom, and −1 and 1
may correspond to two possible directions (down and up) of the spin. In a
biological population, the set of sites may be taken as a set of grid points in
a region under study. Each site is assumed to be occupied by an individual,
and −1 and 1 could correspond to two genetic types, to the individual
carrying or not carrying a certain disease, etc. Or a site could be a square
part of a region, with mark 1 if the disease is present in the area, −1 if not.
In image analysis, S = {1, . . . , N}× {1, . . . ,M} could be the set of pixels,
with marks +1 at the black pixels and −1 at the white pixels.

There exists a huge number of suggestions for the distribution Π∗ of
(Xi)i∈S . Most (but not all) exhibit attraction in the sense of biasing neigh-
boring sites to have the same mark (certainly, this is reasonable in the
biological examples above). One then needs to specify the meaning of
“neighbor”. This is usually done in graph-theoretic terms: think of S as
the set of vertices of a graph G = (S, E), with E the set of edges. The
neighbors of i ∈ S are then the i′ with ii′ ∈ E . For example, if S = Z× Z

(or a subset thereof), a site has the form i = (u, v) with u, v ∈ Z and the
common choice is

ii′ ∈ E ⇐⇒ |u′ − u|+ |v′ − v| = 1 .

Example 2.3 An important example from statistical physics is the Ising
model, in which the density w.r.t. the uniform distribution on the set of
configurations is proportional to

π(x) def= exp
{
−β

∑

ii′∈E
1{xi 
= xi′}

}
, (2.1)

where β > 0. Equivalently, one could take

π(x) = exp
{
β
∑

ii′∈E
xixi′

}
(2.2)

(note that the r.h.s.’s of (2.1), (2.2) differ only by a constant).

2We use here the term in the static sense in which there is no time evolution.
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The Ising model is a special case of the Boltzmann distribution intro-
duced in I.5.4, and in analogy with the terminology there, β is called the
inverse temperature. Note that π(x) is smaller when more sites have oppo-
site marks. Thus the configurations with either all 1’s or all −1’s are the
most likely, and the lower the temperature gets (the larger β gets), the more
unlikely other patterns become. If two patterns have the same number of
1’s and −1’s, the one with the larger number of neighbors of equal marks
is the more likely.

In the repulsive Ising model, one has instead β < 0. This favors
configurations with many neighboring sites having opposite marks.

The normalizing constant for the Ising model is

C =
∑

x∈{−1,1}|S|

exp
{
−β

∑

ii′∈E
1{xi 
= xi′}

}
.

Thus, if S is as small as 8 × 8, the outer sum has already 264 terms, il-
lustrating that explicit direct computation of C is not possible even in toy
models. Even if C were known, explicit computation of the characteristics
of Π∗ would be infeasible for similar dimensionality reasons.

Worked-out examples of MCMC for the Ising model are given in XIV.4.
In the early days of image analysis, the Ising model played an important role
as a prior: a black-and-white picture, say a satelite photo of a military base,
would typically have large connected areas of either color (say white for the
airstrip and black for the planes). A noisy image, meaning that a number of
pixels are flipped to their opposite color, would blur this structure, whereas
imposing an Ising prior with a relatively low temperature would restore it
to some extent in the posterior. For the implementation of MCMC in this
setting, see Example 5.7, and for more sophisticated and more realistic
applications of MCMC to image analysis, see Green [165]. �

2c Combinatorial Objects
In quite a few applications of MCMC, E is just a finite set and the target
distribution Π∗ just the uniform distribution on E. The problem is that
even when finite, E is typically huge and of complicated structure, so that
generating r.v.’s from the uniform distribution Π∗ is not straightforward.

Three examples are given in Figure 2.1, all on an N ×M lattice (with
N = 5, M = 6 in the figure). Panel (a) is the hard-core model: E is the
set of configurations with a particle present at a lattice point (bulleted in
the figure) or not, such that no two neighboring points are occupied. In
panel (b), the connecting edges are given directions, and E is the set of
configurations such that each nonboundary vertex has two ingoing and two
outgoing arrows (at the boundary, at most two arrows going in or out are
permitted). This is a model for square ice, to which we return in XIV.4.2.
Finally in panel (c), E is the set of possible allocations of q colors (here
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A–G, so that q = 7) to the squares of the lattice, such that no two squares
with a common boundary have the same color.
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FIGURE 2.1

A simple question for which MCMC may be helpful is to give an estimate
of the cardinality |E| of E. We return to this in XIV.3.

2d Hidden Markov Models
A hidden Markov model aims at describing observations Y0, . . . , Yn
with a dependence structure governed by an underlying unobserved
time-homogeneous Markov chain X0, . . . , Xn. That is,

P
(
Y0 ∈ A0, . . . , Yn ∈ An

∣
∣X0 = x0, . . . , Xn = xn

)
= Gx0(A0) . . . Gxn(An)

for suitable distributions Gx(·). The Markov chain X0, . . . , Xn may be
discrete with transition matrix Q =

(
qij
)
i,j∈E or general with transi-

tion kernel say Q(x, F ). We will use notation like Y0:n
def=

(
Y0, . . . , Yn

)
,

X0:n
def=
(
X0, . . . , Xn

)
to denote segments in the two chains’ histories. In

the discrete case, the joint density of
(
X0:n,Y0:n

)
at
(
x0:n,y0:n

)
is

νi0qx0x1 · · · qxn−1xngx0(y0) · · · gxn(yn) , (2.3)

where gx(y) is the density of Gx(dy) w.r.t. some reference measure μ(dy)
and ν is the initial distribution of X0.

Hidden Markov models are one of the basic vehicles for modeling de-
pendent observations, and one gets quite far by just using a finite set E
of Markov states for the chain X . In fact, if the Yi take values in, say,
R
d, then any distribution H on R

(n+1)d is the weak limit of a sequence of
distributions Hm corresponding to hidden Markov models (typically with
the size of E = Em going to ∞ with m).

MCMC has various purposes for hidden Markov models. One is the clas-
sical statistical problem of filtering (see I.5.5 and A5) or smoothing where
one asks for the distribution Π∗ of X0:n (or suitable marginals) given the
observed values y0:n of Y 0:n (for example, one could ask for the path x0:n

having the maximal conditional probability given y0:n). Then C is obtained
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by integrating out the yk in (2.3), which is typically computationally pro-
hibitive when n is large (but note that feasible algorithms exist for a finite
E or Gaussian processes, see A5). Another purpose of MCMC is parameter
estimation, where the gx(y) = gx(y, θ) depend on some unknown parameter
(vector) θ. Then, in a Bayesian setting, Π∗ is the posterior of θ for which
we need to integrate out the xk in (2.3). In a traditional parametric setting,
parameter estimation can be implemented via the EM algorithm (see A4).
One then needs the Pθ

(
Xk = i,Xk+1 = j

∣
∣y0:n

)
, so that once again we are

facing a filtering problem.
Examples of hidden Markov models in which filtering and smoothing are

relevant follow.

Example 2.4 Consider a change-point problem in which E has only two
states 1, 2 such that a transition 2 → 1 cannot occur. This means that the
Yk have distribution g1(·) up to a certain point (the time of change of state
from 1 to 2) and g2(·) thereafter. A basic task is to ascertain whether such
a change occurs and when, which basically amounts to giving statements
on the conditional distribution Π∗ of X0:n given Y0:n = y0:n. In particular,
one is interested in the (conditional) probabilities of the sequences x(0)

0:n of
all 1’s and x(k)

0:n, k = 1, . . . , n − 1, with 1’s at the first k places and 2’s at
the rest.

A more complicated and realistic change-point problem (geological layers
of different types) is used as a recurrent example in [65].

�

Example 2.5 A target moves according to known transition probabilities
but the observation is blurred by noise. A simple model assumes that the
positions X0, X1, . . . constitute a Gaussian random walk in R

2 with mean
zero and a known covariance matrix, and that Yk = Xk + εk, where the εk
are i.i.d. bivariate Gaussian with mean zero and a known covariance matrix.
For an example of a more sophisticated model, assume that the acceleration
X

(1)
k of the target is white noise, whereas velocity X(2)

k , position X(3)
k , and

observed position Yk are blurred by noise, i.e.,

X
(2)
k = X

(2)
k−1 +X

(1)
k +ε

(1)
k , X

(3)
k = X

(3)
k−1 +X

(2)
k +ε

(2)
k , Yk = X

(3)
k +Vk ,

where {X(1)
k }, {ε(1)k }, {ε(2)k }, {Vk} are independent sequences of i.i.d. bi-

variate Gaussians with known parameters. One is interested in P
(
Xn =

x
∣
∣Y0:n

)
or the prediction probability P

(
Xn+1 = x

∣
∣Y0:n

)
. �

Example 2.6 In financial modeling of the log returns Y0, . . . , Yn, the sim-
plest model (Black–Scholes) is just that the Yk are i.i.d. N

(
μ, σ2

)
. However,

often one observes phenomena such as periods with larger variation than
typical, i.e., stochastic volatility. In a hidden Markov model, one takes
instead gx(·) as the N

(
μx, σ

2
x

)
density. A frequently used model is

Xk = ρXk−1 + Vk , Yk = βeXk/2V ′k , (2.4)
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with the Vk, V ′k independent N (0, 1) r.v.’s. That is, the underlying Markov
chain is an autoregressive process with Gaussian innovations. However, as
noted above, an appealing alternative is to use just a finite-state Markov
chain. �

Example 2.7 Let C0, . . . , Cn ∈ {−1, 1} be a sequence of bits transmit-
ted along a noisy channel. A common model assumes that the observed
sequence is Y0, . . . , Yn, where Yk = WkCk +Vk, the Vk are i.i.d. N

(
0, σ2

)
,

and the Wk are so-called fading coefficients, describing time-varying prop-
erties of the channel and often modeled as an autoregressive process
Wk+1 = ρWk + V ′k with the V ′k i.i.d. N

(
0, ω2

)
. Thus the hidden Markov

chain may be taken as Xk =
(
Ck,Wk

)
, and one is facing a filtering

problem, to reconstruct the Ck from the Yk (the Wk constitute nuisance
variables, i.e. they are of no direct interest in themselves). �

A basic reference for hidden Markov models is Cappé, Moulines, & Rydén
[65].

Exercises

2.1 (TP) Assume that Y1, . . . , Yn ∈ {0, 1} are i.i.d., having probability θ for 1
and 1− θ for 0, where θ itself follows the Beta density θα−1(1− θ)β−1/B(α, β).
Show that the posterior distribution is again Beta with parameters

α∗ = ny + α, β∗ = n− ny + β .

Find the posterior mean and variance, and show that the mean goes to y as
n→∞ with y fixed and that the variance goes to 0.
2.2 (TP) In car insurance, the numbers Y1, Y2, . . . of accidents by a specific
driver D in consecutive years may well be assumed to be i.i.d. Poisson, with
parameter say θ. Further, this θ varies from driver to driver, so a priori, driver
D’s θ can reasonably be viewed as the outcome of an r.v. Θ, obtained by picking
an individual at random from the population of drivers.
It seems reasonable to let D’s premium p per year be proportional to D’s θ, p =
cθ. But of course θ is not observable, so we need an estimate. To this end, assume
that Θ has distribution F with density f(θ). Assume that the insurance company
wants to set D’s premium for year t+1 (thus y1, . . . , yt have been observed), and
that at the beginning of the year it has past experience with m drivers (some of
whom may still be with the company and some of whom may have died, stopped
driving, switched company, etc.), such that driver j has a total of nj accidents
during a period of tj years. Then θ̂j = nj/tj is a reasonable estimator of driver
j’s Poisson parameter θj .
One now proceeds to model θ1, . . . , θm as i.i.d. and Gamma distributed. Thus a
reasonable prior for D’s theta is a Gamma(α, λ), where the particular values of
α, λ are those obtained as ML estimates based on θ̂1, . . . , θ̂m associated with the
company’s entire portfolio of insured drivers.
Show that the posterior is Gamma with parameters λ∗ = λ + α, α∗ = α + ty.
Thus to set the premium the company could use

p∗ def
= c

α∗

λ∗
= wcy + (1− w)c

α

λ
where w

def
=

t

λ + t
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(note that α∗/λ∗ is the mean of the posterior distribution). This formula expresses
how prior experience of typical drivers, as reflected in α∗, λ∗, is weighted with
D’s own driving record as summarized in y; as years pass, more information on
D’s performance becomes available and y becomes more and more important
compared to the Gamma prior.

3 The Metropolis–Hastings Algorithm

We now consider the question raised in Section 1: given a distribution Π∗

with density or probability mass function proportional to
(
π(x)

)
x∈E , how

do we simulate a Markov chain {ξn} having stationary distribution Π∗? For
example, in the particularly simple and not unrealistic example of a finite
state space E, how do we exhibit a transition matrix P =

(
p(x, y)

)
x,y∈E

such that πP = π, where π is the row-vector representation of π?
The suggestion given by Metropolis et al. [254] and later extended by

Hastings [177] is remarkably simple. It involves the concept of a proposal
distribution, just as for acceptance–rejection (A-R), but now sampled from
a different p.m.f. q(x, y) for each starting point x. Given that a proposal y
has been generated from q(x, ·), it is accepted w.p.

α(x, y) def= min
(
1, r(x, y)

)
where r(x, y) def=

π(y)q(y, x)
π(x)q(x, y)

, (3.1)

that is, by sampling a uniform r.v. U and accepting y if U < α(x, y); oth-
erwise, one returns x. Thus, the algorithm does not (as for ordinary A-R)
go on until eventually a point is accepted, but it chooses to remain at the
same point x if the proposal is rejected. The crucial feature of (3.1) is
that we have a ratio between two π-values, so that the unknown normal-
izing constant is actually not needed. We refer to r(x, y) in (3.1) as the
Metropolis–Hastings (MH) ratio, and to the algorithm as a whole as the
Metropolis–Hastings algorithm.

We denote by p(x, y) the probability (density) that y is returned and get

p(x, y) = q(x, y)α(x, y) , y 
= x. (3.2)

For y = x we have to add a term corresponding to rejection and get

p(x, x) = q(x, x)α(x, x) +
∑

y∈E
q(x, y)

(
1− α(x, y)

)

= q(x, x)α(x, x) + 1 −
∑

y∈E
q(x, y)α(x, y) , (3.3)

with the sum replaced by a μ-integral in the continuous case (but we won’t
need this expression).

Theorem 3.1 The distribution Π∗ is stationary for the MH chain
ξ0, ξ1, . . . constructed above.
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Proof. The key idea is that the construction allows the stationarity equa-
tions (1.3) and (1.4) (the global balance equations) to be sharpened to the
detailed (or local) balance equations, which state that

π(y)p(y, x) = π(x)p(x, y) (3.4)

in the discrete case, and
∫

A

p(x,B)π(x)μ(dx) =
∫

B

p(y,A)π(y)μ(dy) (3.5)

in the continuous case. To see that this is sufficient, consider first the dis-
crete case. Then summing (3.4) over x, the l.h.s. becomes π(y) because∑
x p(y, x) = 1, and the r.h.s. is the same as the r.h.s. of (1.3).
To verify (3.4), it suffices to take x 
= y, and we may then assume

π(y)q(y, x) ≥ π(x)q(x, y) (the case ≤ is symmetric). Then α(x, y) = 1,
so that p(x, y) = q(x, y) and we get

π(y)p(y, x) = π(y)q(y, x)α(y, x) = π(y)q(y, x)
π(x)q(x, y)
π(y)q(y, x)

= π(x)q(x, y) = π(x)p(x, y).

The continuous case is similar and left as Exercise 3.1. �

Remark 3.2 Equations (3.4), (3.5) are equivalent to {ξn} being time-
reversible, that is, to

(
ξ0, . . . , ξm

)
having the same distribution for all

m as
(
ξm, . . . , ξ0

)
in the stationary case, where ξ0 has distribution Π∗.

For this fact and further discussion, see [16, Section II.5]. Reversibility is,
however, not an intrinsically necessary property of an MCMC algorithm.
Rather, the point is that the balance equations take a much simpler form
for reversible chains, so that the requirements for a transition mechanism
to make Π∗ stationary become much simpler in the reversible case, thereby
facilitating the design of suitable algorithms. �

3a Convergence
We have immediately the following corollary:

Corollary 3.3 If in the discrete case the MH chain is irreducible, then the
empirical distribution Π̂

∗
n in (1.1) converges to Π∗ and the average f̂n of

the f(ξk) in (1.2) converges to Π∗[f ].

Remark 3.4 A transition x → y in one step is possible if and only if
q(x, y) > 0, α(x, y) > 0, which is the same as q(x, y) > 0, q(y, x) > 0.
Therefore irreducibility is not automatic (consider for example a partition-
ing of E into two disjoint subsets E1, E2 and a proposal q(·, ·) such that
q(x, y) can be positive only if x, y are in the same Ei). Thus, for each choice
of the proposal one has to check irreducibility. This is easily done for a dis-
crete E by connecting points x, y with q(x, y) > 0 and q(y, x) > 0; then
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the resulting graph must be connected in order to guarantee irreducibility.
A safe choice is to take q(x, y) > 0 for all x, y.

The MH chain is aperiodic under weak conditions. For example, it suffices
in the discrete case that the probability p(x, x) in (3.3) of staying in the
same state be nonzero for at least one x, and that p(x, x) not be Π∗-a.s.
equal to 0 in the general case. �

Next consider a general state space and define

Q(x,B) def= Px(ξn ∈ B i.o.) , L(x,B) def= Px(τB <∞) ,

where τB
def= inf{n > 0 : ξn ∈ B}. For a measure ψ on E, one calls {ξn}

ψ-irreducible if L(x,B) > 0 for all x ∈ E and all B with ψ(B) > 0, and
ψ-recurrent if Q(x,B) = 1 for all x ∈ E and all B with ψ(B) > 0. If
{ξn} is ψ-recurrent for some ψ 
= 0, the chain is called a Harris chain (the
discussion in IV.6d focuses on somewhat different features but there is a
close relation; see Nummelin [282], Meyn & Tweedie [253], and [16, Section
VII.3]).

Theorem 3.5 If, in the case of a general state space E, the MH chain is
Π∗-irreducible, then it is Harris recurrent as well. In particular, the empir-
ical distribution Π̂∗n in (1.1) converges to Π∗ in t.v., and the average f̂n of
the f(ξk) in (1.2) converges to Π∗[f ].

The result is due to Tierney [355]. There are quite a few variants of the
result around. In particular, Athreya, Doss, & Sethuraman [31] weaken the
assumption of Π∗-irreducibility.

The proof we give here is essentially a variant of that of [355]. It exploits
two basic specific properties of the MH chain. The first is that existence
of a stationary distribution is guaranteed in advance by Theorem 3.1. The
second is that absolute continuity properties allow for short proofs that
statements holding for Π∗-a.a. x in fact often hold for all x ∈ E. To make
this more precise, let ω def= inf{n : ξn 
= ξ0} be the first exit time of the
initial state. Then Px

(
ω <∞) = 1 by irreducibility, and further:

Lemma 3.6 Let ξ′n
def= ξω+n. Then the distribution of ξ′n is absolutely

continuous w.r.t. Π∗ for all n ≥ 0 and any distribution of ξ0.

Proof. We may assume ξ0 = x and n = 0, so we have to show

Π∗(N) = 0 ⇒ Px

(
ξω ∈ N

)
= 0 . (3.6)

But a proposal with π(y) = 0 is always rejected, cf. (3.1). Since the proposal
is absolutely continuous w.r.t. μ, so is the distribution of ξω , and it follows
that we can write its μ-density g(y) as π(y)h(y) where h(y) <∞. Since the
r.h.s. of (3.6) is

∫
N
g(y)μ(dy), the result follows �

Lemma 3.7 Q(x,B) > 0 for all x ∈ E and all B with Π∗(B) > 0.
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Proof. By the ergodic theorem.

1
N + 1

N∑

n=0

1{ξn ∈ B} a.s.→ PΠ∗
(
ξ0 ∈ B

∣
∣I ) ,

where I is the shift-invariant σ-field. The limit on the r.h.s. has ex-
pectation Π∗(B) > 0 and is therefore not 0 Π∗-a.s. This implies that
Π∗(B∞) > 0, where B∞

def= {x : Q(x,B) > 0}. That Q(x,B) > 0 for any
given x therefore follows since L(x,B∞) > 0 by irreducibility. �

Lemma 3.8 Assume Q(x,B) < 1 for all x ∈ B. Then Π∗(B) = 0.

Proof. Assume Π∗(B) > 0 and let C′ def= {x ∈ B : L(x,B) < 1}. The
absolute continuity in Lemma 3.6 excludes Π∗(C′) = 0 since otherwise

Px

(
ξn ∈ B for some n ≥ n0

)
= 1

by Lemma 3.6 and hence Q(x,B) = 1. It follows that we can choose
δ > 0 such that Π∗(C) > 0 where C def= {x ∈ B : L(x,B) ≤ 1− δ}. Since
L(x,C) ≤ L(x,B) ≤ 1 − δ, a geometric trial argument gives Q(x,C) = 0
for all x ∈ E, which contradicts Lemma 3.7. �

Proof of Theorem 3.5. If E1, E2 are disjoint closed nonempty subsets of
E with E1 ∪ E2 = E, one must have positive Π∗-measure, say E1, so
that by Π∗-irreducibility, L(x,E1) > 0 for x ∈ E2, which contradicts E2

being closed. Hence E is indecomposable, and Theorem 3.6(i) and Proposi-
tion 3.9(iv) of Nummelin [282] then give two possibilities. The first is that
E is the countable union of transient sets Ek, i.e., sets with Q(x,Ek) < 1
for x ∈ Ek. But we must have Π∗(Ek) > 0 for some k which is impossi-
ble by Lemma 3.8. Therefore, the second possibility of [282] applies, that
Q(x,B) = 1 for Π∗-a.a. x whenever Π∗(B) > 0. Arguments similar to those
used in the proof of Lemma 3.7 then give Q(x,B) = 1 for all x and Harris
recurrence. �

Unfortunately, the results from [282] that were used are nonelementary,
and it would be desirable to have a proof using only first principles, but
we are not aware of such a one (Robert & Casella [301] outline a more
elementary argument, but use an 0–1 law in [301, p. 240]) without giving
a reference (that we don’t know either).

3b Convergence Rates
When using the MH algorithm in practice, it is of course important to
give error estimates. For this, variance estimation methods such as batch
means, stationary process methods, and the regenerative method as in
Chapter IV could be used. The discussion of this issue is, however, just the
same for MCMC as for general steady-state simulation and will not be repe-
ated here.
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Efficiency of an MCMC scheme entails roughly that the empirical dis-
tribution Π̂∗n(T ) should approach Π∗ quickly as T →∞, where n(T ) is the
number of Markov chain steps that can be performed within T units of
processing time.3

For the purpose of choosing the proposal kernel, q(·, ·), we therefore face
two considerations:

• How fast will each updating of the Markov chain from time k to k+1
be, i.e., how fast is it to sample from the proposal distribution?

• How fast will the Markov chain approach its stationary distribution
Π∗ (we will refer to this as a question of mixing rate or decorrelation
rate)?

These two concerns are often a trade-off.
One expects ξk to be closer in distribution to Π∗ the larger k is; in fact,

it is easy to see that the total variation distance defined by

dk(y)
def=

∑

x∈E

∣
∣Py(ξk = x)− π∗(x)

∣
∣ (3.7)

in the discrete case and by

dk(y)
def= sup

A

∣
∣Py(ξk ∈ A)−Π∗(A)

∣
∣ (3.8)

in the continuous case (the sup extends over all measurable subsets of E)
is nonincreasing in k regardless of the initial state y. Therefore the bias is
particularly marked in the first part of the series ξ0, . . . , ξn, and a common
technique is therefore to disregard the first part of the series, say ξ0, . . . , ξm
(0, . . . ,m is the burn-in or warm-up period), and redefine the estimators
π̂∗n, f̂n according to

π̂∗n(x) =
1

n−m

n∑

k=m+1

1{ξk = x} , x ∈ E, (3.9)

f̂n =
1

n−m

n∑

k=m+1

f(ξk) . (3.10)

A common choice is to let m be of order 10% of the total run length n.
An additional safety measure is to choose some pilot functions f (1), . . . ,

f (r) and take m so large that the f̂ (j)
k seem to have stabilized before k = m.

We will present examples of this technique in XIV.4a.
Nevertheless, there exists no fail-safe general technique for assessing from

the simulation output when actually the chain has (approximately) reached

3Making this statement, we deliberately neglect the human factor: one should really
also take into account how long it takes to design and program the scheme (computer
time is typically cheaper than human time!).
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stationarity. An alternative is to use model structure to come up with an
explicit k0 (possibly dependent on y) such that dk(y) ≤ ε when k ≥ k0.
The cases in which this can be done are rather few and of special nature
(but see XIV.3 for an example in which such estimates are crucial and can
in fact be carried through). However, one important setting in which this
can be done is that in which the chain exhibits uniform ergodicity.

Uniform ergodicity is defined by dk(y) going to zero uniformly in y. This
is equivalent to the minorization condition

Pm(x,A) ≥ εν(A) (3.11)

for some m = 1, 2, . . ., some probability measure ν, all measurable A, and
all x ∈ E, see Meyn & Tweedie [255] for further discussion. It is then
straightforward to establish the bound

dk(y) ≤ (1− ε)
k/m� ; (3.12)

see, e.g., [19]. Uniform ergodicity typically holds when the state space E is
compact, but is less common when E is unbounded.

A closely related concept is that of exponential ergodicity (also known
as geometric ergodicity). The Markov chain ξ0, ξ1, . . . is said to be exponen-
tially ergodic if there exists ρ < 1 and a finite-valued function h(·) such
that

dk(y) ≤ h(y)ρk (3.13)

for y ∈ E. The standard criterion in establishing exponential ergodicity
involves finding a so-called Lyapunov function V (·) (also known as a “test
function”) such that ∞ > V (·) ≥ 1 and

ExV (ξ1) ≤ βV (x) + b1x∈K (3.14)

for some β < 1, some b <∞, and some compact set K; see [16, Section I.5]
and Meyn & Tweedie [255]) (in shorthand notation, (3.14) can be written
as PV ≤ ρV + b1K). While (3.14) is a key step in verifying (3.13), there
is no simple expression for the key convergence-rate constant ρ (for exam-
ple, it is not generally the case that ρ ≤ β). This perhaps should come
as no surprise, given that when ξ0, ξ1, . . . is a finite-state ergodic Markov
chain, the chain is automatically exponentially ergodic and the best possi-
ble value of ρ is determined as the eigenvalue of the transition matrix P
having second-largest modulus (the principal eigenvalue is 1). In general,
characterizing such a second eigenvalue is difficult. However, when a finite
matrix is symmetric (or, more generally, self-adjoint), there is a variational
characterization of each of the eigenvalues (due to Rayleigh) that plays a
key role in the mathematical and numerical analysis of the eigenvalues. Be-
cause the Lyapunov bound (3.14) applies to both reversible and irreversible
Markov chains, it tends to generate bounds on ρ that are not as sharp as
the bounds that can be computed for reversible chains.
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For reversible Markov chains, a variety of useful bounds can be de-
rived that are reasonably sharp in some problem settings; see, for example,
Brémaud [57]. For such problems, these bounds can play a useful role from a
simulation viewpoint, because some MCMC implementations lead to chains
having surprisingly slow convergence rates to equilibrium, due to multi-
modal behavior of the stationary distribution Π∗ (and the near reducibility
that this frequently implies). Nevertheless, while reversible dynamics are
usually used in the MCMC setting, it is our view (which is subjective and
not shared by all authors!) that in most applications, analytical bounds on
the second eigenvalue are either too difficult to compute or too loose to be
useful.

Despite this, we will give some related discussion when we study special
samplers in the next section.

Exercises

3.1 (TP) Give the details of the proof of Theorem 3.1 in the continuous case.

4 Special Samplers

We turn to special cases of the MH algorithm, that is, specific forms of the
proposal kernel q(·, ·). A class of proposals going under the name of the
Gibbs samplers are of particular importance and treated separately in the
next section.

In some situations, a proposal naturally suggests itself from properties
of the model. For example:

Example 4.1 Assume that the target distribution is the Boltzmann dis-
tribution on a finite set E. That is, π(x) = e−H(x)/T ; cf. I.5.4. In many
examples, there is given a graph structure on E, that is, a set E of edges
(if no such structure is given a priori, it may be defined by the user). A
natural proposal for a transition x → y is then to choose y as a random
neighbor of x, that is, w.p. 1/n(x) if x has n(x) neighbors. The transition
probability for the corresponding MH chain becomes

p(x, y) =
1

n(x)
min

(
1,
π(y)/n(y)
π(x)/n(x)

)
=

1
n(x)

min
(
1,
n(x)
n(y)

eH(x)/T−H(y)/T
)

if xy ∈ E , and p(x, y) = 0 otherwise (unless x = y). �

Example 4.2 For the Strauss process in I.5.2, consider the proposal that
adds a uniform point w.p. 1/2 and deletes a random point among the
already present points w.p. 1/2. �

Some more general ideas are presented in the following.



368 Chapter XIII. Markov Chain Monte Carlo Methods

4a The Independence Sampler
Here the proposal is independent of x, q(x, y) = q(y). The MH ratio
becomes ω(y)/ω(x), where ω(x) def= π(x)/q(x), and thus

α(x, y) = min
(

1,
ω(y)
ω(x)

)
.

The proposal must be chosen such that q(y) > 0 whenever π(y) > 0.
The independence sampler has a particularly intuitively appealing form

in the Bayes estimation case if one takes the proposal q(θ) equal to the prior
π(0)(θ) (replacing x by θ for notational convenience): since π(θ) is propor-
tional to L(y | θ)π(0)(θ), the acceptance probability becomes α(θ1, θ2) =
min

(
1, L(y | θ2)/L(y | θ1)

)
. That is, a θ2 with a larger likelihood is always

accepted and otherwise the acceptance probability is just the likelihood
ratio.

The convergence properties of the independence sampler are given by the
following result (recall that C =

∫
π(x)μ(dx)):

Proposition 4.3 The Metropolis–Hastings chain run by independent sam-
pling is exponentially ergodic if and only if A def= supx ω(x) < ∞. More
precisely, it holds for any y that

dk(y) ≤ (1− C/A
)k
. (4.1)

Proof. We use discrete notation. Let first A = ∞ and write

Eα(x) def= {y : r(x, y) ≤ 1} = {y : ω(y) ≤ ω(x)} .
Given ε, choose x ∈ E with ω(x) ≥ ε−1 (this is possible because A = ∞).
For y 
= x and y ∈ Eα(x), we then get

p(x, y) = α(x, y)q(y) =
ω(y)
ω(x)

q(y) =
π(y)
ω(x)

≤ επ(y) ,

whereas for y 
∈ Eα(x) we have ω(y) ≥ ω(x) ≥ ε−1, so that p(x, y) =
q(y) ≤ επ(y). Summing over y 
= x yields Px(ξ1 
= x) ≤ εC. It follows that
for y 
= x we have P(ξn = y) ≤ (εC)n. The existence of such an x for any
ε > 0 excludes exponential ergodicity.

If A <∞,

p(x, y) =

⎧
⎪⎨

⎪⎩

ω(y)
ω(x)

q(y) ≥ 1
A
ω(y)q(y) =

C

A
π∗(y) y ∈ Eα(x), y 
= x,

q(y) ≥ C

A
π∗(y) y 
∈ Eα(x) ,

whereas for y = x, Cπ∗(y)/A is a lower bound. Thus the minorization
condition (3.11) holds with m = 1, ε = C/A, and (3.12) completes the
proof. �

It follows from the proof (or from a direct argument, summing π(x) ≤
Aq(x) over x), that C ≤ A. The implication of this and Proposition 4.3 is
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that q should be chosen with A as close to C as possible. This is achieved
by choosing q(·) close to Π∗(·), and experience shows indeed that the in-
dependence sampler works well in such cases but may otherwise behave
poorly. A particularly dangerous situation arises when q is substantially
lighter-tailed than Π∗.

Note that the condition A < ∞ in fact allows Π∗ to be generated
from q by acceptance–rejection, where an r.v. Y from q is accepted w.p.
π(Y )/

(
Aq(Y )

)
. It is not a priori obvious whether this is more efficient than

MCMC, and a difficulty is that it may be difficult to evaluate A or even
get good bounds.

Example 4.4 We will consider an application of the independence sampler
to population genetics.

The Kingman coalescent is a model for a random tree with n final
branches. The description is backward in time: merging (coalescence) of two
randomly chosen of the n branches occurs at an exponential

(
n(n − 1)/2

)

time Tn, the second coalescence occurs at an exponential
(
(n−1)(n−2)/2

)

time Tn−1 after the first, and so on. Thus, all n branches have coalesced to
the root at time τ def= Tn+Tn−1 + · · ·+T2 (the time unit may, for example,
be the generation length). See Figure 4.1(a).

(a) (b)

T6 T5 T2
0 τ
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124

124

FIGURE 4.1

The Kingman coalescent arises from the Wright–Fisher model I.5.19 in
population genetics by letting the population size N go to infinity and scal-
ing (backward) time appropriately; see, e.g., Haccou et al. [172, Section 7.1].
The interpretation of τ is as the time of the most recent common ances-
tor, a view that has recently been pursued to provide statistical estimates
of elapsed times since separation of species. We give here one example,
following [172, Section 7.2] and Tavaré et al. [352], and illustrated by Fig-
ure 4.1(b). This is an infinite-sites model in which mutation at a given
locus is assumed to occur at most once. The dots in Figure 4.1(b) repre-
sent mutation times, and the labels 1, 2, . . . are the loci at which mutation
occurred. Thus, in the current population at time t = 0 an individual can
be characterized by a string like 1246 of the loci at which the individual
carries the mutant gene. Mutations are assumed to occur at rate θ/2 along
any branch of the tree such that the number K of loci where a mutation
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has occurred is Poisson(θL/2), where L def= nTn + (n− 1)Tn−1 + · · ·+ 2T2

is the total length of the tree. In Figure 4.1(b), n = 6, K = 8, and the
mutations are marked by bullets and numbered in forward time.

Given a prior π(0)(θ) on θ and the observed K = k, we want poste-
rior properties of τ and θ. To this end, note that τ, L are functions of
T

def=
(
Tn, Tn−1, . . . , T2

)
, let f(t) be the density of T (a product of expo-

nential densities with rates
(
n(n − 1)/2

)
,
(
(n − 1)(n − 2)/2

)
, . . . , 1), and

write qk(λ) def= e−λλk/k!. The posterior of (T , θ) is then proportional to

π(t, θ) def= qk
(
θL(t)/2

)
f(t)π(0)(θ) ,

and the suggestion of the above references is to perform MCMC for (T , θ),
using the independence sampler with proposal f(t)π(0)(θ). �

4b Random-Walk MH and Symmetric Proposals
Here E should be a subset of R

d and μ Lebesgue measure, or E should be
Z
d and μ counting measure, and the proposal is that from x we should go to

y with a probability depending only on y−x. That is, for some distribution
F with point probabilities or density f(z), we let q(x, y) = f(y − x); this
means that from x we take a step with distribution F .

In some of the literature, the term “random-walk MH” involves a strong
symmetry of F , namely that f(z) depends only on z via |z|, the distance
from the origin. In the discrete case, a main example would be a Bernoulli-
type random walk, where one of the d directions is chosen w.p. 1/d for
each and we move up or down in that direction w.p. 1/2 for each. In the
continuous case, a main example would be F being normal with i.i.d. com-
ponents. Symmetry implies q(x, y) = f(y − x) = f(x − y) = q(y, x) and
hence r(x, y) = π(y)/π(x), so that

α(x, y) = min
(

1,
π(y)
π(x)

)
.

In particular, proposals y with π(y) ≥ π(x) are always accepted.
Now consider the convergence properties of random walk MH, taking d =

1 for simplicity. Since the expected number of steps to go from x to some
bounded interval [−a, a] goes to∞ as x→ ±∞, there is no hope for uniform
ergodicity if E is unbounded. However, we will show that in the symmetric
case geometric ergodicity holds under some regularity conditions.

Proposition 4.5 (mengersen & tweedie [253]) Assume E = R with
μ Lebesgue measure, or E = Z with μ counting measure, and that q is
symmetric, q(x, y) = f(y−x) with f(z) = f(−z). Assume further that for
some α > 0 and some x0 we have

π(y)
π(x)

≤ e−α(|y|−|x|), |y| ≥ |x| ≥ x0, (4.2)
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and that

inf
|x|≤x1

π(x) > 0 for all x1. (4.3)

Then the random-walk MH algorithm is geometrically ergodic.

Proof. By (4.2), (4.3), and symmetry, there exists x2 such that

A(x) def= {y : π(x) ≤ π(y)} = {y : |y| ≤ |x|} (4.4)

for |x| ≥ x2 (note that A(x) is the set in which the proposal is accepted
w.p. 1).

We apply (3.14) with test function V (x) = eβ|x|, where 0 < β < α and
K

def= {x : |x| ≤ x∗}, where x∗ ≥ x0 ∨ x2 will be specified later. We verify
first (3.14) for x ≥ 0. Let first x > x∗. Considering proposals y ∈ A(x) and
y 
∈ A(x) separately, applying (4.4) and using continuous-state notation,
we get

s(x) def=
1

V (x)
PV (x)

=
∫

|y|≤x
q(x, y)eβ(|y|−x) dy +

∫

|y|>x
q(x, y)eβ(|y|−x) π(y)

π(x)
dy

+
∫

|y|>x
q(x, y)

(
1− π(y)

π(x)

)
dy

= 1 +
∫

|y|≤x
q(x, y)

[
eβ(|y|−x) − 1

]
dy

+
∫

|y|>x
q(x, y)

[
eβ(|y|−x) − 1

]π(y)
π(x)

dy

def= 1 + I1 + I2.

In I1, we can bound the contribution from −x < y < 0 by 0. In I2, it follows
by invoking (4.2) and using β < α that the contribution from −∞ < y <

−x can be bounded by
∫ −x
−∞ q(x, y) dy. Breaking the contribution from x <

y < ∞ into two parts coming from x < y < 2x, respectively 2x < y < ∞,
and using again (4.2), we get s(x) ≤ 1 + J1 + J2 + J3, where

J1
def=

∫ x

0

q(x, y)
[
eβ(y−x) − 1

]
dy ,

J2
def=

∫ 2x

x

q(x, y)
[
eβ(y−x) − 1

]
e−α(y−x) dy ,

J3
def=

∫ −x

−∞
q(x, y) dy +

∫ ∞

2x

q(x, y) dy ≤ 2
∫ ∞

x

f(z) dz .
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Substituting z = y − x and using the symmetry, we get

J1 + J2 =
∫ x

0

f(z)
[
e−βz − 1 + e−(α−β)z − e−αz

]
dz

= −
∫ x

0

f(z)[1− e−βz] [1− e−(α−β)z] dz ,

which has limit less than 0 as x ↑ ∞. Choosing x∗ sufficiently large therefore
ensures that s(x) ≤ 1 + J1 + J2 + J3 < 1 uniformly in x ≥ x∗, which
together with a similar calculation for x < 0 implies (3.14) for x 
∈ K.

It remains only to show that ExV (ξ1) is bounded uniformly in x ∈ K,
which follows from

s(x) ≤ 1 + 2
∫ ∞

x∗
f(z) dz + 2eβx

∗
∫ x∗

0

f(z) dz

for 0 < x < x∗, and a similar bound for −x∗ < x < 0. �

Remark 4.6 Mengersen & Tweedie refer to (4.2) as log-concavity in tail.
The crucial feature is that (4.2) implies that the tails of Π∗ decay at least
exponentially fast. Further results from [253] show that this is also close
to being necessary and sufficient for exponential ergodicity, though further
regularity conditions are needed for rigorous statements. �

Remark 4.7 Beyond the random-walk setting, symmetric proposals with
q(x, y) = q(y, x) are particularly appealing when E is finite and Π∗ the
uniform distribution. One reason is that the MH ratio then is just one, so
that a proposal is always accepted.

Another reason is that symmetric proposals are often easy to generate.
For example, in the hard-core model in Section 2c, a trivially symmetric
proposal consists in (a) selecting one vertex of the graph at random, (b)
deleting the object there if there is one, (b′) adding an object if there is
none at the vertex and the hard-core property is not violated by doing so.

�

4c Reversible-Jump MCMC
This class of samplers, for which a main reference is Green [164], is designed
for the case in which E =

⋃J
j=1 Ej consists of J (disjoint) components of

different dimensions. We can then represent π(x) and μ(dx) by their re-
strictions π1(x1), . . . , πJ(xJ ), respectively μ(dx1), . . . , μ(dxJ ) to the Ej . A
proposal density q(x, x′) may be nonzero when x ∈ Ej , x′ ∈ Ej′ , corre-
sponding to a proposed move from Ej to Ej′ ; typically, q(x, x′) > 0 occurs
only when x ∈ Ej , x′ ∈ Ej′ with the dimensions of Ej , Ej′ not too different.
Of course, the proposal may also allow moves within Ej .

It is worth stressing that the setup is not intrinsically different from the
MH setting considered so far, since a specific form of the proposal will
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determine the MH ratio and thereby ensure the detailed balance condition.
This is illustrated by Example 4.10 below.

The main examples occur in Bayesian statistics, where the dimension of
the parameter vector x is variable. With y the observation vector, we then
have a likelihood Lj(y |xj) defined for xj ∈ Ej , a prior probability ρj for
x ∈ Ej , and a prior density π(0)

j (xj) for x = xj given x ∈ Ej . The posterior
density is therefore proportional to

πj(xj)
def= ρjπ

(0)
j (xj)Lj(y |xj) , x = xj ∈ Ej .

Example 4.8 A typical example is a mixture of j exponential distributions
with parameters λ1, . . . , λj and weight θi for the ith. A typical proposal
for an MH algorithm would then be to add one component in the mixture
(that is, perform a transition from Ej to Ej+1) w.p. q(x, x′), where x ∈ Ej
is the current parameter vector and x′ ∈ Ej+1 the new one, and to delete
one component (perform a transition from Ej to Ej−1) w.p. q(x, x′) where
x ∈ Ej , x′ ∈ Ej+1, and possibly to perform a move within Ej w.p. q(x, x′),
where x, x′ ∈ Ej . �

Example 4.9 Further examples of variable-dimension statistical models
include:

(a) Hidden Markov models in which j is the number of states for the
underlying Markov chain.

(b) ARMA(p, q) models with p, q allowed to vary, say p = 1, . . . , P , q =
1, . . . , Q, so that J = PQ.

(c) Multiple regression models with covariates ti1, . . . , tiM for oberva-
tion yi. Here each Ej corresponds to one of the J def= 2M subsets of
{1, . . . ,M}, say Sj , and the likelihood corresponds to the statistical
model

Yi = α +
∑

m∈Sj

βmtim + εi ,

where the εi are i.i.d. N
(
0, σ2

)
.

(d) Change-point problems in which parameters may change at several
points in time, e.g., a Poisson process on [0, T ] where the intensity
λ(t) is piecewise constant. �

Example 4.10 In Example 4.8 on exponential mixtures, it is convenient
(but of course an overparameterization) to represent the weights in Ej as
θi = aj/(a1 + · · · + aj), where a1, . . . , aJ ∈ (0,∞). We take a prior that
makes the parameters independent, with density f(a) for the aj and g(λ)
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for the λj . Thus with xj
def= (a1, . . . , aj , λ1, . . . , λj) ∈ Ej , we have

π(0)(xj) =
j∏

i=1

f(ai)g(λj) , Lj(y |xj) =
n∏

k=1

( J∑

r=1

ar
a1 + · · ·+ aj

λre−λryk

)
.

Assume that the proposal moves one up w.p. 1/2 and then adds a, λ drawn
according to the prior at position i w.p. 1/j. This means that the proposed
move is to

xj+1
def=
(
a1, . . . , ai−1, a, ai+1, . . . , aj , λ1, . . . , λi−1, λ, λi+1, . . . , λj

) ∈ Ej+1 .

Similarly, the downward move occurs w.p. 1/2 and then deletes one
randomly chosen component from the mixture. The MH ratio therefore
becomes

r(xj , xj+1) =
1

r(xj+1 , xj)
=

ρj+1π
(0)(xj+1)Lj+1(y |xj+1)/2(j + 1)

ρjπ(0)(xj)Lj(y |xj)f(a)g(λ)/2j

=
jρj+1Lj+1(y |xj+1)
(j + 1)ρjLj(y |xj) ,

whereby the MCMC algorithm is completely specified.
Moves up from EJ and moves down from E1 are of course impossible.

This is incorporated in the formalism for example by the convention ρJ+1 =
ρ0 = 0. �

Example 4.11 A specific implementation, suggested by Green [164], is
often quoted in the literature and assumes that the transitions between
Ej1 and Ej2 are determined as a combination of deterministic mappings
and additional randomizations. More precisely, the transition from Ej1 to
Ej2 is determined by a bijection

(
xj2 , yj2j1

)
= Tj1j2

(
xj1 , yj1j2

)
,

where the additional r.v.’s Yj1j2 , Yj2j1 take values in subsets Ωj1j2 ,Ωj2j1 of
Euclidean of space of suitable dimensions and have densities gj1j2(yj1j2),
gj2j1(yj2j1). Thus,

Tj1j2 : Ej1 × Ωj1j2 → Ej2 × Ωj2j1 , Tj2j1 = T−1
j1j2

.

For detailed balance, one can then verify that the MH ratio becomes

ρj2πj2(xj2 )
ρj1πj1(xj1 )

pj2j1
pj1j2

gj2j1(yj2j1)
gj1j2(yj1j2)

∣
∣
∣
∂Tj1j2(xj1 , yj1j2)
∂(xj1 , yj1j2)

∣
∣
∣ ,

where | · | is the Jacobian. In addition to Green [164], see also Robert &
Casella [301, Section 11.2] and Cappé et al. [65, Section 13.2.2]. �

Exercises

4.1 (TP) Compute the MH ratio for the Strauss process in Example 4.2.



5. The Gibbs Sampler 375

4.2 (TP) Demonstrate how to fit the exponential mixture in Example 4.10 into
the formalism of Example 4.11

5 The Gibbs Sampler

Assume E ⊆ E1 × · · · × Ed. The typical element of E is then a vector
x = (x1, . . . , xd), and we write

x−i
def= (x1, . . . , xi−1, xi+1, . . . , xd) .

Identifying x with (xi,x−i) and using discrete notation, we further write

π(i)
x−i

(xi)
def=

π(x)
∑

yi: (yi,x−i)∈E
π(yi,x−i)

for the conditional Π∗-distribution of component i given that the remaining
ones equal x−i, using discrete notation here and in the following.

The Gibbs sampler generates a sequence ξ(k) def=
(
ξ1(k), . . . , ξk(d)

) ∈ E,
where in step k only one component is updated, say the i = ikth, accord-
ing to the specific rule that ξi(k + 1) is drawn according to π(i)

x−i(·) when
ξ(k) = x. There are basically two ways to choose the sequence {ik}. The
systematic-scan Gibbs sampler takes {ik} as cyclic, say 1, . . . , d, 1, . . . , d, . . .,
whereas the random-scan sampler chooses ik at random, typically (but
not necessarily) from the uniform distribution on {1, . . . , d}. For example,
for the systematic-scan Gibbs sampler, this means that we have a move-
ment in the state space E as illustrated in Figure 5.1 for the case d = 2,
E = {x, y : 0 < y < f(x)}.

f(x)

	
�

��

	
�

� �

��

	
�

��

� �

FIGURE 5.1

The idea behind the Gibbs sampler is that sampling from the π(i)
x−i(·) in

many cases is much more straightforward than sampling from Π∗ itself.
Once the component i for updating has been fixed, the move performed

by the Gibbs sampler can be seen as a move of the MH algorithm in Ei,
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where both the target and the proposal are π
(i)
x−i(·) (and therefore the

proposal is accepted w.p. 1).
It is immediately clear that {ξ(k)} is a Markov chain in the case of the

random-scan sampler. This is not the case for the systematic-scan sampler,
where {ξ(k)} could be called a “Markov periodic chain” (not the same as
a periodic Markov chain!): the transition matrix varies periodically as

P (1), . . . ,P (d),P (1), . . . ,P (d), . . . ,

where P (i) is the transition matrix corresponding to the description above
of how to update component i. In both cases, we have, however, the
following result:

Theorem 5.1 Π∗ is stationary for {ξ(k)} in the sense that if ξ(0) has
distribution Π∗, then so has ξ(n) for all n.

Proof. It suffices to take n = 1. Write i = i1 and x = ξ(0). Then the
conditional distribution of ξi(0) given the ξj(0) with j 
= i is π(i)

x−i(·) because
ξ(0) has distribution Π∗, and by construction of the Gibbs sampler, the
same is true for the conditional distribution of ξi(1) given the ξj(1) with
j 
= i. Since ξj(0) = ξj(1) for j 
= i, ξ(0) and ξ(1) must therefore have the
same distribution. �

The concept of irreducibility for the random-scan sampler is just the
usual one for Markov chains, whereas we will call the systematic-scan sam-
pler irreducible if the transition matrix P def= P (1) · · ·P (d) (usual matrix
product) is irreducible.

Corollary 5.2 If E is finite and the Gibbs sampler is irreducible, then the
empirical distribution Π̂∗n in (1.1) converges to Π∗ and the average f̂n of
the f

(
ξ(k)

)
in (1.2) converges to Π∗[f ].

Proof. This is trivial for the random-scan sampler. For the systematic scan
sampler, π∗P (i) = π∗ for each i implies π∗P = π∗, so if P is irre-
ducible, we have ξ(kd) D→ Π∗. This together with Π∗ being stationary for
P (1) · · ·P (�) implies ξ(kd+ �) D→ Π∗ for � = 1, . . . , d− 1. �

Example 5.3 The basic fact behind acceptance–rejection is that if f :
R → [0,∞) is an unnormalized density and (X,Y ) is uniform on E

def=
{(x, y) : 0 < y < f(x)}, then X has marginal density f∗ def= f/

∫
f . This is

the idea behind the slice sampler for MCMC inference on f∗: the target
distribution is the uniform distribution on E

def= {(x, y) : 0 < y < f(x)},
and the algorithm is Gibbs sampling with uniform steps. From (x, y) ∈ E,
the move is to (x, y′) in (say) all even steps, where y′ is uniform on the
interval

(
0, f(x)

)
, and in odd steps, it is to (x′, y), where x′ is uniform on

the set I(x) def= {z : f(z) ≥ f(x)} (an interval if f is say log-concave but
not necessarily so in general).
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The slice sampler often meets the difficulty that I(x) is difficult or at best
cumbersome to determine. In some cases, this problem may be resolved by
finding simple bounds, that is, an interval J(x) with easily determined
endpoints and containing I(x). One can then sample x′ from the uniform
distribution on J(x) and use acceptance–rejection, accepting the first x′
such that x′ ∈ I(x). �

Example 5.4 Consider a hidden Markov model with the conditional dis-
tribution of the underlying Markov chain X0:n given the observations y0:n

as target distribution Π∗. If S is the state space for X0, X1, . . ., we then
have E = Sn+1, and at each step k of the MCMC algorithm, the simulated
value ξ(k) of the Markov chain is a sequence ξ(k) def= x0:n(k) of n+1 values
from S. Now consider updating of component i, that is, of xi (for simplicity,
assume 0 < i < n). The conditional Π∗-distribution of xi given x−i equals
the conditional distribution of xi given x−i and y0:n. According to the
dependence properties of hidden Markov models, this distribution is just
the conditional distribution of xi given xi−1, xi+1, yi, so that π(xi |x−i) is
proportional to p(xi−1, xi)p(xi, xi+1)gxi(yi), where p(x, x′) is the transition
probability x→ x′.

As an example, consider the stochastic volatility model (2.4). Here

p(xi−1, xi)p(xi, xi+1)gxi(yi)

∝ exp
{
− (xi − ρxi−1)2

2(1− ρ2)
− (xi+1 − ρxi)2

2(1− ρ2)
− y2

i

β2exi

}

∝ exp
{
−x

2
i (1 + ρ2)
2(1− ρ2)

+
ρxi(xi−1 + xi+1)

1− ρ2
− y2

i

β2exi

}
.

R.v.’s from this density can be generated, for example, by acceptance–
rejection from a N

(
ρ(xi−1 + xi+1), 1− ρ2

)
proposal for xi and accepting

w.p.

exp
{
− x2

i ρ
2

2(1− ρ2)
− y2

i

β2exi

}
. �

Example 5.5 Consider the Ising model x = (xi)i∈S ,

π(x) = exp

{

−β
∑

ii′∈E
1{xi 
= xi′}

}

, (5.1)

from Section 2b. Here d = |S|, the number of sites, and all Ei = {1,−1}.
To compute the conditional probabilities π(i)

x−i(yi), it suffices to consider
the case yi 
= xi, i.e., yi = −xi (there are only two possibilities 1, −1; a
transition from x to (yi,x−i) means that we flip the mark at i). Letting
ni(x) be the number of neighbors i′ of i with xi′ 
= xi and mi(x) the
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number with xi′ = xi, we have π(x) = e−βni(x)di(x), where

di(x) def= exp
{
−β

∑

j,k �=i, jk∈E
1 {xj 
= xk}

}
.

Similarly, π(yi,x−i) = e−βmi(x)di(x). Thus

π(i)
x−i

(yi) =
π(yi,x−i)

π(yi,x−i) + π(x)
=

e−βmi(x)

e−βni(x) + e−βmi(x)
. (5.2)

Thus, the update of site i performed by the Gibbs sampler amounts to
simple binomial flipping with a probability given by (5.2). �

The form of (5.2) is remarkably simple: all that matters is the marks at
the neighbors of i. The reason behind this can be viewed as a generalized
Markov property of the Ising model, that the mark at a site i and the marks
at the sites that are not neighbors are conditionally independent given the
marks at the neighbors. Similar features are found in a great variety of
models, in particular graphical statistical models.

Example 5.6 Assume that H(x) =
∑

vv′∈E r(xv , xv′), in a situation in
which x = (xv)v∈V is a configuration of values on the set V of vertices of
a graph G = (V, E) and r is a nearest-neighbour potential (as for the Ising
model). We implement Gibbs sampling by updating at each vertex v, using
either systematic scan or random scan. Consider updating at vertex v. The
probability of changing xv to y is then

exp
{
−

∑

v′: vv′∈E
r(y, xv′ )/Tn

}
/

∑

z

exp
{
−

∑

v′: vv′∈E
r(z, xv′ )/Tn

}
. �

Example 5.7 Image analysis provides an example of the product form
of the state space; d is the number of pixels and each Ei is just {−1, 1}.
Systematic-scan Gibbs sampling means that we update pixel by pixel in a
given order, say lexicographically, and random-scan Gibbs sampling means
that we update a randomly chosen pixel at each step.

As an example, consider a modification of the Ising model in which the
image x itself is not observed but rather a blurred image y. More precisely,
we assume that the errors on the observed image y are i.i.d. with error
probability ζ ∈ (0, 1), so that y is constructed from x by independent
flipping with flipping probability ζ at each site, that is,

L(y |x) =
∏

j∈S
aj(x) where aj(x) def= ζ1−δ(yj ,xj)(1− ζ)δ(yj ,xj)

with δ(yj , xj) = 1 if xj = yj , = 0 if xj 
= yj . Thus, image analysis can be
viewed as a Bayesian problem in which the purpose is to make statements
on the posterior distribution of x ( = the parameter = the actual image)
given the observations y. The prior π(0)(x) is given by the r.h.s. of (5.1).
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We assume for simplicity that ζ is known. Letting π(x) and di(x), etc.,
be as in Example 5.5, the joint density of (x,y) is therefore proportional
to π(0)(x)L(y |x). The posterior π∗(x) can again be obtained by Gibbs
sampling, updating site by site. Letting

bj(x) def= ζδ(yj ,xj)(1− ζ)1−δ(yj ,xj) , fi(x) def=
∏

j �=i
aj(x) ,

and proceeding as in Examples 5.5 and 5.6, we have with zi
def= −xi that

π(0)(x) ∝ e−βni(x)di(x),
π∗(x) ∝ π(0)(x)L(y |x) = e−βni(x)di(x)ai(x)fi(x),

π∗(zi,x−i) ∝ e−βmi(x)di(x)bi(x)fi(x),

π∗(zi |x−i) =
e−βmi(x)bi(x)

e−βni(x)ai(x) + e−βmi(x)bi(x)
. (5.3)

Thus, the update of site i performed by the Gibbs sampler amounts to
simple binomial flipping with a probability given by (5.3). �

5a Componentwise Metropolis–Hastings
Componentwise MH is an extension of Gibbs sampling. As in that setting,
one component at a time is updated and the target distribution in each
step is the conditional Π∗-distribution π(i)

x−i(·) of the component in question
given the remaining ones. The difference is that the updating from xi to
yi is done with a general proposal q(i)x (xi, ·) rather than with π(i)

x−i(·) itself
as for Gibbs sampling. Componentwise MH is a special case of the MH
algorithm, and the MH ratio takes the form

r(i)x (xi, yi) =
π

(i)
x−i(yi)q

(i)
(yi,x−i)

(yi, xi)

π
(i)
x−i(xi)q

(i)
x (xi, yi)

. (5.4)

For the Gibbs sampler,

q(i)x (xi, yi) = π(i)
x−i

(yi) , q
(i)
(yi,x−i)

= π(i)
x−i

(xi) ,

and thus indeed the proposal is accepted w.p. 1.

Theorem 5.8 Π∗ is stationary for the componentwise MH chain {ξ(k)}
in the sense that if ξ(0) has distribution Π∗, then so has ξ(n) for all n.

Proof. It suffices to take n = 1. Write i = i1, x = ξ(0) and let P (i)
x be

the transition kernel on Ei corresponding to MH sampling with MH ratio
(5.4). Since the target distribution is π(i)

x−i(·), we have

π(i)
x−i

P (i)
x = π(i)

x−i
. (5.5)
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The conditional distribution of ξi(0) given the ξj(0) with j 
= i is π(i)
x−i(·),

and by (5.5), the same is true for the conditional distribution of ξi(1) given
the ξj(1) with j 
= i. Since ξj(0) = ξj(1) for j 
= i, ξ(0) and ξ(1) must
therefore have the same distribution. �

Corollary 5.9 If E is finite and the componentwise MH sampler is irre-
ducible, then the empirical distribution Π̂∗n in (1.1) converges to π∗ and the
average f̂n of the f

(
ξ(k)

)
in (1.2) converges to Π∗[f ].

Exercises

5.1 (TP) In the hidden Markov Example 5.4, derive the updating formulas if
i = 0 or i = n is a boundary value. Specialize to the stochastic volatility setting.
5.2 (A) A classsical data set (e.g. [301, p. 383, 409)] contains the numbers of
cases of mastitis (an inflammatory disease) in 127 herds of dairy cattle. With
ni the number of herds having i cases, the data (adjusted for herd size) are as
follows:

i 0 1 2 3 4 5 6 7 8 9 10 11 12
ni 7 12 8 9 7 8 9 6 5 3 4 7 4
i 13 14 15 16 17 18 19 20 21 22 23 24 25
ni 5 2 1 4 3 3 4 2 2 4 1 0 5

Assume that for a given herd j, the number of cases is Poisson(λj), where the λj

are Gamma(α, βj) and the βj are themselves Gamma(a, b). Use Gibbs sampling
with α = 0.1, a = b = 1 to give histograms of the posterior distribution of λj for
a herd with 0, 10, or 20 cases and to report the posterior means of α, a, b.



Chapter XIV
Selected Topics and Extended
Examples

1 Randomized Algorithms for Deterministic
Optimization

We consider the problem of finding the minimum H(x∗) of a real-valued
function H(x) defined on a finite set S and the corresponding minimizer
x∗ (we ignore the problem of multiple global maxima). It is assumed that
H(x) is explicitly available for each x. If S is a small finite set, the problem
is then easy, since we can just go through all |S| possibilities to determine
x∗. However, typically S is huge, so this approach is not feasible, and other
methods are required.

Classical examples in the area, which also goes under the name
combinatorial optimization, are as follows:

(a) The traveling salesman problem. A salesman living in city 0 has to
visit every city 1, . . . , n exactly once and then return to his home.
The travel cost between cities i, j is cij and the problem is to find the
route x that minimizes the total cost H(x). The set S is then the set
of all permutations x = (x1, . . . , xn) of {1, . . . , n}, and

H(x) = c0x1 + cx1x2 + · · ·+ cxn−1xn + cxn0 . (1.1)

(b) Consider a graph G = (V, E). The graph cut problem (or graph bisec-
tion problem) consists in partitioning the set V of vertices into V1, V2,
such that the number of edges connecting a vertex in V1 with one in
V2 is minimized. Here S is the set of all partitions x =

(
V1(x), V2(x)

)
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of V and

H(x) =
∑

x∈S

∑

v1∈V1(x)

∑

v2∈V2(x)

1{v1v2 ∈ E} .

The indicator function can be replaced by a cost function c(v1, v2)
that is nonzero only when v1v2 ∈ E .
Häggström [189] gives the following example: V is the set of all web
sites containing the word “football”, and two sites are connected if
there is a link between them. A partitioning could serve the purpose
of obtaining a rough grouping into the web sites dealing with soccer
and those dealing with American football.

Though problems of this type are deterministic, randomized algorithms
can perform surprisingly well compared to deterministic ones. There is a
vast literature on the subject and an abundance of different approaches.
We concentrate here on two methods, one classical, simulated annealing,
and one more recent, the cross-entropy method. Pflug [294, Chapter 1] and
Rubinstein & Kroese [318, Section 4.1] contain lists of further approaches
and references.

1a Simulated Annealing
In I.5.4, it was suggested to invoke the Boltzmann distribution πT with
point masses e−H(x)/T /c(T ), where T is the temperature, and to generate
an r.v. X(T ) from πT for some small T . The idea is of course that X(T )
will take a value with a high H-value with high probability.

Proposition 1.1 Assume that for some x∗ ∈ S we have a < b, where
a

def= H(x∗), b def= maxx �=x∗ H(x). Then P
(
X(T ) = x∗

)→ 1 as T → 0.

Proof. By definition,

P
(
X(T ) = x∗

)
=

e−H(x∗)/T

∑
x′∈S e−H(x′)/T ≥ e−a/T

e−a/T + |S − 1|e−b/T

=
1

1 + |S − 1|e(a−b)/T ,

which goes to 1 because a < b and hence e(a−b)/T → 0. �

Of course, the undesirable feature of this procedure is its lack of con-
sistency: it is not certain that X(T ) = x∗ and hence H

(
X(T )

)
= a. The

idea of simulated annealing is to use cooling, that is, to consider a sequence
{Tn} of temperatures such that Tn → 0, n → ∞. The most naive imple-
mentation of the algorithm is then to (independently) sample X(Tn) for
each n, whereby one obtains a consistent estimator since X(Tn)

P→ x∗ by
Proposition 1.1.
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This simple approach is seldom feasible, since generating X(T ) from the
Boltzmann distribution usually presents a problem (think, for example,
of the Ising model). The standard implementation of simulated anneal-
ing overcomes this problem by combining with the ideas of MCMC. One
then simulates a time-inhomogeneous Markov chain {ξn}, such that πTn is
stationary for the transition matrix

(
pxx′(Tn)

)
used at step n.

Typically, one takes Tn to be constant on intervals of increasing length.
That is, Tn = T (k) when nk ≤ n < nk+1, where nk+1−nk →∞. It is clear
at once that if nk+1 − nk grows at a sufficiently large rate (slow cooling),
then ξn

P→ x∗. In fact, Geman & Geman [126] proved that if

Tn ≥ 1
logn

|S|
(
max
x∈S

H(x) −min
x∈S

H(x)
)

then ξn
P→ x∗. However, often this condition on slow cooling is overly careful

and makes the algorithm inefficient in the sense that an unnecessarily large
number of steps need to be taken before one can be sure that

∥
∥P(ξn ∈ ·)

−δx∗
∥
∥ < ε. On the other hand, too rapid cooling has the danger that ξn

gets stuck in nonoptimal states, for example local minima, as is shown in
Example 1.4 below.

Example 1.2 In the graph cut problem, a natural choice of an MH
algorithm is to choose one vertex at random and move the vertex from
its current Vi(x) to the other Vj(x) (unless Vi(x) consists of one element
only). This can be viewed as a special case of XIII.4.1, and the relevant
MH ratio is given there and reproduced in (1.2) below. �

In many examples, we have as in XIII.4.1 given a graph structure on S,
and can then implement MCMC by letting the proposed move from x be to
a randomly selected neighbor among the total of n(x). Then as in XIII.4.1,

pxx′(T ) =
1

n(x)
min

(
1,
n(x)
n(x′)

eH(x)/T−H(x′)/T
)

(1.2)

when x, x′ are neighbors and p(x, y) = 0 when x 
= y and x, x′ are not
neighbors. For example:

Example 1.3 Consider the traveling salesman problem. In order to design
a sampler, we introduce a graph structure on the set of all permutations
x = (x1, . . . , xn) of {1, . . . , n} by defining x, x′ to be neighbors if x′ arises
from x by reversing a segment xi, . . . , xj with i < j. That is,

x′ =
(
x1, x2, . . . , xi−1, xj , xj−1, . . . , xi, xj+1, xj+2, . . . , xn

)
,

and each x has n(n − 1)/2 neighbors. Then pxx′(Tn) = 0 if x, x′ not are
neighbors, whereas otherwise,

pxx′(Tn) =
2

n(n− 1)
min

[
exp{(H(x) −H(x′)

)
/Tn}, 1

]
.

�
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Example 1.4 Consider the setting of (1.2) and assume that x is a local
minimum, i.e.,

c
def= min

x′:xx′∈E
[
H(x′)−H(x)] > 0 ,

but not a global minimum. Let d def= maxx′:xx′∈E n(x)/n(x′). Then for large
T , the probaility of a move out of x is bounded by de−c/T . Hence if we take
ξ0 = x in the simulated annealing scheme and let Tn ↑ ∞ so quickly that
d
∑∞

0 e−c/Tn < 1, there is positive probability that ξn = x for all x. That
is, the speed of the cooling is so rapid that it makes ξn stick in a local
minimum. �

Some relevant references for simulated annealing are Aarts & Korst [1],
Aarts & Lenstra [2], and Gidas [128].

1b The Cross-Entropy Algorithm
Combinatorial optimization using cross-entropy was initiated by Rubin-
stein [317] and has since then developed into a rapidly expanding area,
see [w3.21]. A comprehensive treatment with many convincing examples is
given in Rubinstein & Kroese [318]. The idea is very similar to rare-event
simulation via the cross-entropy method as described in VI.8. At step n one
samples R r.v.’s X1, . . . , XR from f(x; θn), a member of a parametric fam-
ily {f(x; θ)}θ∈Θ of probability mass functions on S. For some fixed δ < 1,
one next selects the R′ = δR of the Xr with the smallest H-values, say
X ′1, . . . , X

′
R′ . Then θn is updated by computing θ∗n as the θ minimizing the

cross-entropy between f(·; θ) and the empirical distribution of X ′1, . . . , X ′R′ ,
and letting θn+1 = θ∗n. As in the rare-event setting, this last step is just
ordinary maximum likelihood estimation.

As stopping criterion, it is suggested in [317], [318] to let γn
def=

min
(
H(X ′1), · · · , H(X ′R′)

)
and to stop when γn = γn−1 = . . . = γn−d for

some d; the common value γ̂ is then the estimate of the minimum H(x∗).
Another implementation suggestion is to use smoothed updating, that is,
to let θn+1 = αθn + (1− α)θ∗n instead of θn+1 = θ∗n.

The choice of parameters needs tuning in specific applications, but some
typical values are R = 10,000, δ = 0.01, d = 5, 0.7 < α < 1.

We proceed to demonstrate how the parametric family of probability
mass functions may be chosen in two of our main examples. Of course, the
choice is by no means unique, and the efficiency of the algorithm is likely
to depend crucially on the particular choice.

Example 1.5 In the graph cut problem, we can represent a cut by a vector
x = (xv)v∈V of 0’s and 1’s such that v ∈ V1(x) when xv = 0 and v ∈ V2(x)
when xv = 1. An obvious choice is to generate the Xr = (Xr,v)v∈V by
Bernoulli sampling for each v. That is, Θ = (0, 1)|V |, θ = (θv)v∈V , and
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subject to f(·, θ), the Xr,v are independent Bernoullis with P(Xv,r = 1)
= θv. �

Example 1.6 In the traveling salesman problem, we need a parametric
family of probability mass functions on the set S of all permutations
x = (x1, . . . , xn) of {1, . . . , n}. This can be obtained by letting Θ be the
set of all transition probabilities θ(i, j) from {0, 1, . . . , n} to {1, . . . , n}.
Initially, x1 is selected according to θ(0, ·). When x1, . . . , xk have been
generated, the θ(i, j) are updated by removing all j ∈ {x1, . . . , xk} and
renormalizing:

θ(i, j) ←−

⎧
⎪⎨

⎪⎩

0 j ∈ {x1, . . . , xk} ,
θ(i, j)

∑
j′ �∈{x1,...,xk} θ(i, j

′)
j 
∈ {x1, . . . , xk} .

Then xk+1 is selected according to θ(xk, ·).
For example, one can take all θ0(i, j) = 1/(n + 1). According to the

standard formulas in maximum likelihood estimation for Markov chains,
the updating formula becomes θ∗n(i, j) = Nij/Ni where

Nij
def=

R′
∑

r=1

n−1∑

k=0

1{X ′r,k = i, X ′r,k+1 = j} , Ni
def=

R′
∑

r=1

n−1∑

k=0

1{X ′r,k = i} .

Note that if θn(i, j) = 1 or 0 for some n, then such is the case for all larger
n if one takes θn+1 = θ∗n, and hence the smoothing θn+1 = αθn +(1−α)θ∗n
serves to exclude such undesired phenomena. �

2 Resampling and Particle Filtering

Consider as in Chapter XIII on MCMC an r.v. X with distibution Π∗

having density π∗(x) = π(x)/C w.r.t. μ(dx), which is known only up to
the constant C =

∫
π dμ. If we want to compute z = Eg(X), and π̃(x) is a

different density (possibly also unnormalized) from which r.v.’s X̃1, . . . , X̃R

are easily generated, we may then use the importance-sampling estimator

ẑIS
def=

∑R
r=1 g(X̃r)π(X̃r)/π̃(X̃r)
∑R

s=1 π(X̃s)/π̃(X̃s)

of V.1.16. In this section, we survey some implementations and extensions
of this idea, for which some main references are Cappé et al. [65], Del
Moral [85], Doucet et al. [95] and Liu [241]. The common terminology here
is to refer to

wr
def=

(
π/π̃

)(
X̃r

)

(
π/π̃

)(
X̃1

)
+ · · ·+ (π/π̃)(X̃R

)
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as the importance weight of particle r (note that ẑIS =
∑R

1 wrg(X̃r)).
The area is often called sequential Monte Carlo, except for the sampling
importance resampling in Section 2b, which does not have a sequential
element.

For the following, note that ẑIS has a bias of order N , as follows by the
delta method, cf. III.(3.3).

2a Sequential Importance Sampling
The idea of sequential importance sampling is to break the computation of
the likelihood ratio π(X̃)/π̃(X̃) (and thereby the importance weights) up
into a number of steps.

To explain the idea, consider the most prominent example, a hidden
Markov setup with background Markov chain X0, X1, . . . and observed
quantities Y0, Y1, . . .; cf. XIII.2d and A5, from which we also adapt the
notation p(x0:n) for the density of X0, . . . , Xn, p(x0:k |y0:k) for the condi-
tional density of X0, . . . , Xk given Y0, . . . , Yk, p(yk |xk) for the conditional
density of Yk given Xk, etc. We consider filtering, where the goal is to pro-
vide estimates of the distribution with density p(x0:k |y0:k) such that the
estimates are easily updated from k − 1 to k as the observations Yk arrive
sequentially in time. The R particles observed up to time k are denoted by

X̃
(1)

0:k, . . . , X̃
(R)

0:k , and the problem is to find a simple recursive scheme for

updating the importance weight wr,k
def= wr

(
X̃

(r)

0:k

)
from wr,k−1.

As proposal, we take the unconditional distribution of the Markov chain.
Assuming for a fixed r that X0, . . . , Xk−1

def= X̃
(r)
0 , . . . , X̃

(r)
k−1 have been

generated, this means that the proposal for Xk is generated according to
the transition density p(xk |xk−1); the proposal for X0 is r(x0), the initial
distribution. Letting π̃k(x0:k) denote the proposal density for X0:k, we thus
have

π̃k(x0:k) = π̃k(x0:k−1)p(xk |xk−1) . (2.1)

To obtain a similar decomposition of the target density π∗k(x0:k)
def=

p(x0:k |y0:k), we write

π∗k(x0:k) =
p(x0:k, y0:k)
p(y0:k)

=
p(x0:k−1, y0:k−1)p(xk |xk−1)p(yk |xk)

p(y0:k)

=
1
Ck

π∗k−1(x0:k−1)p(xk |xk−1)p(yk |xk) , (2.2)

where Ck
def= p(y0:k)/p(y0:k−1). Taking the ratio between (2.2) and (2.1)

we get

wr,k = wr
(
X̃

(r)

0:k

)
=

wr,k−1p(yk | X̃(r)
k )

∑R
s=1 ws,k−1p(yk | X̃(s)

k )
, (2.3)
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which is the desired simple updating formula.
In practice, the method does not work well for large k and needs

modification, see further Section 2c.

2b Sampling Importance Resampling
An alternative to using the estimator ẑIS, called sampling importance re-
sampling, is to sample X̃1, . . . , X̃N from π̃ and compute the importance
weights

wn
def=

(
π/π̃

)(
X̃n

)

(
π/π̃

)(
X̃1

)
+ · · ·+ (π/π̃)(X̃N

) .

Next the particles X1, . . . , XR are sampled (with replacement) from the
set X̃1, . . . , X̃N , such that X̃n is sampled w.p. wn, and one computes the
estimator

ẑSIR
def=

1
R

(
g(X1) + · · ·+ g(XR)

)
.

For computing z = Eg(X), sampling importance resampling provides
asymptotically unbiased estimates, as will be shown shortly. However, ẑSIR

is not in itself an improvement of the importance-sampling estimator ẑIS
based on X̃1, . . . , X̃N , because the principle of conditional Monte Carlo (cf.
V.4) implies that ẑSIR has a larger variance:

E
[
ẑSIR

∣∣ X̃1, . . . , X̃N

]
= E

[
g(X1)

∣∣ X̃1, . . . , X̃N

]
=

N∑

n=1

wng
(
X̃n

)

= ẑIS . (2.4)

The potential advantage in some situations may be that one gets a sample
that asymptotically behaves just like an ordinary i.i.d. sample: obviously
X1, . . . , XR are dependent, but we will see in a moment that the dependence
is weak if N is large, as well as that the marginal distribution is asymp-
totically correct. That is, X1, . . . , XR gives a sample from Π∗ without the
problems of MCMC associated with the unknown rate of convergence of
the simulated Markov chain to the steady state. On the other hand, the
bias of ẑSIR is the same as for ẑIS, i.e., of order N , which is outperformed by
MCMC when the Metropolis–Hastings chain is, say, geometrically ergodic.

The precise formulation of these statements is the following result, for
which we omit a statement of regularity conditions (needed for uniform
integrability properties); moreover, we just outline the proof at the heuristic
level:

Proposition 2.1 The sample X1, . . . , XR obtained by resampling from
X̃1, . . . , X̃N satisfies the following properties as N →∞:
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(i) Eg(X1) → Π∗[g] def=
∫
g(x)π∗(x)μ(dx);

(ii) a) E
[
g1(X1)g2(X2)

] → Π∗[g1]Π∗[g2] .

Proof. The first statement follows immediately from (2.4) and the asymp-
totic unbiasedness of ẑIS, since Eg(X1) = ẼẑIS by symmetry. For the
second, we approximate the common numerator in the definition of wn
by

N Ẽ
[(
π/π̃

)(
X̃1

)]
= N

∫ (
π/π̃

)
π̃ dμ

/∫
π̃ dμ def= NC1 .

Further,

MN
def= max

((
π/π̃

)(
X̃1

)
, . . . ,

(
π/π̃

)(
X̃N

))

is of order o(N), as follows from general properties of i.i.d. r.v.’s with finite
mean. Conditioning on X̃1, . . . , X̃N , we get

E
[
g1(X1)g2(X2)

]
= Ẽ

N∑

n,m=1

wnwmg1
(
X̃n

)
g2
(
X̃m

)

=
N∑

n=1

Ẽ
[
w2
ng1
(
X̃n

)
g2
(
X̃n

)]
+
∑

n�=m
Ẽ
[
wnwmg1

(
X̃n

)
g2
(
X̃m

)]
.

In the first sum, we bound one wn in w2
n by MN/O(N) = o(1) to conclude

that the sum is of smaller order than

Ẽ

N∑

1

wng1
(
X̃n

)
g2
(
X̃n

) → E
[
g1(X1)g2(X1)

]
.

That is, the whole sum goes to 0. The second sum can be approximated by

N(N − 1)
N2C2

1

Ẽ

[(
π/π̃g

)(
X̃1

)(
πg/π̃

)(
X̃2

)]
=

N(N − 1)
N2C2

1

C2
1Π∗[g1]Π∗[g2] ,

which goes to Π∗[g1]Π∗[g2]. �

2c Particle Filtering
When performing sequential importance sampling for long input sequences,
it turns out that the importance weights wr,k tend to become degenerate in
the sense that for large k, just one or a few of the R particles r = 1, . . . , R
have a nonvanishing importance weight. Particle filtering, going back to
Gordon, Salmond, & Smith [162], combines sequential importance sampling
with the resampling idea. The principle is simple: proceed as for sequential
importance sampling, but at selected instants 0 < k1 < k2 < · · · , resample
the particles according to their importance weights.
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The algorithm basically allows particles with high importance weights
(high fitness) to reproduce and eliminates those with low fitness. As ex-
plained in [95, p. 432] there is thereby some similarity to genetic algorithms,
e.g., Goldberg [159] and Whitley [362].

Example 2.2 As an example of particle filtering, we consider a target
tracking problem in which the velocity X

(1)
n at time n of the target (in

a discrete-time setup) follows an autoregressive process, and the position
X

(2)
n is observed with noise as Yn. That is, the model is

X(1)
n = aX

(1)
n−1 + σε′n ,

X(2)
n = X

(2)
n−1 +X

(1)
n−1 ,

Yn = X(2)
n + ωε′′n .

We chose a standard Gaussian setup in which the sequences {ε′n}, {ε′′n}
are independent and Gaussian N (0, 1). As parameters, we took a = 0.8,
σ =

√
1− a2 (corresponding to a stationary variance of the AR part of 1),

and ω = 3. We considered a sample path of length N = 128 with initial
values X(1)

0 = X
(2)
0 = 0.
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FIGURE 2.1

Figure 2.1 shows a set of data simulated from this model. The X(2)
n are

plotted in the thick graph and the Yn are marked with +’s. The thin graph is
the Kalman filter that is available because of the Gaussian structure of the
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model. Thus, in view of the ease with which the Kalman filter is calculated,
there is really no need for particle filtering in this model. However, the
Kalman filter provides a benchmark against which to check the performance
of particle filtering.
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FIGURE 2.2

Figure 2.2 shows the result of a particle filtering experiment with
R = 10,000 particles and resampling at times 16, 32, . . . , 128. The thinnest
graphs show 5 particles selected at random, the thickest is the Kalman
filter values, and the one in between is the Bayes estimator resulting from
the particle filter, that is, the value at time k is the average of the positions
of the R particle at that time. It is seen that the resampling takes the par-
ticle positions back to close to where they should be, at the Kalman filter
value, In between resampling, each particle moves away from the Kalman
filter, but the weighing and averaging serves to keep the Bayes estimator
on track. The fit of the Bayes estimator appears to deteriorate somewhat
in the last part of the plot.

�

Exercises

2.1 (TP) Derive a CLT for the sampling importance resampling estimator ẑSIR.
Can this be used for giving confidence intervals?
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3 Counting and Measuring

One example of a counting problem, the graph-coloring problem, was pre-
sented in I.5.3. Here G = (V, E) is a graph with E the set of edges and V
the set of vertices, and the problem is to give each vertex one of q possible
colors, such that no two neighbors (vertices connected by an edge) have the
same color. With S the set of all such configurations, what is the cardinality
|S| of S?

Here are some further selected similar problems:

(a) Consider an 8× 8 chessboard and 32 identical domino tiles, each the
size of two adjacent squares of the chessboard. How many ways are
there to cover the entire chessboard with the domino tiles?

(b) A famous problem, going back to Gauss in 1850, is to position eight
queens on an 8×8 chessboard such that no queen can take the other.
In how many ways can this be done?

(c) Given a graph G = (V, E), how many subsets F of E have the prop-
erty that no two sites in F are adjacent? Such a subset corresponds
to a realization of a discrete hard-core model; cf. I.5.2.

(d) In statistics, n × m tables
(
rij
)
, i = 1, . . . , n, j = 1, . . . ,m, with

rij ∈ N are often encountered. The marginals ri·
def=
∑m

j=1 rij , r·j
def=∑n

i=1 rij play an important role, and an often relevant question is,
what is the number of such tables with fixed marginals ri·, r·j? See
further Liu [241, p. 92].

(e) In US presidential elections, the 50 states and the District of
Columbia are given certain numbers n1, . . . , n51 of electors (e.g., the
year 2000 numbers were 6 for Arkansas, 54 for Califonia, 25 for
Florida), N def=

∑
ni = 538 in total. With Θi defined as the indi-

cator that candidate A beats candidate B in state i, the total scores
for A, respectively B, are then

CA
def=

51∑

1

niΘi CB
def=

51∑

1

ni(1−Θi) = N − CA .

Erikson & Sigman [110] postulated that the Θi were i.i.d. r.v.’s with
a Bernoulli(1/2) distribution and used simulation to estimate the
probability P(CA = CB) of a tie, which amounts to counting the
number |S| of the set S of all outcomes leading to a tie (then P(CA =
CB) = |S|/251; the estimate of [110] was 0.8%, corresponding to
|S| ≈ 1.8× 1013).

Such counting problems are also closely related to tasks such as
computing finite but huge sums, or measuring. For example:
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(f) Howdoweefficientlycompute the normalizing constant
∑
x∈S e−H(x)/T

for the Boltzmann distribution in I.5.4 in the case of a finite but large
set S of possible values for x (for example the Ising model)?

(g) How can we efficiently estimate the permanent of a d × d matrix
A = (aij) with 0-1 entries, defined as

∑

σ

d∏

i=1

aiσ(i) ,

where the sum extends over all permutations of {1, . . . , n}? This is
a classical counting problem, with a main recent contribution being
given by Jerrum, Sinclair, & Vigoda [199].

(h) (Dyer, Frieze, & Kannan [106]) How can we efficiently estimate the
volume of a convex set S ∈ R

d if the available information is an oracle
that for a given x ∈ R

d will return the answer whether x ∈ S?

As mentioned in I.5.3, one possible approach to counting the number of
elements |S| is importance sampling, where the importance distribution P̃

lives on a larger set T . For example, in the graph-coloring problem, T could
be the set of all |V |q possible colorings and P̃ the uniform distribution on
T . The problem we are facing is then one of rare-event simulation: we are
estimating |T |z, where |T | = |V |q is known and z is the probability that a
uniform r.v. on T takes its value in S; z is small because it can be shown
under mild conditions on G that z goes to 0 exponentially fast in |V | (see,
e.g., [189, Problem 9.4].

Instead of using the concepts of bounded relative error and logarithmic
efficiency from Chapter VI, we follow here the tradition of computer science
to distinguish between algorithms that can be run in polynomial time and
those that can be run only in exponential time. More precisely, consider
a computational problem parameterized with a number m such that the
“size” of problem m is σm. A set of algorithms with running times tm for the
mth is then said to be polynomial time if tm ≤ Cσpm for some C and some
p, and exponential time if tm ≥ C1eaσm for some C1 > 0 and some a > 0.
Most of the above examples have the feature that naive algorithms will
be exponential-time, so a major challenge is to construct polynomial-time
algorithms.

A classical reference for polynomial-time counting algorithms is Sin-
clair [345]; and a more recent one, Jerrum [198]; an introductory treatment
is given in Häggström [189]. We shall here give a sketch of the example
treated in [189], the graph-coloring problem; the original treatment with a
more refined analysis can be found in Jerrum [197].

The algorithm (and many others in the area) uses MCMC to produce an
approximate solution, that is, an r.v. Z such that

P
(
(1− ε)|S| < Z < (1 + ε)|S|) > δ , (3.1)
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where ε > 0 and 1/2 < δ < 1. Given δ > 1/2, one can in fact push δ
arbitrarily close to 1 by replicating and taking the median:

Proposition 3.1 Given a simulation estimator Z with the property (3.1)
and η > 0, 1/2 < δ < 1, let R be so large that 2R+1(1 − δ)R+1 < η/2, and
let Z1, . . . , Z2R+1 be replications of Z. Then the median Z(R+1) satisfies

P
(
(1− ε)|S| < Z(R+1) < (1 + ε)|S|) > 1− η . (3.2)

Proof. Assume first that Z has density f and let F be the c.d.f. Then Z(R+1)

has density
( 2R

R

)
(2R+ 1)f(y)F (y)RF (y)R .

Using the bound 2R for the binomial coefficient and 1 for F (y), integration
from (1 + ε)|S| to ∞ therefore yields

P
(
Z(R+1) > (1 + ε)|S|) ≤ 2R(2R+ 1)F

(
(1 + ε)|S|)R+1

/(R+ 1)

≤ 2R+1(1− δ)R+1 < η/2 .

Combining with a similar lower bound gives the result in the presence of a
density. The general case is handled by an easy limiting argument. �

Now turn to the precise formulation on existence of a polynomial-time
algorithm for the graph-coloring problem. We take the number q of colors
as fixed and consider only graphs such that each vertex has at most d
neighbors, where also d is fixed. The size of the problem can then be defined
as the number m = |V | of vertices (note that the number |E| of edges is
bounded by md so that it is unimportant whether we identify “size” with
|V | or |E|).
Theorem 3.2 Let q, d be fixed. Then for any ε > 0, 1/2 < δ < 1, there
exists a polynomial-time algorithm with the property (3.1).

The construction of the algorithm consists in breaking the problem into
|E| subproblems, each of which can be handled approximately by MCMC.
More precisely, we assume that the edges have been enumerated 1, . . . , |E|
and let Gj be the graph with vertex set V and edge set 1, . . . , j, j =
0, . . . , |E|. That is, Gj is the graph obtained from G by deleting edges
j + 1, . . . , |E|. With Sj the set of q-colorings for Gj , we then have S|E| = S
and hence1

|S| = |S0|
|E|∏

j=1

|Sj |
|Sj−1| . (3.3)

1Incidentally, note the similarity of the decomposition (3.3) with that of VI.(9.2) used
in the multilevel splitting algorithm for rare-event simulation.
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Now consider a q-coloring for Gj−1, and let v′j , v′′j be the end vertices of
edge j. Then the q-colorings of Gj are exactly the q-colorings of Gj−1

having different colors at v′j , v′′j . Thus, |Sj |/|Sj−1| in (3.3) equals zj, de-
fined as the fraction of q-colorings of Gj−1 having different colors at v′′j , v′′j .
Equivalently,

zj = P
(
ξj(v′j) 
= ξj(v′′j )

)
,

where ξj has the uniform distribution Π∗j on the q-colorings of Gj−1 and
ξj(v) denotes the color at vertex v.

What is done is now for each j to construct an MCMC algorithm with
target distribution Π∗j and allowing an explicit bound for the rate of con-
vergence of the corresponding Markov chain {ξj,n}n∈N to Π∗j that is tight
enough to bound the number of steps needed to get within a prescribed
t.v. distance to Π∗j by a number Nj such that N1 + · · ·+N|E| grows at most
polynomially in |V | (actually, Nj will be independent of j).

The construction of {ξj,n}n∈N is simple: this is just a systematic-sweep
Gibbs sampler, where the vertices are sampled one by one. Given that
vertex v has been sampled, the new color is then sampled uniformly in
the set of colors not to be found at any neighbor (trivially, this satisfies
the symmetry property noted in XIII.4.7 to be sufficient for the uniform
distribution to be stationary for the MH chain). One can then prove the
following lemma:

Lemma 3.3 Let 0 < ε < 1 and

N(ε) def= |V |[(log |V | − log ε− log d)/a+ 1
]
,

where a def= log(q/2d2). Then
∥
∥P
(
ξj,n ∈ ·

) − π∗j (·)
∥
∥ < ε for all n ≥ N(ε)

and all j = 1, . . . , |E|.
This is the hard part in the proof of Theorem 3.2 (e.g., [189] uses a five
page coupling argument), and we will omit the proof. We shall also need
another lemma:

Lemma 3.4 For any vertices v1, v2 and all j, we have P
(
ξj(v1) 
=

ξj(v2)
) ≥ 1/2.

Proof. We can assume that v1, v2 are not neighbors, since otherwise, the
probability in question is 1. Let ξ∗j denote the coloring of all vertices except
v1. Then ξj(v1) given ξ∗j is uniform over all colors not attained at any of
the at most d neighbors, so

P
(
ξj(v1) 
= ξj(v2)

)
= 1− P

(
ξj(v1) = ξj(v2)

) ≥ 1− 1/(q − d)

≥ 1− 1
2d2 − d

≥ 1− 1
2
≥ 1

2
.

�

Proof of Theorem 3.2. For simplicity, we consider only the case δ = 2/3. For
each j = 1, . . . , |E|, runR def= 48|E|3/ε2 replicates ξj,n,r of the Gibbs sampler
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ξj,n up to time N def= N(ε/8|E|) (cf. Lemma 3.3), estimate zj by the fraction
ẑj of the ξj,N for which the colors at v′j , v′′j differ, and estimate |S| by ẑ def=

ẑ0ẑ1 · · · ẑ|E|, where ẑ0
def= q|V |. Define z∗j

def= P
(
ξj,N (v′j) 
= ξj,N (v′′j )

)
. Since ẑj

is obtained by binomial sampling with success probability z∗j , Chebyshev’s
inequality gives

P
(∣∣ẑj − z∗j

∣
∣ > ε/8|E|) ≤ 82|E|2

ε2
Var ẑj

=
64|E|2
ε2

z∗j (1 − z∗j )
R

≤ 16|E|2
ε2R

≤ 1
3|E| .

Thus, w.p. at least 2/3 we have
∣
∣ẑj−z∗j

∣
∣ ≤ ε/8|E| for all j, which according

to the choice of N implies
∣∣ẑj − zj

∣∣ ≤ ε/4|E|. Therefore

ẑj
zj

≤ 1 +
ε

4|E|zj ≤ 1 +
ε

2|E| ,

where we used Lemma 3.4 in the last step. In view of ε < 1, this implies
(assuming w.l.o.g. that ε < 1)

ẑ

z
=
|E|∏

j=1

ẑj
zj

≤ 1 + ε .

Combining with a similar 1− ε lower bound, the proof is complete. �

4 MCMC for the Ising Model and Square Ice

4a Gibbs Sampling: a Case Study
The purpose of this section is to gain some insight into the behavior of
the Ising model and the Gibbs sampling scheme in XIII.5.5 for studying
this model. More precisely, we want to get an idea of what typical pictures
(configurations) look like for different parameter values, what influence the
intial configuration has, and most importantly, how fast the MCMC scheme
appears to mix.

We used two values β = 0.3 and β = 0.6 of the inverse temperature,
two initial configurations A, B described below, and a 128× 128 pixel area
(lattice)

S = {s = (s1, s2) : s1, s2 = 1, . . . , 128} .
The configuration is described by a 128× 128 {−1, 1}-valued matrix with
a(s1, s2) = 1 meaning that pixel s is white and a(s1, s2) = −1 that it is
black. Initial configuration A has pixel colors at the different sites i.i.d.
with probability 1/2 for white and 1/2 for black. Configuration B has the
mid 16× 16 (that is, s1, s2 = 57, . . . , 72) black and the rest white.
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We updated pixel by pixel by systematic Gibbs sampling (using the lex-
icographical ordering) as in XIII.5.5 and, for simplicity of the program,
froze the boundary pixels and updated only pixels with s1, s2 = 2, . . . , 127
(thus, what we simulated is really the Ising model conditioned on a certain
boundary configuration). We took 250 sweeps of the Gibbs sampler, with
a sweep defined as a scan through all 1282 pixels and ξk denoting the con-
figuration after k sweeps„ and plotted (a) the initial configuration ξ0, (b)
ξ3, (c) ξ10, (d) ξ25, (e) ξ100, (f) ξ250. In addition, plots were given of f(ξk)
as function of k = 0, . . . , 250 for two functions f , namely (g) the fraction
of white pixels, (h) the fraction of neighbors with marks of opposite color.
The plots are in Figures 4.1-4.4.

(a): initial configuration (b): iteration 3 (c): iteration 10

(d): iteration 25 (e): iteration 100 (f): iteration 250

1 250
0.45

0.5

0.55

0.6
(g): white pixels

1 250
0.3

0.35

0.4

0.45

0.5
(h): opposite colour

FIGURE 4.1: β = 0.3, case A

For the question of what a typical picture looks like, consider first the
unrestricted Ising model in which not as here, the boundary pixels are
frozen. We know the most likely pictures are either all white or all black.
However, observing a picture with all pixels of the same color is (for values
of β of the present order) far more unlikely than to observe one with all
except one of the same color, since there are about 2× 1282 configurations
of the second type and only 2 of the first. Thus, a typical picture will have
a fraction of white pixels that is somewhat away from 1/2, with say 25%
and 75% being equally likely. We further expect that this fraction will move
away from 1/2 as β increases.
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(a): initial configuration (b): iteration 3 (c): iteration 10

(d): iteration 25 (e): iteration 100 (f): iteration 250

1 250
0.4

0.6

0.8

1
(g): white pixels

1 250
0

0.1

0.2

0.3

0.4
(h): opposite colour

FIGURE 4.2: β = 0.3, case B

(a): initial configuration (b): iteration 3 (c): iteration 10

(d): iteration 25 (e): iteration 100 (f): iteration 250

1 250
0.45

0.5

0.55

0.6

0.65
(g): white pixels

1 250
0

0.2

0.4

0.6

0.8
(h): opposite colour

FIGURE 4.3: β = 0.6, case A
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(a): initial configuration (b): iteration 3 (c): iteration 10

(d): iteration 25 (e): iteration 100 (f): iteration 250

1 250

0.96

0.98

(g): white pixels

1 250
0.005

0.01

0.015

0.02

0.025
(h): opposite colour

FIGURE 4.4: β = 0.6, case B

An initial configuration like B with all boundary pixels white should
behave similarly, only favoring the more white configurations for the more
black ones. We see this clearly in the late iterations both for β = 0.3 and
β = 0.6. For β = 0.3 the typical white fraction appears from (g) to be
slightly above 1/2, for β = 0.6 it appears to be of order 97.5%.

For initial configuration A, we expect about half of the boundary pixels
to be white (they are), which will preserve symmetry between black and
white. Away from the boundary, one color will eventually become dominant,
more so for β = 0.6 than for β = 0.3. The pictures also show this.

When not one color is predominant, the model implies clustering of black
pixels and similarly for the white (this reduces the number of pairs with
opposite marks), more so for β = 0.6 than for β = 0.3. The pictures for
initial configuration A clearly show this. Note also that in all cases the
number of pairs with opposite marks is much smaller for β = 0.6 than for
β = 0.3.

Now to the question of mixing rate. Quick mixing means first of all
that the initial configuration quickly is wiped out and that thereafter the
configuration changes reasonably rapidly. This is certainly seen to be the
case for β = 0.3 but not for β = 0.6, where the black spot in the middle
in B vanishes much more slowly and the pictures for 100 and 250 steps in
A have many common features. We see also that stabilization in plots (g),
(h) appears to occur more slowly for β = 0.6 than for β = 0.3. Thus, there
seems to be clear evidence for slower mixing for β = 0.6 than for β = 0.3.
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When does the MCMC chain appear to have reached approximate sta-
tionarity (have burned in)? For β = 0.3, the figures would indicate that this
is certainly so after 10 steps. For β = 0.6, the number appears rather to be
100 for initial configuration B (for initial configuration A, 250 may or may
not be sufficient). However, these conclusions demonstrate a clear pitfall
in burn-in tests in MCMC: we know from theory that the Ising model is
symmetric in black and white pixels, and it is not clear from the figures
whether the dominance of white pixels is due to the choice of having all
boundary pixels white, or is an instance of quasistationary behavior. It
should therefore be stressed that conclusions on decorrelation in the end
are not failsafe when one is relying only on graphical and visual tests such
as the ones performed.

We refer to Newman & Barkema [276] for further worked-out examples
of MCMC for the Ising model, including more sophisticated pilot functions
for convergence diagnostics. See also Landau [227].

4b Wolff’s Algorithm
Gibbs sampling for the Ising model, as used in Section 4a, encounters diffi-
culties at low temperatures. The problem is that if T is small, then vertex
v will with high probability be surrounded by vertices of the same spin,
which will make the Gibbs sampler extremely reluctant to change the spin
at vertex v. Thus, Gibbs sampling has a high rejection rate, which makes
the method slow.

Swendsen & Wang developed an algorithm that improves on this situa-
tion by updating areas much larger than just one vertex, and this was later
modified and refined by Wolff. We outline here Wolff’s algorithm and refer
to Newman & Barkema [276] for more detail both on Wolff’s algorithm and
the Swendsen-Wang algorithm (see also Liu [241]).

Loosely, the idea is to flip an entire cluster C of sites with equal spin
and not just a single vertex. This cluster C is grown from a single vertex
v picked at random, such that neighboring vertices with the same spin are
added w.p. p (to be specified later) at each step. The procedure is illustrated
in Figure 4.5. The initial configuration is in panel (a), and in each of the
following steps, the current members of the cluster are dashboxed. The
vertices marked wih a diamond � are those that were trials to be included
in C but failed.

The algorithm is justified by a detailed balance argument, which may
conveniently be phrased in terms of a state-augmentation procedure, where
the state is the pair of (x, v, C), with v the vertex from which the cluster
C is grown. Let k be the number of sites in C, m the number of neighbors
of C of the same color as C, and n the number of neighbors of opposite
color. With x# the configuration obtained from x by flipping the sites in
C, we then in obvious notation have k# = k, m# = n, n# = m, and so the
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(a) (b) (c)

(d) (e) (f)

�

� �
� �

�

FIGURE 4.5

condition for detailed balance becomes

π(x)pk−1(1 − p)m = π(x#)pk−1(1 − p)n . (4.1)

Here π(x)/π(x#) = e−β(n−m), so taking 1−p = e−β will ensure that (4.1)
holds.

4c Related Models and Algorithms
Example 4.1 An extension of the Ising model has

π(x) = exp
{
α
∑

i∈S
xi − β

∑

ii′∈E
1 {xi 
= xi′}

}
. (4.2)

If α > 0, the first term is large if there are many 1’s; if α < 0 it is large if
there are many −1’s. The second term is as for the standard Ising model.
Thus, compared to the standard Ising model, (4.2) has the additional
feature of favoring one of the marks 1 and −1.

Another extension is the Potts model, having more than two types of
marks (spins) than the ±1 for the Ising model. One interpretation is
different colors. �

Example 4.2 Ice is a frozen state of water H2O. In two dimensions, a
common model for square ice assumes that the oxygen atoms are located
at the vertices of a lattice L ⊂ Z

2 and the hydrogen atoms at the edges,
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precisely one at each edge (the first ice rule). Further, a hydrogen atom is
closer to one of the two oxygen atoms defining its edge, and the second ice
rule states that there are precisely two hydrogen atoms near each oxygen
atom. We represent this by directing the edges such that an arrow indicates
the corresponding hydrogen atom being closer to the oxygen atom at the
final point of the arrow than the one at the beginning. Thus the second
ice rule means that each (nonboundary) vertex has precisely two ingoing
arrows and two outgoing, and the common model asserts that all such con-
figurations are equally likely. A pattern on (part of) the lattice compatible
with both ice laws is given in panel (a) of Figure 4.6. With S the set of
admissible configurations, how do we obtain information on the uniform
distribution Π∗ on S?

The answer is once again MCMC, and we present here the most standard
algorithm, the long loop algorithm. See further Newman & Barkema [276].
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FIGURE 4.6

The initial configuration for an updating is given in panel (a) of Fig-
ure 4.6. In the first step, illustrated by panel (b), the algorithm selects an
edge at random (marked by bold), chooses one of its end vertices as the
first point of the loop and the other as the second (say the left is the first
and the right the second), and reverses the arrow. Thereby the second ice
law is violated at both points, which is marked by bullets in the points.
More specifically, the first (left) point has three outgoing arrows instead
of two as should be, and the second point three ingoing arrows instead of
two. The algorithm next compensates for this defect at the second point
(the current endpoint of the loop) by choosing one of the two of the three
ingoing arrows that is not already part of the loop at random, and reversing
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the arrow there. The resulting configuration is in panel (c). The procedure
is repeated in panel (d) and so on.

Appealing either to the finiteness of the lattice or recurrence properties
of random walk in two dimensions, the loop will eventually wind its way
back to one of the neighbors of the starting point as in panel (e). Here we
are in the lucky situation that reversing the arrow between the starting
point and the current endpoint will make the second ice rule hold at both
points and hence on the whole lattice. This is done in panel (f), which then
shows the final updating; the arrows around the loop have all been given
opposite directions.

The transition probabilities are readily seen to be symmetric, p(x, x′) =
p(x′, x) for any x, x′ ∈ S. Indeed, the probabilities of selecting the first and
second points of the loop are obviously the same. In the second step as
in panel (c), the two arrows to choose between for reversion are then the
same, and so on. Therefore, by XIII.4.7, the resulting Markov chain on S
has indeed the uniform distribution as its stationary distribution.

Note that loops may be much more complicated than in Figure 4.6. For
example, the loop may return to previous vertices visited and then reverse
its path. Or when it returns to a neighbor of the starting point for the first
time, it is insufficient for enforcing the second ice rule that the connecting
arrow be reversed etc. Loops will typically be long (random walk in two
dimensions is null recurrent!), but this is not necessarily an indication of
the algorithm being inefficient: as for Wolff’s algorithm, the compensation
is that the updating affects a potentially large part of the configuration
and is not just local. �

Exercises

4.1 (TP) In the ice model of Example 4.2 on a lattice {0, . . . , N} × {0, . . . , M},
find a simple rule for an admissible initial configuation of an MCMC algorithm
and show that the long loop algorithm is irreducible..
4.2 (TP) In the ice model on a lattice {0, . . . , N} × {0, . . . , M}, define the set
of squares as

(
(i − 1), i) × ((j − 1), j), i = 0, . . . , N, j = 0, . . . , M . For a given

coloring of the squares with colors 0,1,2 such that no adjacent squares have the
same color, show that we obtain a configuration of square ice by taking pairs of
adjacent squares and letting the arrow on the connecting edge point to the right
if square 2 has a higher color (modulo 3) than square 1 and to the left otherwise.
Show that this gives a configuration of square ice. [Hint: For the second ice law
at a vertex, imagine walking around the vertex by stepping from one square to
another and counting the number of times the color increases and the number of
times the color decreases.] Show also that this establishes a 1-to-1 correspondance
between configurations of square ice and colorings of the squares with the asserted
property.
4.3 (A) In the ice model, each nonboundary vertex has 4 · 3/2 = 6 possible
configuations of in- and outgoing arrows. Among these, we call a configuration
even if both ingoing arrows are on the same horizontal or vertical line, and odd
otherwise. Thus, out of the 6 possibilities there are 2 even and 4 odd. For a
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lattice {0, . . . , N}2, give estimates of the Π∗-distribution of the frequency of odd
configurations.

5 Exponential Change of Measure
in Markov-Modulated Models

Consider first the discrete-time case and let J = {Jn}n=0,1,2,... be an ir-
reducible Markov chain with a finite state space E. A Markov additive
process (MAP) (J, S) is a generalization of a random walk, in that for
the additive component Sn = Y1 + · · · + Yn one does not equire the Yi to
be i.i.d. but rather Yn only conditionally independent given J , such that
the distribution of Yn is H(ij) when Jn−1 = i, Jn = j. The fundamen-
tal parameters of an MAP are thus the H(ij) and the transition matrix
P = (pij)i,j∈E of J or, equivalently, the F (ij) def= pijH

(ij); note that

F (ij)(∞) = pij , F (ij)(y) = Pi(X1 ≤ y, J1 = j).

Of models in which discrete-time MAPs play an important role, we mention
in particular Markov chains with transition matrices of GI/M/1 or M/G/1
type; see Neuts [273], [274] or [16, Section X.4]. Of course, the setup is also
close to hidden Markov models.

The generalization of the m.g.f. is the E × E matrix F̂ [θ] with ijth
element F̂ (ij)[θ] def=

∫
eθxF (ij)(dx), and as generalization of the cumulant

g.f. one can take the logarithm κ(θ) of the Perron–Frobenius eigenvalue
of F̂ [θ]; denote the corresponding right eigenvector by h(θ) =

(
h

(θ)
i

)
i∈E ,

i.e., F̂ [θ]h(θ) = eκ(θ)h(θ). The exponential change of measure (ECM)
corresponding to θ is then given by

P̃ = e−κ(θ)Δ−1
h(θ) F̂ [θ]Δh(θ) , H̃ij(dx) =

eθx

Ĥij [θ]
Hij(dx) .

Here Δh(θ) is the diagonal matrix with the h(θ)
i eθx on the diagonal. In par-

ticular, p̃ij = e−κ(θ)pijh
(θ)
j /h

(θ)
i (note the similarity with the h-transform

in IV.7). The likelihood ratio is

Wn(P |P̃ ) =
h(θ)(J0)
h(θ)(Jn)

e−θSn+nκ(θ). (5.1)

In continuous time, an MAP with an underlying finite Markov process
J = {J(t)}t≥0 has a simple description; cf., e.g., Neveu [275]. The clue
for the understanding is the structure of a Lévy process (process with sta-
tionary independent increments) as the independent sum of a deterministic
drift, a Brownian component, and a pure jump process, see XII.1. Let the
intensity matrix of J be Λ = (λij)i,j∈E . On an interval [t, t + s) where
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J(t) ≡ i, the additive part S of the MAP then evolves like a Lévy process
with the drift μi, the variance σ2

i of the Brownian component, and the
Lévy measure νi(dx) depending on i. In addition, a transition of J from i
to j 
= i has probability qij of giving rise to a jump of S at the same time,
the distribution of which has then some distribution B(ij).

Let F̂ t[θ] be the matrix with ijth element Ei

[
eθS(t); J(t) = j

]
. It is easy

to see that F̂ t[θ] = etG[θ], where

G(ij)[θ] =

{
qijλijB̂

(ij)[θ] + (1− qij)λij i 
= j,

λii + μiθ + 1
2σ

2
i θ

2 +
∫ (

eθx − 1− x1|x|≤1

)
νi(dx) i = j.

We define κ(θ) as the dominant eigenvalue of G[θ] and h(θ) as the cor-
responding right eigenvector. Equivalently, etκ(θ) is the Perron–Frobenius
eigenvalue of F̂ t[θ], and h(θ) the right eigenvector. The ECM corresponding
to θ is then given by

Λ̃ = Δ−1
h(θ)G[θ]Δh(θ) − κ(θ)I, μ̃i = μi + θσ2

i , σ̃2
i = σ2

i ,

ν̃i(dx) = eθxνi(dx), q̃ij =
λijqijB̂ij [θ]

λij + λijqij(B̂ij [θ]− 1)
,

B̃ij(dx) =
eθx

B̂ij [θ]
Bij(dx).

In particular, the expression for Λ̃ means that

λ̃ij =
h

(θ)
j

h
(θ)
i

λij

[
1 + qij

(
B̂ij [θ]− 1

)]
, i 
= j

(the diagonal elements are determined by λ̃ii = −∑j �=i λ̃ij), and if νi(dx)
is compound Poisson, that is, if νi(dx) = βiBi(dx) with βi < ∞ and Bi a
probability measure, then also ν̃i(dx) is compound Poisson with

β̃i = βiB̂i[θ], B̃i(dx) =
eθx

B̂i[θ]
Bi(dx). (5.2)

The likelihood ratio on [0, T ] is just (5.1) with n replaced by T .

Example 5.1 If all σ2
i = 0, νi = 0, qij = 0, we have a process with

piecewise linear sample paths with slope μi when J(t) = i. This process (or
rather its reflected version; cf. Example 5.4) is a Markovian fluid, a process
of considerable current interest because of its relevance for communication
engineering; for some recent references, see Asmussen [13] and Rogers [303].
The ECM just means to replace λij with λ̃ij = h

(θ)
j λij/h

(θ)
i for i 
= j and

is therefore another Markovian fluid. An important special structure that
frequently arises is that the total fluid inflow is a superposition of fluid form
of a large number of independent sources. The key simplifying feature of
such a model is that the eigenvalue problem for the total fluid inflow can
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be decomposed into corresponding eigenvalue computations for each of the
individual sources, each having a small state space. �

Example 5.2 Assume that all σ2
i = 0, μi = −1, qij = 0, and that

νi(dx) = βiBi(dx) corresponds to the Poisson case with the Bi concen-
trated on (0,∞). This process (or rather its reflected version) corresponds
to the workload process in the Markov-modulated M/G/1 queue with ar-
rival intensity βi and service-time distribution Bi of the customer arriving
when J(t) = i, and the ECM just replaces these parameters by those given
by (5.2). �

Example 5.3 Assume that σ2
i = 0, μi = 0 for all i, that νi corresponds

to a Poisson(βi) process (i.e., νi is a one-point measure with mass βi at 1),
and that B(ij) is concentrated at 1 for all i, j. Then the MAP is a counting
process, in fact the same as the Markovian point process introduced by
Neuts [272] and increasingly popular as a modeling tool. If qij = 0 for all
i, j, the process is a Markov-modulated Poisson process. �

ECM for Markov additive processes goes back to a series of papers by
Keilson & Wishart and others in the 1960s, e.g., [210]. To our knowledge,
the first use of the concept in simulation is Asmussen [10]. Further recent
references are Bucklew [61], Bucklew et al. [63], Lehtonen & Nyrhinen [237],
and Chang et al. [68]. Again, some of the most interesting applications
involve combination with duality ideas, which for infinite buffer problems
just means time reversal.

The approach can to some extent be generalized beyond finite E. Note,
however, that if E is infinite, an MAP may be quite complicated (an exam-
ple is provided by the local time of a diffusion) and that the existence
of dominant eigenvalues for the relevant integral operator does not al-
ways hold. In addition, even when a dominant eigenvalue does exist, the
difficulties of numerically solving the eigenvalue problem are daunting.

Example 5.4 Let S be the MAP described in Example 5.1. Then the fluid
model of interest is

V (t) def= S(t)− min
0≤u≤t

S(u).

Define the cycle as C def= inf {t > 0 : S(t) = 0} (this definition is interest-
ing only if J(0) = i with μi > 0) and assume that the rare event A(x) is
the event

{
sup0≤t<C V (t) ≥ x

}
of buffer overflow within the cycle. Then

(noting that S(t) = V (t) for t < C) we can just perform the simulation
by a variant of Siegmund’s algorithm: determine γ by κ(γ) = 0, perform
the corresponding ECM for the MAP (J, S), and run the MAP until it
hits either x or 0. If instead A(x) = {V ≥ x} is defined in terms of the
steady state, we first note the well-known representation ([14] and refer-
ences there) V D= max0≤t<∞ S∗(t), where (J∗, S∗) is the MAP we obtain by
time-reversing J (replacing λij by λ∗ij

def= πjλji/πi, where π is the stationary
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distribution), leaving the μi unchanged and letting J∗(0) have distribution
π. Thus z(x) = P(τ∗(x) < ∞), where τ∗(x) def= inf{t : S∗(t) ≥ x} and the
simulation is performed by running S until it hits x, using again ECM with
θ = γ. Similar remarks apply to Example 5.3. �

A potential application of exponential change of measure or, more gener-
ally, importance sampling, for an additive process is to reduce the variance
of long-run averages

1
N + 1

N∑

n=0

f(Xn)

for a Markov chain {Xn}. It is worth pointing out that, as remarked in
V.1.17, such a procedure is potentially dangerous because the variance of
the likelihood ratio will typically go to infinity exponentially fast. We state
and prove this for the finite case:

Proposition 5.5 Let P =
(
p(ij)

)
and P̃ =

(
p̃(ij)

)
be ergodic d × d

transition matrices such that p(x, y) = 0 whenever p̃(x, y) = 0 and that
p(x, y) 
= p̃(x, y) for at least one pair x, y, and let

LN
def=

N∏

n=1

p(Xn−1, Xn)
p̃(Xn−1, Xn)

be the likelihood ratio up to time N . Then there exists η > 1 such that
limN→∞ e−ηN ṼarxLN = ∞.

Proof. We consider the Markov additive process

SN
def= 2 logLN = 2

N∑

n=1

log p(Xn−1, Xn) .

Then ẼxL
2
n = ẼxeSn . Asymptotic results for quantities of this form are

given in [16, Section XI.2] and state that ẼxeSn ∼ Cesx, where s is the
eigenvalue of largest absolute value of the matrix F def= F̂ [1] with xyth
element

Ẽx

[
eS1 ; X1 = y

]
= Ẽx

[p(X0, X1)2

p̃(X0, X1)2
; X1 = y

]
=

p(x, y)2

p̃(x, y)2
p̃(x, y) .

Consider the xth row sum (F1)x of F , let Y be an r.v. with P(Y = y) =
p̃(x, y), and let hx(y)

def= p(x, y)/p̃(x, y). Then

(F1)x = Ẽhx(Y )2 ≥ (
Ẽhx(Y )

)2 = 1 .

Further, p(x, y) 
= p̃(x, y) for at least one pair x, y implies that there is
strict inequality for this x. Altogether, F1 = 1 + a, where a ≥ 0, a 
= 0,
which by Perron–Frobenius theory implies s > 1. Take 1 < η < s. �
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6 Further Examples of Change of Measure

6a Girsanov’s Formula
Consider the SDE

dX(t) = μ(t) dt + σ(t) dB(t) , 0 ≤ t ≤ T ,

where {B(t)} is standard Brownian motion and {μ(t)}, {σ(t)} are adapted
to the Brownian filtration (T may be constant or a stopping time). Assume
that we want to derive characteristics of the solution {X(t)} by instead
simulating

dX̃(t) = μ̃(t) dt + σ(t) dB(t) , 0 ≤ t ≤ T .

What is then the likelihood ratio?
The solution is immediately suggested by the basic change-of-measure

formulas for Brownian motion as derived in V.1.8 and the local Brownian
character of solutions of SDEs. That is, if μ(t) ≡ μ, μ̃(t) ≡ μ̃ , σ(t) ≡ σ
in an interval (t, t + h], then the contribution to the likelihood from this
interval is

exp{−(μ̃− μ
)
/σ2 · (B(t+ h)−B(t)

)
+ hσ2/2} .

Dividing [0, T ] into a large number of such intervals and using the multi-
plicative property of the likelihood ratio therefore suggests that in the SDE
setting,

dP

dP̃

= exp
{
−
∫ T

0

(
μ̃(t)− μ(t)

)
/σ2(t) dB(t) +

1
2

∫ T

0

σ2(t) dt
}
.

A rigorous proof together with the technical conditions needed can be found
in virtually any textbook on stochastic calculus, e.g., Steele [346]. The result
is often stated in a somewhat different way and is known as Girsanov’s
formula.

For absolute continuity reasons similar to those discussed in V.1.8, it sel-
dom makes sense to implement importance sampling for SDEs by changing
{σ(t)} rather than {μ(t)}.

6b Many-Server Queues
Consider a GI/G/s queue with first-in–first-out discipline (the customers
form one line and join the first server to become idle). Let Uk denote the
service time of customer k and Tk between the time of his arrival and that
of customer k + 1. Assume stability, i.e., EU < sET .

For the GI/G/1 queue with light-tailed service times, exponential change
of measure obtained by exponential tilting of X def= U − T plays a major
role in deriving asymptotics and is also a key tool for obtaining variance
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reduction in simulations; cf., e.g., Siegmund’s algorithm in VI.2a. It is there-
fore natural to ask whether there is a similar analogue for many-server
queues.

The answer is affirmative and is worked out in a large-deviations set-
ting in Sadowsky [326] and Sadowsky & Spankowsky [328]. The solution
is to replace X = U − T by X

def= U/s − T . With κU (θ) def= log EeθU ,
κT (θ) def= log EeθT , this means that exponential θ-tilting is obtained by
replacing the densities fU (u), fT (t) of U, T by eθu−κU (θ)fU (u), respectively
e−θt−κT (−θ)fT (t). This is the same as for s = 1, but the difference shows in
the equation that defines θ as a root. For example, in the Cramér–Lundberg
exponential asymptotics P(W > x) ∼ Ce−γx, one should take γ as solu-
tion of κU (γ)+κT (−γ) = 0 for s = 1 but κU (γ/a)+κT (−γ) = 0 for s > 1.
Another example is given below.

It is not a priori obvious that U/s − T is the correct choice for the
r.v. on which to perform exponential tilting. For eample, another obvious
candidate is U−T1−· · ·−Ts. The justification for U/s−T is the asymptotic
results of [326], [328].

The Cramér–Lundberg γ is also the θ used in Siegmund’s algorithm
for simulating the stationary waiting-time tail when s = 1. It is notable,
however, that the representations of GI/G/s waiting times in terms of the
Uk, Tk are much more complicated when s > 1 than the random walk/
duality representations derived in I.1 and IV.7, so that there is no direct
analogue of Siegmund’s algorithm (at least no simple one; Blaszczyszyn &
Sigman [49] exhibit an analogue where the state of the dual process is set-
valued!). The most obvious algorithm for simulating P(W > x) for large
x in the many-server setting is the switching regenerative method (used
earlier in Exercise VI.2.6): start the system empty, run the system using
the γ parameters until the waiting time of a customer exceeds x (or the
system becomes empty again), and then complete the busy cycle without
importance sampling.

Another example is the transient buildup of large workloads. Assume
that we are interested in z

def= P
(
V (a) > b

)
, where {V (t)} is the workload

process and both a and b are large. Exponential tilting with θ yields a drift

μθ
def=

EθU

EθT
− s =

κ′U (θ)
κ′T (−θ) − s

of {V (t)}. The large-deviations analysis of Anantharam [7] for s = 1 sug-
gests that there are two intrinsically different possibilities depending on
how b/a compares to μγ . If b/a > μγ , the importance sampling should
be done by determining θ such that the drift is b/a on the whole of the
time interval [0, a]. If on the contrary b/a ≤ μγ , the drift should be normal
(making the system close to empty) in the beginning and then change to
μγ , say at t = c, where thus c is determined by b/(a− c) = μγ . See further
Figure 6.1, where the corresponding large-deviations paths are illustrated.
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FIGURE 6.1

Remark 6.1 When s = 1 and the system starts empty at time t = 0, an
alternative approach is available. Time reversal and duality permit us to
express P

(
V (t) > x

)
as the probability that a level crossing of x for the

netput process occurs prior to time t; cf. IV.7. Recall that the importance
distribution used for computing the probability of a level crossing of x in
finite time employs exponential twisting using parameter γ > 0, where
κ(γ) = 0. So, if x/κ′(γ) ≤ t, this exponential twist is likely to force the
level crossing to occur prior to t (and hence this importance distribution
is appropriate for computing the probability of a level crossing prior to t).
On the other hand, if x/κ′(γ) > t, then one must twist the time-reversed
process using twisting parameter θt, where θt solves κ(θt) = x/t. In other
words, a more extreme twisting of the process is required if the time horizon
t is relatively small. �

6c Local Exponential Change of Measure
We consider a stochastic process {Xt}, in discrete or continuous time, with
X0 = 0 and consider the problem of efficient estimation of z def= P

(
τ <∞)

in a rare-event setting where τ
def= inf {t > 0 : Xt > x0} for some large

x0 > 0.
In the light-tailed case, the standard tool for random walks and Lévy

processes is Siegmund’s algorithm from VI.2a. It can be motivated by a
conditioned limit theorem stating that the particular change of measure
used in the algorithm is close to the conditional distribution given the rare
event {τ <∞}, cf. VI.5. We now consider the case in which {Xt} is a more
general Markov process, which, however, has the feature of behaving locally
like a random walk or Lévy process. Examples are the following:

(a) A diffusion with diffusion coefficients μ(·), σ2(·) that at level x behaves
like a Brownian motion with parameters μ(x), σ2(x).
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(b) A compound Poisson process with drift λEV − a(x) at level x,

Xt =
Nt∑

i=1

Vi −
∫ t

0

a(Xs) ds . (6.1)

For example, in insurance risk, consider an extended Cramér–
Lundberg model (cf. I.5.14) with claim-arrival process N , claims
V1, V2, . . ., and premium rate c(r) at level r. With

Rt = x0 −
Nt∑

i=1

Vi +
∫ t

0

c(Rs) ds (6.2)

(the reserve at time t) and Xt
def= x0 − Rt, the ruin probability with

initial reserve x0 has then the above form with a(x) = c(x0 − x).

(c) An inhomogeneous random walk on Z with probability px of going
from x to x+ 1 and 1− px of going to x− 1.

In all three examples, there is an obvious local analogue κ(θ, x) of
the cumulant function κ(θ) for a random walk or Lévy process, namely
μ(x)θ + σ2(x)θ2/2 in (a), β

(
EeθV − 1

)− a(x)θ in (b), where β is the rate
of the Poisson process N , and log

(
pxeθ + (1 − px)e−θ

)
in (c). The idea

of local exponential change of measure as introduced by Cottrell, Fort, &
Malgoyres [76] (see also Asmussen & Nielsen [25]) is to simulate {Xt} as a
Markov process whose parameters at level x are the same as for Siegmund’s
algorithm based on κ(θ, x). That is, for each x one computes γ(x) as the
nonzero solution of κ

(
γ(x), x

)
and uses the same model description as for

the given model when updating from Xn = x to Xn+1, only with κ(θ, x)
replaced by κ̃(θ, x) def= κ

(
θ + γ(x), x

)
. In the examples:

(a) Here γ(x) = −2μ(x)/σ2(x), which yields κ̃(θ, x) = −μ(x)θ +
σ2(x)θ2/2. That is, the importance distribution is a diffusion with
the same σ2(x) and the sign of μ(x) reversed.

(b) Assume for simplicity that V is exponential with rate δ, so that
EeθV = δ/(δ − θ). We then get γ(x) = δ − β/a(x), which after
some algebra gives

κ̃(θ, x) = β̃(x)
( δ̃(x)

δ̃(x)− θ
− 1

)
− a(x)θ ,

where

β̃(x) def= βEeγ(x)V =
βδ

δ − γ(x)
= δa(x) , (6.3)

δ̃(x) def= δ − γ(x) = β/a(x) . (6.4)
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That is, the level-dependent drift remains unchanged, whereas the
compound Poisson part becomes level-dependent, with arrival rate
and exponential jump rate at level x given by (6.3), (6.4).

(c) Here α def= eγ(x) solves 1 = pxα+(1−px)/α. This is a quadratic with
solutions 1 and (1 − px)/px, and it easily follows that P̃ corresponds
to p̃x = 1− px.

In the spatial homogeneous setting, the likelihood ratio is dP/dP̃ =
e−γXτ . For the local ECM, one gets instead

dP

dP̃

=

⎧
⎪⎪⎨

⎪⎪⎩

τ∏

k=1

exp{−γ(Xk−1)(Xk −Xk−1)} in discrete time,

exp
{
−
∫ τ

0

γ(Xt−) dXt

}
in continuous time.

Cottrell, Fort, & Malgoyres [76] derive a logarithmic efficiency result in a
slow Markov walk setting. This is a device from large-deviations theory and
means in discrete time that Xk+1 = Xk + εYk, where Yk has distribution
Fx when Xk = x. The relevant limit for the efficiency result is then ε→ 0.
For example in (b), this essentially means that x0 is large compared to the
typical size of a jump V .

6d The Multidimensional Siegmund Algorithm
We now consider a multidimensional ruin problem, to estimate the prob-
ability that a random walk {Sn} in R

d hits a rare set. More precisely, we
will assume that the rare set has the form xA = {xa : a ∈ A}, where A
is convex and x is a large parameter, and that the random walk in itself
would typically avoid xA. For this, the drift vector μ def= ES1 should as
a minimum satisfy tμ 
∈ xA for all t and x (technically, the existence of
a separating hyperplane is sufficient). For simplicity, we take d = 2 in the
following. Define τ(x) def= inf{n : Sn ∈ xA} and z(x) def= P(τ(x) <∞).

The situation is an in Figure 6.2. Here xξ(k) is the point at which the
line with slope k hits xA. The mean drift vector μ points away from A,
so an obvious possibility is to use a change of measure changing the drift
to some k pointing towards A. This change of measure would naturally
be taken as exponential, given what we have already seen on optimality
properties of this procedure.

Exponential change of measure for d > 1 has already been introduced in
V.1b. Recall that for d = 2, we define

κ(θ) = κ(θ1, θ2) = log Eeθ1X1+θ2X2
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where (X1, X2)
def= S1, and that the exponentially tilted measure is a

random walk with increment distribution satisfying

Eθ1,θ2h(X1, X2) = E
[
h(X1, X2) exp {θ1X1 + θ2X2 − κ(θ1, θ2)} . (6.5)

It easily follows from (6.5) that the changed drift under Pθ1,θ2 is given by

μθ1,θ2
def= Eθ1,θ2(X1, X2) =

(
κ1, κ2) = ∇κ(θ1, θ2) (6.6)

where ∇ denotes the gradient.
The Siegmund algoritm for d = 1 now suggests to performing an expo-

nential change of measure with γ = θ where κ(θ) = 0. However, in contrast
to d = 1, the solution γ is no longer unique: the set of solutions typically
form a closed curve K with 0 ∈ K; cf. Figure 6.3. The arrows pointing
outward from K are the gradient. The gradient is orthogonal to K and
at any given point, its length is twice the radius of curvature at the given
point of K.

Thus, we are faced with the problem of which γ ∈ K to work with. Now,
a lower bound for z(x) is given by the probability of the path following the
Pγ -description, i.e., by

z(x) = P
(
τ(x) <∞) = Eγe−γ·Sτ(x) ≈ e−xγ·ξ(μγ ) . (6.7)

This suggests to take γ = γ∗ where

γ∗ def= argmin γ · ξ(μγ) .

It can be shown that (under appropriate conditions) indeed the correct
logarithmic asymptotics corresponds to taking γ = γ∗ in (6.7) and that
the corresponding exponential change of measure with θ = γ∗ leads to
logarithmic efficiency; see Collamore [74].
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A more intricate but highly relevant version of the same problem occurs
in FIFO single classs queuing networks where the state space is restricted
to [0,∞)d. The dynamics of such as network can be represented, in great
generality, as a “free” d-dimensional random walk on R

d that is subject
to certain boundary behavior (to be precise, a d-dimensional version of
the so-called Skorokhod problem) that forces the network state to remain
in the non-negative orthant. One can represent the most likely path to
a rare set (such as the total network population exceeding a large level)
either in terms of the dynamics of the underlying “free” process (i.e., the
random walk) or in terms of the queuing model itself. The major prob-
lem that arises in the network setting is that the most likely path, in
fluid scale, can be a quite complex piecewise-linear trajectory, whether ex-
pressed in terms of the underlying free process or in terms of the “reflected”
queueing model. A complete description of the range of possible rare event
path possibilities has been developed by Avram, Dai, & Hasenbein [32] for
two-dimensional reflected Brownian motion (RBM) on the non-negative or-
thant. Such a RBM can be viewed as a mathematically stylized version of
a two-dimensional FIFO queuing network. The piecewise linear structure
arises from the possibility, for example, that a large queueing population
at a given station in the network may be a consequence of first filling the
buffer of an upstream station with a large number of customers, followed
by draining the upstream station and simultaneously slowing the server at
the given (downstream) station. This type of path would have two piece-
wise linear components, when expressed either in terms of the free process
or the reflected queueing process. Since it is unlikely that a closed-form
mathematical theory for these complex piecewise linear paths exists for d-
dimensional networks, such rare-event network simulation algorithms will
need to algorithmically compute the appropriate paths. Some general dis-
cussion on large-deviations paths can be found in Atar & Dupuis [30] and
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Dupuis & Ellis [101] (see also Foley & McDonald [119] and McDonald [250]
for some special cases). Further, it seems likely that the implementation has
to be via state-dependent importance sampling, as in important ongoing
work of Dupuis & Wang [104], [105], [w3.5].

6e Polymers and Self-Avoiding Random Walks
Polymers are significant objects of interest in chemistry and molecular
biology. We will here consider a two-dimensional setting, even if in real
life polymers are of course three-dimensional.
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FIGURE 6.4

A polymer of length n is loosely speaking a string of n+ 1 molecules. In
our planar setting, we will model the distribution of polymers of length n as
the uniform distribution Π∗n on the set E of self-avoiding random walks on
Z

2. That is, if X0, . . . , Xn is a random walk on Z
2 with probability 1/4 for

moving to each of the neighbors, then Π∗ is the distribution of X0, . . . , Xn

conditioned to have no two points in common (i.e., the cardinality of the
set {X0, . . . , Xn} is n + 1). Interesting questions are, for example, what
is the cardinality of E, and what is the average distance between the two
endpoints of a polymer of length n? Explicit formulas are not available, so
simulation is one possible approach.

The most obvious simulation scheme is to simulate X0, . . . , Xn uncondi-
tionally and reject sample path violating the self-avoidance criterion. That
is, if

ζ
def= inf{k :

∣
∣{X0, . . . , Xk}

∣
∣ = k}

is the first time the random walk returns to a previously occupied site, then
only sample paths with ζ > n are accepted.
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However, since the set

E0
def= {x0:n : x0 = (0, 0), |xk − xk−1| = 1, k = 1, . . . , n− 1}

of all 4n possible sample paths for the random walk (assuming throughout
w.l.o.g. that X0 = (0, 0)) is much larger than E, the method becomes slow
for large n. Instead, we define an importance distribution P̃ by choosing
Xk uniformly among the neighbors of Xk−1 that have not been visited in
steps 0, . . . , k − 1; if there are no such neighbors, the sample path cannot
be in E and the simulation can be stopped (the path is rejected).

For x0:n ∈ E0, define dk
def= dk(x0:n) as the number of neighbors of xk

that have not previously been visited.

Proposition 6.2
dΠ∗

dP̃

(x0:n) ∝ ϕ(x0:n)
def= d1d2 · · ·dn−1.

Proof. We modify the definition of dk by letting dk = 4 if xk has no unvisited
neighbors; since this occurs w.p. 0 for both Π∗ and P̃, this does not affect
the statement of Proposition 6.2. We then let P̃

′ be the modification of P̃

that after ζ chooses any of the dk = 4 neighbors of Xk−1 w.p. 1/4. With
p̃(x0:n), p̃′(x0:n) the probabilities of a path x0:n ∈ E w.r.t P̃, respectively
P̃
′, we then get

dP̃

dP̃′
(x0:n) =

p̃(x0:n)
p̃′(x0:n)

=
1

P̃′
(
X0:n ∈ E

) ,

p̃(x0:n) ∝ p̃ ′(x0:n) =
1
d1

1
d2
· · · 1

dn−1
,

dΠ∗

dP̃

(x0:n) =
1/|E|
p̃(x0:n)

∝ d1d2 · · · dn−1 .

�

The normalizing constant Ẽϕ(X0:n) is not computable, so one has to
use either MCMC or the techniques of V.1.16 and Section 2 to compute
characteristics of Π∗.

Exercises

6.1 (TP) In the setting of Section 6e on self-avoiding random walks, calculate
for n = 4 the P̃-densities of the paths

x′ =
(
(0, 0) , (1, 0) , (1, 1) , (0, 1) , (0, 2)

)
,

x′′ =
(
(0, 0) , (1, 0) , (2, 0) , (3, 0) , (4, 0)

)
.

[You should get p̃(x′) < p̃(x′′), illustrating that the importance distribution
favors more dispersed paths rather than more compact ones.]
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7 Black-Box Algorithms

Roughly speaking, a black-box algorithm is a device for producing a desired
output from an input using only minimal information on its structure.
A prototype example is the Propp–Wilson algorithm in IV.8 for perfect
sampling, where the desired output is an r.v. sampled from the stationary
distribution of a finite Markov chain and the input a stream of simulated
values of the Markov chain, where no particular property of the Markov
chain such as the form of the transition probabilities is required.

We shall not attempt a general definition of black-box algorithms but
rather present some examples where existence/nonexistence is an issue.

7a Exponential Tilting
Exponential change of measure (ECM) is one of the main tools of im-
portance sampling. In some cases such as the normal or exponential
distributions, random number generation is straightforward because one
stays within the same parametric class. When this is not the case, the sit-
uation may be more cumbersome, so one may ask for an automated way
to perform ECM.

Let X1, X2, . . . be i.i.d. r.v.’s with distribution G; for simplicity we
assume X ≥ 0. Define

Fn
def= σ

(
X1, . . . , Xn, U1, . . . , Un

)
,

where U1, U2, . . . are independent (0, 1) uniforms. A randomized stopping
time for X1, X2, . . . is then a stopping time w.r.t. the filtration {Fn}. Let
further G be a class of distributionsG on [0,∞) with κG

def=
∫∞
0 eθxG(dx) <

∞ for each G ∈ G, and for G ∈ G, define Gθ by dGθ/dG(x) = eθx−κG .
We define a black-box algorithm for ECM for the given θ and the given
class G of distributions as a pair of a randomized stopping time τ and an
Fτ -measurable r.v. Z such that Z is distributed according to Gθ for any
G ∈ G. Formally, we write this as

PG(Z ≤ x) = Gθ(x) for all x .

In other words, the rules of the game are that the algorithm may use
simulated values from G and additional uniforms2 to produce an r.v.
from Gθ.

Proposition 7.1 Let θ be given and let G be the class of all distributions
on [0,∞) with κG <∞. Then:

2Note that it is no restriction to consider only a single Uk in introducing additional
randomness; Uk can be transformed to a sequence of i.i.d. uniforms (or even to a whole
Brownian motion).
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(i) No black-box algorithm for ECM exists when θ > 0.

(ii) A black-box algorithm for ECM exists when θ < 0.

Proof. (i) Let θ be given and assume that a black-box algorithm exists.
Choose an arbitrary distribution G on [0,∞) with infinite support such
that PG(Z ≤ 1) = Gθ(1) = 1/2. Define Mσ

def= maxk≤σXk and choose
x0 > 1 so large that PG(Z ≤ 1, Mσ ≤ x0) > 1/4. Next define H by
H(dx) = G(dx) for x ≤ x0, and let H have at atom of size 1 −G(x0) at
some B < ∞. By choosing B large enough, we can make κH arbitrarily
large and hence Hθ(1) arbitrarily small, say Hθ(1) < 1/8. Then

1/8 > Hθ(1) = PH(Z ≤ 1)
≥ PH(Z ≤ 1, Mσ ≤ x0) = PG(Z ≤ 1, Mσ ≤ x0) > 1/4,

a contradiction. Here in the fourth step we used the fact that (σ, Z) can
simply be viewed as an N×R-valued function on the set of infinite sequences
(x1, u1, x2, u2, . . .), such that Z can be computed from (x1, u1, . . . , xn, un)
when σ = n.

In (ii), we may just use acceptance–rejection, accepting an Xk = x w.p.
eθx. �

For θ > 0, one should not conclude that full knowledge of G is neces-
sary for r.v. generation from Gθ. Less may do, as the following proposition
demonstrates:

Proposition 7.2 Let G be the class of distributions concentrated on [0, A]
for some A <∞. Then a black-box algorithm for ECM exists for all θ.

Proof. Acceptance–rejection with acceptance probability eθx for x < 0 and
eθ(x−A) for x > 0. �

7b Perfect Sampling of Countable Markov Chains
By a black-box algorithm for the stationary distributions (πP )P∈P for a
class P of ergodic transition matrices on E (i.e., a class of ergodic Markov
chains), we understand a (randomized) stopping time σ for {Xn} and an
r.v. Z, measurable w.r.t. Fσ, where

Fn
def= σ(X0, . . . , Xn, U0, . . . , Un)

with U0, U1, . . . uniform(0, 1) and independent of {Xn}, such that

PP (Z ∈ A) = πP (A) for all A ⊆ E and all P ∈ P , (7.1)

where PP indicates that {Xn} is simulated according to P and πP is
the stationary distribution for P . A different terminology is to call πP

simulatable within P.

Remark 7.3 The “rules of the game” are thus to use nothing more than a
simulated version of {Xt} and some possible additional randomization. In
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particular, the algorithm is not allowed to use analytic information on the
pij . The purpose of this restriction is twofold: First, if the pij are analyti-
cally available, one can argue that there exist deterministic algorithms for
computing π by solving linear equations. Next, the natural description of
a Markov chain is most often in terms of an updating rule rather than the
pij , and one would simulate directly from the updating rule rather than
use it to compute the pij . For an example, consider the Kiefer–Wolfowitz
vector Wn

def=
(
W

(1)
n , . . . ,W

(s)
n

)
in a GI/G/c queue (the components give

the workloads at the s servers in nondescending order at the nth arrival).
Here the updating rule is

Wn+1 = R

([
W (1)
n + Un − Tn

]+
,
[
W (2)
n − Tn

]+
, . . . ,

[
W (s)
n − Tn

]+)
,

where Un is the service time of customer n, Tn the nth interarrival time,
and R : [0,∞)s → [0,∞)s the operator rearranging the components in
nondescending order. �

From IV.8 we obtain the following result:

Theorem 7.4 If E is finite, then the stationary distribution for the class
PE of all ergodic transition matrices on E is simulatable.

However (Asmussen, Glynn, & Thorisson [19]), we also have the following:

Theorem 7.5 If E is countably infinite, then the stationary distribution
for the class PE of all ergodic transition matrices on E is not simulatable.

Proof. We argue by contradiction by assuming that (7.1) holds for P = PE .
Assume w.l.o.g. that E = {0, 1, 2, . . .}.

Let P (0) = (p(0)
ij )i,j∈E be arbitrary, write P0 = PP (0) , π(0) = πP (0) , and

choose K < ∞ such that P0(Z ≤ K,M ≤ K) > 1 − ε, where M
def=

maxn≤σXn and 0 < ε < 1/2. For α ∈ (0, 1), define

p
(α)
ij

def=

⎧
⎪⎨

⎪⎩

p
(0)
ij i ≤ K,

α+ (1 − α)p(0)
ij i = j > K,

(1 − α)p(0)
ij i > K, i 
= j.

That is, P (α) is obtained from P (0) by adding a geometric number (with
parameter α) of “self-loops” in states i > K; in states i ≤ K, the transitions
are just the same, and hence

Pα(Z ≤ K,M ≤ K) = P0(Z ≤ K,M ≤ K) > 1− ε ,

where Pα
def= PP (α) , π(α) def= πP (α) .
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Let τ
def= inf {n > 0 : Xn = 0 | X0 = 0} and recall the regenerative

formula IV.(6.3),

πi =
1

Eτ
E

τ−1∑

n=0

1Xn=i

for the stationary distribution of a Markov chain. For i ≤ K, this yields

π
(α)
i =

1
Eατ

Eα

τ−1∑

n=0

1Xn=i =
1

Eατ
E0

τ−1∑

n=0

1Xn=i =
E0τ

Eατ
π

(0)
i . (7.2)

From the self-loop property it follows that

Eατ ≥ 1
1− α

Pα

(
max

0≤n<τ
Xn > K

)
=

1
1− α

P0

(
max

0≤n<τ
Xn > K

)
. (7.3)

As α ↑ 1, the r.h.s. of (7.3) goes to ∞, and hence (7.2) goes to 0. Hence
with A = {1, . . . ,K}, we have π(α)(A) < ε for all α close enough to 1, and
get

Pα(Z ∈ A)− π(α)(A) ≥ Pα(Z ≤ K,M ≤ K)− π(α)(A)
≥ 1− ε− ε > 0 ,

contradicting (7.1). �

The implication of Theorem 7.5 is not necessarily that one should con-
sider exact simulation impossible when faced with a particular nonfinite
Markov chain {Xn}. Rather, Theorem 7.5 says that exact simulation can-
not be based on simulated values of {Xn} alone, but one needs to combine
with some specific properties of {Xn}, i.e., to involve knowledge of the form
of P ∈ P0, where P0 ⊂ PE . Examples are in Foss & Tweedie [121] in the
framework of Harris chains, in Section 8 in a regenerative setting, and in
Section 13a for the GI/G/1 waiting time.

7c From Bernoulli(p) to Bernoulli
(
f(p)

)

Assume that we have access to a streamX1, X2, . . . of Bernoulli(p) variables
with the numerical value of p unknown except that we have the information
that p ∈ S ⊂ [0, 1]. For a given function f : S → [0, 1], we then want to
generate Bernoullis

(
f(p)

)
.

Some cases are obviously doable, say S = (0, 1) and f(p) = θp with
0 ≤ θ ≤ 1. Then standard acceptance–rejection with acceptance probability
θ will do. But what if θ > 1? For example,3 if S = (0, 1/2), can we generate
Bernoullis(2p)?

3This was the form in which the problem was raised by one of the authors, SA, at a
meeting in 1991.
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The general solution to this problem was obtained by Keane & O’Brien
in a 1994 paper [208], where the following was shown:

Proposition 7.6 Simulation of Bernoullis
(
f(p)

)
from Bernoullis(p) is

possible if and only if f is constant, or if f is continuous and for all p ∈ S
and some n ≥ 1 one has

min
(
f(p), 1− f(p)

) ≥ min(p, 1− p)n . (7.4)

Example 7.7 Consider the p → 2p problem with S = (0, 1/2). Then
p < 1 − p for all p ∈ S, whereas min(2p, 1 − 2p) equals 1 − 2p when
p ≥ 1/4 and 2p otherwise. Thus, for p ≤ 1/4 the condition of Proposition 7.6
becomes 2p ≥ pn for some n ≥ 1, which trivially holds with n = 1. In the
interval 1/4 ≤ p < 1/2, one must have 1− 2p ≥ pn for some n ≥ 1 and all
p, which is impossible, as is seen by considering the limit p ↑ 1/2. However,
if the known information is 0 < p < 1/2 − ε for some ε > 0, the desired
inequality will hold by taking n so large that 2ε ≥ 2−n.

We conclude that a black-box algorithm for p → 2p exists if the available
information is 0 < p < 1/2− ε, but not when we just know 0 < p < 1/2.
�

Nacu & Peres [269] generalized the problem one step further by asking for
the number N

(
S, p, f(p)

)
of Bernoullis(p) r.v.’s that one needs to generate

a Bernoulli
(
f(p)

)
. More precisely, when does P

(
N
(
S, p, f(p)

)
> n

)
decay at

least exponentially fast or when does N
(
S, p, f(p)

)
at least have a finite kth

moment? The answers given in [269] involve further smoothness properties
of f .

8 Perfect Sampling of Regenerative Processes

Continuing and generalizing the studies of IV.8 and Section 7b, we now
consider the problem of perfect sampling of a regenerative process X as
defined in IV.6b; the exposition is basically an extract from Asmussen,
Glynn, & Thorisson [19], with some improvements in Example 8.6. We
know already from Section 7b that no black-box algorithm, using as input
simulated zero-delayed cycles and additional uniform r.v.’s, can exist in the
class of all regenerative processes, since such an algorithm would in par-
ticular apply to countable ergodic Markov chains. Thus, perfect sampling
algorithms will have in one way or another to exploit some known feature
of the regenerative process, and in particular we will see that some partial
information on the tail P(τ > x) of the distribution of the cycle length τ is
potentially useful.

We use continuous-time notation (the discrete time case is entirely sim-
ilar). We allow a delay, i.e. an initial cycle C0

def= {X(t)}0≤t<τ0 with a
distribution possibly differing from the common one of the remaining cycles
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Ck
def=
{
Xt+T (0)+T (k−1)

}
0≤t<T (k)−T (k−1)

, k = 1, 2, . . .. Formally, the cycles
can be viewed as independent random elements of the Skorokhod D-space
of E-valued functions with a finite lifetime such that C1, C2, . . . are i.i.d.
We write X def=

(
C0, C1, . . .) and C for the generic cycle, τ for its length.

The starting point for the discussion is the following result on the struc-
ture of a stationary regenerative process, for which we refer to [16, Section
VI.2e] or Thorisson [354]:

Proposition 8.1 (a) Assume that the distribution of C0 has density τ/μ
w.r.t. the distribution of C, that is,

P(C0 ∈ ·) =
1
μ

E
[
τ ; C ∈ ·] .

Let U be uniform(0, 1) and define X∗(t) def= X
(
t + UT (0)

)
. Then X∗ is a

stationary version of X;
(b) Assume that the distribution of T (0) has density P(τ > t)/μ and that

P(C0 ∈ ·
∣
∣T (0) = t) = P

(
θtC ∈ · ∣∣ τ > t) ,

where θtC
def= (X(s+ t))0≤s<τ−t. Then X is stationary.

The statement of (a) is intuitively that a stationary version of X is
obtained by letting the initial cycle be obtained from the generic cycle C
by first length-biasing with τ and next placing the time origin uniformly
within the cycle. This leads to the following corollary:

Corollary 8.2 A black-box algorithm for simulating a stationary regener-
ative process exists within the class where τ ≤ a for some known a.

Proof. The length-biasing can be performed by simulating a generic cycle
C and performing acceptance–rejection with acceptance probability τ/a.
�

Example 8.3 The situations in which τ is bounded are rare. One exam-
ple is an (s, S) inventory system in which the demand in [0, t] has the
form bt +

∑Nt

1 Yi, where {Nt} is Poisson and the Yi > 0 i.i.d. When the
inventory downcrosses level s, it is immediately replenished to S. Taking
the downcrossings of s as regeneration points, one then has τ ≤ a, where
a

def= (S − s)/b is the length of a cycle with no arrivals. �

Part (b) of Proposition 8.1 leads to the following algorithm, in which the
stationary cycle r.v. τ∗ is defined as a r.v. with density P(τ > x)/μ:

Proposition 8.4 In the class of regenerative processes with τ∗ simulatable,
a stationary version can be generated by simulating C0 as follows: Generate
τ∗ and successive cycles C′1, C′2, . . .. Let σ be the first k with τ ′k > τ∗, and
take C0

def= θτ∗Cσ.
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Example 8.5 To generate a stationary version of an M/G/1 queue is an
easy problem under the FIFO (first-in–first-out) discipline, since there the
stationary characteristics are known in closed form or at least explicitly
enough to allow simulation; cf., e.g., the Pollaczeck–Khinchine formula
I.(5.3) for the common stationary distribution of the workload or the de-
lay. For other queuing disciplines the problem may be more difficult, for
example for processor sharing or priority queuing. These disciplines are,
however, like many others, work-conserving, meaning that the workload
process has the same distribution as in the FIFO case. Therefore the sim-
ulation of a stationary workload process does not present new problems.
Suppose, however, as an example that we want to simulate a stationary
version X∗0 , X

∗
1 , X

∗
2 , . . . of the sequence of delays of customers 0, 1, 2, . . .

in the processor-sharing case (this sequence has characteristics that are
genuinely different from the FIFO case). As regeneration points, we take
customers arriving to an empty system, and these then are the same as
for the FIFO case. Therefore, we can generate the stationary FIFO delay
by the Pollaczeck–Khinchine formula and run the FIFO delay sequence
according to the Lindley recursion I.(1.1) until a customer sees an empty
system upon arrival. The desired stationary cycle length τ∗ is then the
number of customers served until then, and to complete the construction
of C0, one simulates C′1, C′2, . . . using the processor-sharing discipline. �

Example 8.6 A general criterion for the ability to simulate a stationary
version of a regenerative process is the availability of an integrable function
b(t) of explicit form such that P(τ > t) ≤ b(t), complemented with a
(typically more easily available!) lower bound P(τ > t) ≥ q(t) > 0. An
algorithm for generating τ∗ is then the following:

(i) Generate T from the density h def= b/
∫
b. Fix δ > 1 and write t def= T ,

g
def= g(t) def= δb(t), q def= q(t), p def= P(τ > t).

(ii) Choose n ≥ 1 such that δ(1 − gn) ≥ 1 when g < 1, and g ≤ fn(q)
when g ≥ 1, where fn(p)

def= p/(1 − p)n [note that fn(q) ↑ ∞ as
n→∞].

(iii) From simulated values of τ , generate a Bernoulli(p/g) r.v. V using
the Keane–O’Brien algorithm (see [208] and Section 7c) with n as in
step (ii).

(iv) If V = 1, return τ∗ def= t. Otherwise, return to step (i).

The algorithm is thus an acceptance–rejection algorithm, accepting an r.v.
from h(t) w.p. P(τ > t)/g(t). Since both h(t) and g(t) are proportional
to b(t), the output τ∗ therefore has density proportional to P(τ > x) as
desired.

A proof is needed that step (iii) is feasible, that is, that the requirement
(7.4) for the Keane–O’Brien algorithm is fulfilled. In the present context,
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this means that we should have

min
(
p/g, 1− p/g

) ≥ min(p, 1− p)n . (8.1)

We first show that p/g is at least the r.h.s., i.e., at least either pn or (1−p)n.
If g ≤ 1, then p/g ≥ pn because of n ≥ 1. If g > 1, then

p

g
=

fn(p)(1 − p)n

g
≥ fn(p)(1 − p)n

fn(q)
≥ (1− p)n ,

since fn(·) is increasing and p ≥ q. For the similar lower bound for 1− p/g,
note first that 1 − p/g ≥ 1 − p ≥ (1 − p)n when g ≥ 1. If g < 1, we will
show that 1 − p/g ≥ pn. This will hold if 1 − p/g ≥ gn, which in turn is
equivalent to p ≤ g − gn+1. The truth of this follows from

g − gn+1 = δb(t)(1 − gn) ≥ b(t) ≥ p . �

Example 8.7 For a simple yet interesting example in which an upper
bound on P(τ > t) can be obtained, consider an (s, S) inventory system
with state space {0, 1, . . . , S}. Items are removed at Poisson(λ) times, and
when the inventory level makes a transition s+ 1 → s, a supplier is called
that will arrive after a random time Z (the lead time) to replenish the
inventory to S items. As regeneration times, we take the times of transitions
s+ 1 → s. If Z is stochastically smaller than the Γ(α, λ′) distribution for
some α and some λ′ ≥ λ, an upper bound on P(τ > t) is then the tail
probability b(t) of a Γ(α+S− s, λ) distribution. A (trivial) lower bound is
q(t) def= P(Z > t). If instead λ′ ≤ λ, use the Γ(α+ S − s, λ′) distribution as
upper bound. �

Example 8.8 For another example in which the stationary cycle length τ∗
is simulatable, consider a Harris chain satisfying the uniform minorization
condition

Pm(x,A) ≥ εν(A) (8.2)

for some m = 1, 2, . . ., some 0 < ε < 1, some probability measure ν,
all measurable A, and all x ∈ E. As explained in IV.6d in more detail,
regeneration points (in the wide sense) can then be constructed by flipping
a coin w.p. ε for heads at times n = 0,m, 2m, . . . and letting a wide-sense
regeneration occur at time n + m by taking the distribution of Xn+m to
be ν. In this way, the distribution of the generic cycle becomes geometric
on the lattice m, 2m, . . .. That is, P(τ = km) = ε(1 − ε)k−1, k = 1, 2, . . .,
which yields

P(τ∗ = km+ j) =
ε(1− ε)k−1

m
, k = 1, 2, . . . , j = 0, 1, . . . ,m− 1 .

Of course, such a τ∗ is straightforward to simulate as mN +M , where N
is geometric on {1, 2, . . .} with success parameter ε and M is uniform on
{0, . . . ,m− 1}. Note that when m > 1 and we want a whole stationary
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process, we cannot simulate cycles C1, C2, . . . as independent as in Propo-
sition 8.4, but need to continue the simulation of the Harris chain according
to the rules described in IV.6d. �

9 Parallel Simulation

Multi-processor computing systems are playing an increasingly important
role in many areas of scientific computing. The additional computing power
afforded by such machines can be used to advantage in at least two different
and distinctive ways to enhance the reach and efficiency of Monte Carlo
simulations:

(i) For computations in which the model to be simulated has modest
memory requirement, one can assign different streams of random
numbers to each of the individual processors, and execute inde-
pendent simulations of the same system on each of the available
processors, thereby speeding up the overall calculation.

(ii) For complex and massive simulations, it may be advantageous to
distribute the simulation over multiple processors with the goal of
creating a computing architecture in which all the available pro-
cessors efficiently and cooperatively subdivide the effect involved in
simulating a given realization of the stochastic process of interest.

The situation (ii) is exemplified by the simulation of an interacting par-
ticle system on a finite grid in which individual processors are assigned to
simulate the state of each site (see, for example, Newman & Barkema [276]
for the Ising model). If the particle system has only “local interactions” so
that each site’s state is determined only by its immediate neighbors, this
massively parallel architechture has a modest communication overhead (in
that the processor corresponding to a given site needs to communicate
the site’s state only to those processors associated with the site’s immedi-
ate neighbors). This leads to a simulation environment that can potentially
simulate the particle system much faster than could a single processor com-
puter. A more challenging example of such a simulation is the context of an
automobile traffic simulation within a city. To implement such a simulation
in a single processor context would be extremely slow or perhaps even infea-
sible. However, in a multi-processor setting, one can potentially subdivide
the calculations across the available processors by, for example, assigning
the detailed traffic simulation for the streets in a particular neighborhood to
a given processor. As long as vehicles do not cross neighborhood boundaries,
the neighborhood traffic simulations can proceed independently. Of course,
vehicles do occasionally cross neighborhood boundaries. When an outgoing
vehicle crosses a neighborhood boundary, the processor corresponding to
the first neighborhood must pass a message to the processor corresponding
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to the neighborhood that the outgoing vehicle is entering. Since the sim-
ulations at the different processors are typically not synchronized, it may
be that the second neighborhood’s simulation has already been executed
to a time of day at which the vehicle from the outgoing neighborhood en-
ters the second neighborhood. This necessitates a “rollback” in the second
neighborhood’s simulation to a time of the day later than the instance at
which the vehicle under discussion entered. Development of efficient algo-
rithms for executing such rollbacks is an active area of research within the
distributed simulation community; see Fujimoto [123].

The most straightforward application of parallel processing power arises
in computations of type (i), in which independent realizations can be sim-
ulated on each of the individual processes. Suppose, for example, that our
goal is to compute z = EZ. Suppose that processor i simulates i.i.d. copies
Zi1, Zi2, . . . of the r.v. Z, and that each independent realization takes a
time units to simulate. In the presence of p parallel processors, the error
associated with the grand average over all realizations simulated in c time
units is

1
p

p∑

i=1

1
�c/a�


c/a�∑

j=1

Zij − z
D≈
√

a

pc
N (0, 1) .

The time c required to decrease the error to level ε is therefore of or-
der a/pε2, so that the completion time for the computation is p−1 times
that associated with a single processor computation. In other words, the
“speed-up” associated with a p processor computer system is equal to p.
There are very few other scientific computing settings in which parallel
computing offers a speed-up factor of p. The more typical situation is that
the speed-up is roughly of order βp with β ∈ (0, 1) or is even sublinear in p.
Thus, the Monte Carlo method is a computational approach that becomes
increasingly attractive as the degree of parallelization increases.

However, there are subleties that deserve further discussion. The first
such issue is that massive parallelization magnifies the effect of any bias
that is present in the estimators that are used. For exaple, suppose that z is
a steady-state expectation associated with an underlying Markov process.
Because of initial transient effects, the time-average Z(c) available after
simulating for c time units is therefore biased. In particular, as argued in
Chapter IV,

EZ(c) − z = E
1
c

∫ c

0

Z(s) ds =
b

c
+ o(1/c)

as c → ∞, for some constant b. Suppose, as is typical in the Markov
setting, that the sample average Z(c) satisfies a CLT with associated
time-average variance constant σ2. It follows that if the computation
is independently replicated on each of p processors, thereby producing
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estimators Z1(c), . . . , Zp(c), the grand average satisfies

1
p

p∑

i=1

Zi(c)
D≈ z +

b

c
+

σ√
pc

N (0, 1)

for p and c large. Consequently, if p is of larger order than c, the bias
term b/c becomes the dominant effect in the error. In particular, the intro-
duction of additional parallel processors does not reduce the error further.
The key point is that in the presence of massive parallelization, elimina-
tion or reduction of bias becomes critical to the development of effective
algorithms.

A second sublety concerns our prior assumption that each realization
takes exactly a units of computer time to simulate. For most computa-
tions, this is at most approximately true. The more typical situation is
that the computer time required to simulate a realization is itself a r.v.
(that is correlated with the observations collected from that realization).
As a consequence, the amount of computer time Ti required to simulate a
fixed number of replications on processor i is random, as is the completion
time max1≤i≤p Ti at which the last processor completes its final simulation.
Two problems then arise. The first is that the total execution time of the
computation may exceed the time limit that has been assigned to that user
of the parallel computer system. The second issue is that if the proces-
sors that finish their simulations early are left idle, a significant amount
of potential computing power is left unused. The alternative is to permit
such processors to continue simulating new realizations until a specified
time limit for completion of the overall calculation is met. Of course, in
this case, the total number of realizations simulated on processor i is an
r.v. and, as a result, the sample mean associated with averaging over the
observations that have been completed prior to the time limit is a biased
estimator. As noted earlier, bias can cause serious problems in the parallel
processing context when p is large. It is therefore of significant interest to
study the bias associated with such sample means, and to investigate means
of mitigating such bias. These issues are addressed in Glynn & Heidelberger
[146]–[150].

10 Branching Processes

10a The Galton–Watson Process
The process in question is a Markov chain {Xn} on N, modeling the sizes of
different generations in a one-sex population. It is defined by the recursion

Xn+1 =
Xn∑

i=1

Zn,i ,
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where Zn,i is the number of children of individual i in the nth generation.
The Zn,i are assumed i.i.d. and we write fj = P(Zn,i = j), j = 0, 1, 2, . . ..
When X0 = 1, a graphical illustration is often given in terms of a family
tree, see Figure 10.1, where X0 = 1, X1 = 2, X2 = 6, X3 = 3. In general, a
similar illustration consists of X0 family trees that are not connected with
each other.

•

•

•

•

•

•

•

•

•

•

•

•

FIGURE 10.1

The initial motivation of Galton and Watson in the late nineteenth cen-
tury was to compute the probability of survival of heir names. Here, X0 is
the number of present male carriers of the name, X1 the number of their
male children, X2 the number of sons’ sons, and so on. The name will die
out (the family become extinct) if Xn = 0 for some n (then also Xm = 0
for all m ≥ n), so the extinction probability is

P
(
Xn for some n

)
= P

(
Xn for all large n

)
. (10.1)

The extinction probability when X0 = 1 is traditionally denoted by q,
so that by independence, the conditional probability of extinction given
X0 = i is qi.

Another obvious application of the Galton–Watson process is biological
populations in which one counts females only, so that Xn is the number
of females in the nth generation. In an epidemic in a large population in
its early stages, one can ignore the fact that the number of susceptibles
changes slightly in the first generations of the epidemic and model the
number of infectiuous as a Galton–Watson process. In cell kinetics (say
cancer models), one often uses the special case f0+f2 = 1 of binary splitting
in which a cell in each step either dies or is divided into two. Examples of
models with a clear branching structure but incorporating features not
appropriately described by the Galton–Watson process appear in the next
subsections and the exercises.
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A standard fact that immediately follows by conditioning on X1 = j is
that the extinction probability q is a solution of

q = f̂ [q] =
∞∑

n=0

qjfj . (10.2)

More detailed properties of the Galton–Watson process involve the
offspring mean

m
def= E

[
X1

∣∣X0 = 1
]

= EZ1,1 =
∞∑

j=0

jfj .

From E
[
Xn

∣
∣Xn−1 = x

]
= xm, it follows immediately that Wn = Xn/m

n

is a martingale. Being nonnegative, it has an a.s. limit W . In the subcritical
case m < 1 or the critical case m = 1 (excluding f1 = 1), this is possible
only if W = 0, which shows that here q = 1. In the supercritical case
m > 1, q = 0 if f0 = 0, whereas q ∈ (0, 1) is the root < 1 of (10.2) when
m > 1, f0 > 0. An easy Markov chain argument then gives Xn → ∞ on
the set of nonextinction, and in fact, this set coincides with W > 0 under
weak regularity conditions, so that the process either dies out or grows
exponentially at geometric rate m.

10b Multitype Galton–Watson Processes
An extension of the GW process allows the individuals to be of several
types. The simplest case is that of a finite number of types; say the types
are 1, . . . , q (or any other finite set). The process is then vector-valued,
Xn =

(
X1
n, . . . , X

q
n

)
, where Xj

n is the number of type-j individuals at
time n, and the children of the ith type-j individual is a vector Zjn,i =
(
Zj,1n,i, . . . , Z

j,q
n,i

)
. Thus

Xj
n+1 =

q∑

k=1

Xk
n∑

i=1

Zk,jn,i .

Examples:

(a) The type is the age of the individual, say 0, 1, 2, . . . , 100. Children are
always of type 0 and in each type step the individual moves up one
step or dies. Thus Zj,kn,i is 0 unless k = 0 or k = j.

(b) The type of an individual is the parity, i.e., the number of children
already born. Say only 1, . . . , q are possible and type 0 corresponds
to not having had children.

(c) As combination, the type may be the pair (a, p) of age and parity.

The expected offspring production is given by the mjk
def= EZj,kn,i . Let

M be the q × q matrix with elements mjk. One can then show under
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an irreducibility assumption on M that the largest eigenvalue λ of M is
strictly positive and that

E
(j)
[
Xk
n

] ∼ cjdkλ
n ,

where E
(j) refers to one initial individual of type j. One calls cj the

reproductive value of a type-j individual,
(
d1, . . . , dq

)
is the stable type

distribution, and λ (or sometimes logλ) is the Malthusian rate of growth.
In the next subsection we will see an example of an infinite-type GW

process.

10c Neutron Transport Processes
In a body of radioactive material such as Uranium 236, atoms sponta-
neously split and neutrons are emitted. An emitted neutron may hit other
atoms, causing them also to split and emit a random number of new
neutrons.

We represent this as a branching process in which the type ∈ R
6 of an

individual is the pair of its position (x, y, z) ∈ Ω in the body Ω ⊂ R
3 when

born and the direction in which it starts moving, represented as a point
(a, b, c) on the unit sphere a2 + b2 + c2 = 1 (assuming the velocities to be
all equal, say to α).

�

�

�




�

�

�

FIGURE 10.2

Figure 10.2 shows a cascade of neutrons initiated by a neutron created
by a spontaneous (primary) splitting at the dash-boxed location. The sec-
ondary splits are binary on the figure, and once the neutron leaves the
body, it cannot return. We can view this as a multitype branching process
in which the children of a neutron hitting an atom are the neutron itself
and the new neutrons created at a split. An individual dies once it leaves
the body. Thus in the figure the ancestor gives birth to two children at
the first split, one of which is himself at the new position and the other
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the neutron emitted. The ancestor is present in the population in genera-
tions n = 0, 1. The generation sizes are 1, 2, 2, 2, 0. We have assumed for
simplicity that only one new neutron is created by a hit and that the hit-
ting neutron chooses its direction uniformly on the unit sphere. For a more
realistic description, see Harris [175].

Assume for a while that the body Ω is the whole of R
3 and that a

neutron will hit an atom in the time interval [t, t+ dt) w.p. α dt (it travels
at a constant speed). This means that the hazard rate of the distribution of
T is α, which implies that T has an exponential distribution with density
αe−αt. Thus, if the speed is unity, the position (x1, y1, z1) at the first hit is
the initial position (x0, y0, z0) shifted by T in the direction of motion. The
cascade will be infinite because Ω = R

3, so that deaths cannot occur.
If the body is finite, we can still view (x1, y1, z1) as the ficitious position

of the first split in an infinite body. If (x1, y1, z1) ∈ Ω, a split actually
occurs, and if (x1, y1, z1) 
∈ Ω, the particle dies. A cascade may be finite or
infinite. It is clear that the cascade will be finite if the body is very small,
whereas in the other extreme we get close to the case Ω = R

3 if the body
is very large. Thus somewhere in between is a critical size at which the
cascade starts being infinite with positive probability. That is, if the body
represents a bomb, it goes off because eventually one of the cascades will
be infinite.

To calculate the critical size, we need the extinction probability of our
branching process. However, since it has an infinity of types, there is no
simple way to do this, and simulation can become useful. In fact, this
was done (a prominent name was von Neumann) when the first A-bomb
was constructed in 1945. This was a historical milestone in applications
of simulation. The problem in itself is an obvious case for simulation, but
also many general methods and algorithms in the whole area arose as a
by-product.

10d Simulation Aspects
There appear to be no specific problems or methodological aspects in the
simulation of a branching process. We have included the topic more because
it gives rise to some nice applications. So, as preparation for the exercises,
we will just give a few comments on relevant problems and how to interpret
the simulation output.

One purpose of simulating a branching process may be determining
whether the process is subcritical or supercritical as in the A-bomb ex-
ample. The obvious difficulty is that this is a limiting property. From a
simulation terminating at generation N one cannot deduce with certainty
from XN > 0 that the process is supercritical, and similarly R replications
that all become extinct before N will not tell for sure that q = 1, only
that q is probably close to 1. Guidelines may, however, be obtained from
looking at the whole sample path X0, . . . , XN . In the subcritical case with
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XN > 0, this should exhibit a quasistationary behavior, that is, behave
somewhat as a positive recurrent Markov chain (the transition probabili-
ties are P(X1 = j |X0 = i), i, j > 0, in the Galton–Watson case). In the
supercritical case with XN > 0, the sample path should rather show ex-
ponential growth, which may be assessed by plotting logXM , . . . , logXN

with say M = N/2. The exponential growth rate may be estimated either
by doing regression of the same logs, or simply as XN/XN−1.

Exercises

10.1 (A) We consider an epidemic in Denmark initiated by one person coming
from Asia and just infected by a disease that so far had not occurred in the
country. As time unit, we take the time from infection to outbreak; at outbreak,
the infected is taken into quarantine and cannot infect others from then on. We
assume a constant population size N and let Xn denote the number of susceptibles
at time n, Yn the number of infectious, and Zn the number of removed (thus N =
Xn + Yn + Zn, Y0 = 1, Z0 = 0). As model, we assume that each individual has
m = 10 contacts with other individuals in a period, that the probability that any
of these is infected is Y/N , the percentage of infected, and that the person avoids
infection after contact with an infected w.p. α = 0.92.
You are to give histograms of the length T of the epidemic and its size S, that
is, of

T
def
= inf {n : Yn = 0} , S

def
= Y0 + Y1 + · · ·+ YT = ZT .

Use appropriate model simplifications to simulate the process as a Galton–Watson
process with Poisson offspring distribution. Redo with α = 0.85 [0.92 will be
changed to 0.85 if 8% of the population have been vaccinated!].
10.2 (A) In the neutron-transport model for the A-bomb, assume that Ω is the
ball x2 + y2 + z2 ≤ r2, that the position of the neutron initiating a cascade
is uniform on Ω, that only one new particle is created by a split and takes a
direction that is uniform on a2 + b2 + c2 = 1, and finally that α = 1. Determine
R− < R+ such that you feel fairly confident that the critical radius Rc satisfies
R− < Rc < R+

10.3 (A) A rod of fuel in a nuclear reactor is represented as a line segment of
length x. Spontaneous emissions of neutrons occur according to a Poisson process
on [0, x] × [0,∞) with unit rate, with the second coordinate representing time.
Each split creates one new neutron, and the old and the new neutron choose
independently to move left or right w.p. 1/2 for each direction. Give simulation
estimates of the temperature T = T (X) of the rod as a function of x, where
T (x) is defined as the expected number of splits within one time unit. Take again
α = 1. Hint: Reduce again to the study of characteristics of cascades.
10.4 (A+) You are given a female population of size Xn in year n, divided into
the age groups 0, . . . , 100. The mortality is given by the Gompertz–Makeham
distribution corresponding to the G82 parameters used in Exercise II.4.1 (you
will need to discretize here), and the probability of giving birth at age a and
parity p is

ba,p =

{
z0βa p = 0,

z1z
p−1
2 βa p = 1, 2, . . . ,

(10.3)
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where βa = (a− 15)3(46− a)3 for a = 16, . . . , 45 and βa = 0 otherwise. Further,
a baby is a boy w.p. 51% and a girl w.p. 49%.

(a) Determine z0, z1 such that the probability of a woman giving birth to at
least one child is 95% and 75% of getting at least two. Use these parameters
in the following.

(b) By varying z2, illustrate the connection between the expected number m
of children born to a woman and (1) the Malthusian parameter λ, (2) the
stable age distribution, using what you consider a relevant range for m.

(c) In a population with m = 3, the government wants to stop the population
exploding by introducing drastic sanctions on women giving birth to more
than two children. The government expects that this will change (10.3) to

ba,p =

⎧
⎪⎨

⎪⎩

z0βa p = 0,

z1βa p = 1,
1
10

z1z
p−1
2 βa p = 2, 3, . . . .

(10.4)

Find the new λ and give projections for the age distribution 5, 10, 25, and
50 years ahead.

Comments
Part (a) can be done by simulation or, alternatively, by fairly simple nonstochas-
tic numerical analysis.
Use a multitype branching process for the woman only, but note that parity also
counts the number of sons.
Age distributions may be illustrated by histograms or one-dimensional charac-
teristics such as the proportion of old (66 or more) people to working (18–65)
people, or children (17 or less) to working people.

Estimates for one-dimensional quantities (λ, the proportions above, etc.) should
be accompanied by confidence intervals. In some cases, you may need the delta
method.
You should of course start with a small X0 such as 1,000, but aim for a population
of several million.

11 Importance Sampling for Portfolio VaR

The present section follows two papers [135], [136] by Glasserman, Hei-
delberger, & Shahabuddin, who considered a portfolio exposed to d
(dependent) risk factors X1, . . . , Xd in a certain time horizon h, say one
day or two weeks. The initial value of the portfolio is denoted by v and
the (discounted) terminal value by V = V (h,X1, . . . , Xd); for example, in
the case of d European call options with maturity Ti > h, strike price Ki,
normal log return Xi, and initial asset price si in position i,

v =
∑

i=1

BS(si, r, Ti,Ki), V = e−rh
∑

i=1

BS(sieXi , r, Ti−h,Ki) , (11.5)
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where (in obvious notation) BS(s, r, T,K) is the Black–Scholes price I.(3.4).
The loss is L = v − V , where r is the risk-free interest rate and the VaR

is a quantile of L (say the 99% one or the 99.97% one). The model for(
X1, . . . , Xd

)
in [135] is X ∼ N (0,Σ), whereas [136] considers a multi-

variate Student t distribution, that is, the distribution of U/
√
W/f , where

U ∼ N (0,Σ) and W is an independent χ2 r.v. with f degrees of freedom.
The first step in both [135] and [136] is to note the delta–gamma

approximation, which is based on the Taylor expansion

L ≈ −∂V
∂h

h−
d∑

i=1

δiXi − 1
2

d∑

i,j=1

γijXiXj , (11.6)

where δi
def= ∂V/∂xi, γij

def= ∂2V/∂xi∂xj . For example, in (11.5),

δi = δBS(si, r, Ti,Ki)sieXi , γii = δi + γBS(si, r, Ti,Ki)s2i e
2Xi ,

whereas the mixed partial derivatives vanish; here δBS, γBS are the delta,
respectively the gamma, of the BS price; cf. the discussion of Greeks in I.4
and Chapter VII. For brevity, we rewrite the r.h.s. of (11.6) as a0+Q, where
Q

def= −δX−XTΓX/2, a0
def= −h ∂V/∂h. The delta–gamma approximation

is then P(L > x) ≈ P(Q > x− a0).
In the N (0,Σ) case in [135], we can represent X as CY , where Y ∼

N (0, I) and CCT = Σ; standard results on diagonalization of quadratic
forms show that it is possible to choose C to make CTΓC diagonal, say
with diagonal elements λ1, . . . , λd, so that

Q =
d∑

i=1

(
biYi + λiY

2
i

)

for certain bi, λi. This is a sum of independent noncentral χ2 r.v.’s; the
tail is not explicitly available, but the characteristic function EeisQ is and
can be inverted numerically to evaluate the delta–gamma approximation.
However, evaluating P(L > x) and thereby the VaR in this way is quite
imprecise, so that simulation comes in. Since the VaR is small, we have
a rare-event problem in which variance reduction is essential. However,
implementing the first idea that comes to mind, importance sampling using
an exponential change of measure for L identified via EθL = x − a0, is
difficult because the distribution of L is typically too complicated to allow
for identification of θ and the associated Pθ-distribution of L.

Instead, the idea of [135] is to use exponential change of measure for the
approximatingQ. The distribution F̃ on R

d defined by dF̃ /dF = eθQ/EeθQ,
where F = N (0, I), makes Y1, . . . , Yd independent, as follows from Q being
a sum of terms each depending on just one Yi. Further, F̃ makes Yi normal
with mean and variance given respectively by

μi(θ) =
θbj

1− θλi
and σ2

i (θ) =
1

1− θλi
;
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cf. Exercise V.1.2. Thus we are led to use an importance distribution P̃ in
which the Yi are independent normals with the means and variances just
stated and θ determined by

x− a0 = E
∗Q =

d∑

i=1

[
biμi(θ) + λi

(
μi(θ)2 + σ2

i (θ)
)]
.

Indeed, the empirical finding of [135] is that this typically (i.e., in the
case of a number of selected test portfolios) reduces the variance by a
factor of 20–50. This is theoretically supported by a logarithmic effi-
ciency result on a relative error defined by normalizing the variance of the
importance-sampling estimator dF/dF̃1 {Q > x− a0} by P(Q > x− a0)2.
Note, however, that this differs from the definition of logarithmic effi-
ciency that we have used in VI.1, where the normalization would have
been by P(L > x)2; the difference is small exactly when the delta–gamma
approximation is good.

Now turn to the (heavy-tailed) multivariate Student t example considered
in [136]. That is, X = U/

√
W/f , where U ∼ N (0,Σ) and W is an inde-

pendent χ2 r.v. Replacing the representationX = CY above by U = CY ,
the Q in the delta–gamma approximation P(L > x) ≈ P(Q > x−a0) takes
the form

Q =
1

√
W/f

d∑

i=1

biYi +
1

W/f

d∑

i=1

λiY
2
i

(with the same a0, bi, λi). However, since (say) each Yi/
√
W/f is t dis-

tributed and therefore heavy-tailed, EeθQ = ∞ for θ 
= 0, so that the above
method of exponential change of measure for Q is infeasible. Instead, [136]
works with

Qx = (W/f)(Q− x+ a0) = (W/f)(a0 − x) +
√
W/f

d∑

i=1

biYi +
d∑

i=1

λY 2
i

(note thatQ > x−a0 if and only if Qx > 0) and a corresponding importance
distribution F̃ defined by dF̃ /dF = eθQx/EeθQx , where as above, F =
N (0, I).

We need first to identify F̃ . Calculations identical to those above com-
bined with some extra steps involving a conditioning on W shows that
under F̃ , W has a Gamma

(
f/2, λ(θ)

)
distribution, where λ(θ) =

(
1 −

2α(θ)
)
/2 with

α(θ) = −θ(x− a0)
f

+
θ2

2f

d∑

i=1

b2i
1− 2θλi

.
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Further, Y1, . . . , Yd become conditional independent normals with conditional
means and variances

μi(θ) =
θbj
√
W/f

1− θλi
, respectively σ2

i (θ) =
1

1− θλi
.

This description makes it possible in a straightforward way to simulate
from F̃ as well as to find the θ similar to the one used above, that is, the
θ solving E

∗Qx = 0.
The findings of [136] concerning the efficiency of this simulation scheme

are much the same as in [135]. In [136], the idea of combining with a
stratification of the Yi is also considered. The resulting variance reduction
is in some cases up to a factor of 6, in other cases it is insignificant.

12 Importance Sampling for Dependability Models

In this section, we briefly discuss the use of importance sampling in com-
puting various performance measures associated with what are commonly
known as dependability models. Such dependability models do not contain
embedded random walk structure, so much of the discussion of Chapter VI
does not directly apply. Nevertheless, importance sampling has become a
widely applied tool in this modeling context.

A dependability model is an effort to mathematically describe a system
that is made up of individual components, each of which is potentially
subject to failure. In contrast to a reliability model, dependability mod-
els typically incorporate an ability on the part of the system to repair or
replace failed components. This is relevant to systems that are intended
to provide a high level of availability (i.e., the percentage of time during
which the system is operating). Such systems include airline reservation
systems, air traffic control networks, and many other applications. Such
models frequently assume that the component failure times are exponen-
tially distributed, as are the repair durations. As a consequence, the state of
the dependability model is therefore described by a continuous-time Markov
pure jump process.

This continuous-time Markov process typically has an enormous state
space.4 For example, if the system consists of n components, the state
descriptor typically needs to include information relating to whether each of
the n components is “up” (i.e., operational) or “down” (i.e., in failed mode).
This leads to a state space having 2n states, without even considering the
additional state information that might be needed to track the locations of
the repair persons that are assigned to the maintenance of the system. This

4Nonexponential failure and repair times can in principle be incorporated by modeling
them as phase-type distributions, see [16, Section III.4]. Of course, this easily leads to
even bigger state spaces.
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huge state space makes simulation an attractive solution methodology for
computing associated performance measures.

The state of the art for importance sampling of such systems is best
developed in the context of systems in which the individual components are
highly reliable.5 This corresponds, in the continuous-time Markov process
setting, to a model in which the exponential rate parameters for the failure-
time distributions are orders of magnitude smaller than the rate parameters
for the repair times.

Such a highly available dependability system tends to spend a significant
proportion of its time in the state in which all components are operational,
and no repairs are underway; denote this state as �0. The performance
measure that is perhaps of most interest to dependability modelers is the
socalled mean time to failure (MTTF). More precisely, this is the expected
time E�0TF for the system to enter the subset F of states in which the system
is non-operational (i.e., “failed”), starting from state �0. Since importance
sampling has been developed in the context of rare-event computations,
the first step is to reformulate the computation of MTTF as a problem
involving a rare-event probability. Because the continuous-time Markov
process regenerates at returns to �0, it follows that

E�0TF = E�0

[
τ ; τ < TF

]
+ E�0TFP�0(τ < TF ) + E�0

[
TF ; τ > TF

]

where τ is the first time that the process returns to �0. Consequently,

E�0TF =
E�0 min(τ, TF )
P�0(TF < τ)

. (12.1)

The r.v. appearing in the numerator of (12.1) is, with high probability,
equal to τ . Given the propensity of the process to spend time in �0, this
numerator tends to have a low coefficient of variation, and the numerator
of (12.1) is easy to compute by crude Monte Carlo. On the other hand, the
denominator of (12.1) is a rare-event probability and can not be efficiently
evaluated by crude Monte Carlo.

To use importance sampling on the denominator, it is instructive to
consider the case in which the failure rates are all of order ε, while the
repair rates are of order 1. Note that the event {TF < τ} depends only
on the sequence of states visited, and hence can be computed by applying
importance sampling to the discrete-time Markov chain embedded in the
continuous-time Markov process. As ε ↓ 0, it becomes more likely that the
path followed by the embedded chain on the event {TF < τ} includes no
repair events, for otherwise an additional failure event would be required
to “fail” the system (reducing the probability of the corresponding path by
a factor of order ε relative to the paths in which no repair occur). Since the

5Another way to build high dependability into a system is to build a massive amount
of component redundancy into the system design.
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general principle of rare-event simulation is to attempt to simulate from
the conditional distribution given {TF < τ}, this suggests generating paths
for the embedded chain from a transition matrix for which the likelihood,
in any state, of a failure event (i.e., a state transition corresponding to a
component failure) is much higher than the likelihood of a repair event.
The difficulty with such an importance-sampling algorithm is that such an
importance distribution “starves” the secondary paths associated with the
event {TF < τ} having lower, but nonnegligible, probability relative to the
primary path to system failure in which no repairs occur. This underweights
the paths on which single or even multiple repairs are exhibited along the
path to system failure.

An approach that works well in practice is to balance the likelihood, in
any state other than �0, that the next event is a failure event against that
of a repair event. Assume, for example, that one builds a transition matrix
for the importance sampling algorithm in which the probability that the
next event is a failure is 1/2. This failure probability of 1/2 needs to be dis-
tributed across the different types of component failures that are possible in
that state. One standard way of allocating this probability is in proportion
to the likelihoods under the transition matrix associated with the original
model. For example, suppose that in a given state, only two possible com-
ponent failures are possible, with probabilities εp1 and εp2, respectively,
under the original transition matrix. The above allocation strategy suggest
that the two failure transitions should have probabilities

1
2

p1

p1 + p2
and

1
2

p2

p1 + p2
,

respectively, under the importance distribution. When this importance
sampling approach is followed, significant variance reduction can be
achieved; see Shahabuddin [334] for a complete discussion of this and
related dependability system algorithms.

Some further selected related references are Goyal et al. [163], Heidel-
berger [178], Heidelberger et al. [179], and Nakayama [267], [268].

13 Special Algorithms for the GI/G/1 Queue

We close this book by returning to the model that was our very first example
in I.1, the single-server queue.

13a Perfect Sampling of W

We consider a random-walk maximum M in the notation of the Siegmund
algorithm in VI.2a. Recall in particular that Fγ denotes the probability
measure with density eγx w.r.t. F , where γ > 0 is the solution of F̂ [γ] = 1,
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that τ(x) = inf {n : Sn > x}, ξ(x) = Sτ(x) − x, and that we have the rep-
resentation P(M > x) = Eγe−γSτ(x) , where Pγ is the probability measure
such that the Xn are i.i.d. with distribution Fγ w.r.t. Pγ .

An algorithm for perfect sampling of M (which has the same distribution
as the GI/G/1 waiting time W subject to a suitable choice of F ) was
suggested by Ensor & Glynn [109]. It uses an exponential r.v. V with rate
γ (independent of {Sn}) and the ladder heights Sτ+(n), where

τ+(0) def= 0, τ+(n+ 1) def= inf
{
k > τ+(n) : Sk > Sτ+(n)

}
.

Cf. Figure 13.1 where the ladder heights are marked with a •. The r.v.
generated by the simulation is the last ladder height

Z = sup
{
Sτ+(n) : Sτ+(n) ≤ V

}

not exceeding V , see again Figure 13.1.

FIGURE 13.1

Proposition 13.1 The Pγ-distribution of Z is the same as the
P-distribution of M .

Proof. First note that Sτ(x) is necessarily a ladder height. By sample path
inspection, Z > x if and only Sτ(x) ≤ V , so that

Pγ(Z > x) = Pγ(Sτ(x) ≤ V ) = Eγ

[
Pγ

(
Sτ(x) ≤ V

∣
∣ Sτ(x)

)]

= Eγe−γSτ(x) = P(M > x).
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�

From perfect sampling of the waiting time W D= M , one can easily per-
form perfect sampling also of the steady-state queue length Q. This follows
from the distributional Little’s law, stating that Q has the same distri-
bution as N∗(W + U), where W , U , {N(t)} are independent, U has the
service-time distribution and {N∗(t)} is a stationary version of the renewal
arrival process; cf. [16, Section X.4]. Thus, if W is generated as above and
T1, T2, . . . are independent, such that T2, T3, . . . follow the interarrival-time
distribution and T1 has density P(T2 > t)/ET2, the r.v.

sup{n = 1, 2, . . . : T1 + · · ·+ Tn < W + U}
(0 if no such n exists) has the same distribution as Q.

For the M/G/1 queue, an obvious alternative perfect simulation estima-
tor for W comes from the Pollaczeck–Khinchine formula: W has the same
distribution as U∗1 + · · · + U∗N , where N,U∗1 , U∗2 . . . are independent, N is
geometric with P(N = n) = (1 − ρ)ρn, n = 0, 1, 2, . . ., and the U∗k have
the equilibrium service-time distribution with density P(U > x)/EU . In
contrast to the Ensor–Glynn estimator, this estimator can also be used in
the case of heavy tails.

13b The Minh–Sorli Algorithm
A classical formula for the mean delay due to Marshall is

EW =
EU2 + ET 2 − 2EUET − EI2

2(ET − EU)
, (13.1)

where U, T are generic service and interarrival times and I the idle period.
This is obtained from the Lindley recursion Wn+1 = (Wn + Un − Tn)+ by
squaring: since

E(Wn + Un − Tn)2 = E
[
(Wn + Un − Tn)+ − (Wn + Un − Tn)−

]2

= E(Wn + Un − Tn)+
2 + E(Wn + Un − Tn)−

2

and (Wn + Un − Tn)− can be identified with I, we get (assuming {Wn} to
be stationary)

EW 2 = E(W + U − T )2 − EI2

= EW 2 + EU2 + ET 2 − 2EUET + 2EW (EU − ET )− EI2 .

From this (13.1) follows.
Minh & Sorli [260] (see also Wang & Wolff [359]) suggested that one

use (13.1) for simulation by noting that everything is known except for
EI2. Thus, one can simply simulate busy cycles and estimate EI2 by the
empirical second moment. Methodologically, we have an instance of indirect
estimation as discussed in V.8.
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As ρ approaches 1, the first term in (13.1) becomes dominant, and hence
one expects the possible variance reduction to be most substantial when ρ is
close to 1. Indeed, in the case of the M/M/1 queue with traffic intensity ρ =
0.9, the variance reduction compared to regenerative simulation is reported
in [11] to be about a factor of 2,000!

13c A Control-Variate Method for EW

The problem is to estimate z = EW by simulation. Of course, standard
methods such as regenerative simulation apply in a straightforward way to
this problem. For a more sophisticated algorithm, suggested in Asmussen
[11], note first the formula

EM =
∫ ∞

0

P(M > x) dx =
∫ ∞

0

P(τ(x) <∞) dx ,

where τ(x) = inf {n : Sn > x}. Here an extremely efficient (at least for
large x) estimator for P(τ(x) < ∞) is provided by Siegmund’s algorithm,
viz. e−γxe−γξ(x) simulated from Pγ , where ξ(x) def= Sτ(x) is the overshoot,
so that it is appealing to try the estimator

∫ ∞

0

e−γxe−γξ(x) dx

for EM . The obvious difficulty is that evaluating ξ(x) for all x would
require an infinitely long simulation. This can be circumvented by trun-
cating the integral and suitably compensating. More precisely, let V > 0
be independent of {Sn} and define

Z
def=

∫ V

0

1
P(V > x)

e−γxe−γξ(x) dx .

Then indeed

EγZ = Eγ

∫ ∞

0

1x<V
1

P(V > x)
e−γxe−γξ(x) dx

=
∫ ∞

0

P(x < V )
1

P(V > x)
e−γxEe−γξ(x) dx

=
∫ ∞

0

e−γxEγe−γξ(x) dx =
∫ ∞

0

P
(
τ(x) <∞) dx = EM .

Simulation experiments indicate that the variance of Z is reasonably
small but not extremely small. We improve this by introducing

C
def=

∫ V

0

1
P(V > x)

e−γx dx

as control variate; note that by the same calculation as for EγZ,

EγC =
∫ ∞

0

e−γx dx =
1
γ
.
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The control-variate estimator is

Z − α(C − EγC) , (13.2)

where

Z
def=

1
R

(Z1 + · · ·+ ZR), C
def=

1
R

(C1 + · · ·+ CR) ,

α
def=

∑
(Zr − Z)(Cr − C)
∑

(Cr − C)2
.

Indeed, the estimator (13.2) is a huge improvement: the observed variance
reduction is often a factor of 1,000–25,000!

The relevant choice of the distribution of V turns out to be the expo-
nential distribution with rate γ, P(V > x) = e−γx, and it can be proved
that this choice is asymptotically optimal in a suitable sense.

Figure 13.2 gives an example of the high linear dependence between Z
and C: the correlation is 0.999!

FIGURE 13.2

In the setting of the Ensor–Glynn algorithm in Section 1a, a related idea
is to apply V as control for the r.v. Z generated by perfect sampling.



Chapter I
What This Book Is About

1 An Illustrative Example: The Single-Server Queue

We start by introducing one of the classical models of applied probability,
namely the single-server queue. Queuing models are widely used across an
enormous variety of application areas, and arise naturally when resource
contention among multiple users creates congestion effects. We shall use the
single-server queue as a vehicle for introducing some of the key issues that
a simulator may need to confront when using simulation as a numerical
tool; a parallel area illustrative for this purpose, option pricing, will be
introduced in Section 3.

Consider a single-server queue possessing an infinite capacity waiting
room and processing customers according to a “first-in–first out” (FIFO)
queue discipline. Let An, Dn, and Wn be the arrival time, departure time,
and waiting time (exclusive of service) for the nth customer to enter the
queue. The FIFO discipline then clearly implies that

Wn+1 =
[
Dn −An+1

]+
,

where [x]+ def= max(0, x) ( def= means a defining equality). Also, it is evident
that Dn = An +Wn + Vn, where Vn is the service time of customer n, and
hence

Wn+1 =
[
Wn + Vn − Tn

]+ (1.1)

(the Lindley recursion), where Tn
def= An+1 − An is the time between the

arrivals of customers n and n + 1, n = 0, 1, 2, . . . Suppose that {Vn}n≥0
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and {Tn}n≥0 are independent sequences of independent and identically
distributed (i.i.d.) random variables (r.v.’s). Then the single-server queue
model that we have described is known as the GI/G/1 queue.

Despite the simplicity of this model, it presents significant mathemati-
cal and computational challenges; in fact, thousands of papers have been
devoted to the GI/G/1 queue and its applications. For example, consider
computing the distribution of Wn. Even when Xn

def= Vn−1 − Tn−1 has a
distribution that can be computed explicitly (e.g., Xn is Gaussian or, more
generally, infinitely divisible), the distribution of Wn can typically not be
computed in closed form.

It follows from (1.5) below that

P(Wn > x) =
∫

Bn(x)

n−1∏

k=0

P(Vk ∈ dvk)P(Tk ∈ dtk) , (1.2)

where

Bn(x)
def=

{
(v0, t0), . . . , (vn−1, tn−1) : max

k=0,...,n−1

n∑

j=k

(vj − tj) > x
}
,

so that P(Wn > x) can be computed as a 2n-dimensional integral. Because
of the high dimensionality, such a 2n-dimensional numerical integration
presents a significant challenge from a computational point of view. We
shall return to this point in Chapter IX.

The distribution of Wn is an example of a transient characteristic, as
opposed to steady-state or stationary characteristics, which are defined by
taking the limit as n → ∞. For example, an r.v. W∞ having the limit
distribution of Wn as n → ∞ (provided such a limit exists as a probabil-
ity measure on R) is said to be the steady-state waiting time. Note that
{Wn}n∈N

is a Markov chain with state space [0,∞). Therefore the the-
ory of Markov chains with a discrete (i.e., finite or countable) state space
suggests that under conditions corresponding to positive recurrence and
aperiodicity,1 W∞ will exists, and that the Markov chain {Wn}n∈N

itself
will obey the law of large numbers (LLN)

1
N

N−1∑

n=0

f(Wn)
a.s.→ Ef(W∞) , N →∞. (1.3)

This relation is one of the main reasons, if not the main one, for the interest
in steady-state characteristics. Say we are interested in the average delay
N−1

∑N−1
0 Wn of the first N customers. If N is large, (1.3) then asserts

that EW∞ should be a good approximation.

1The condition required for (1.3) and W∞ < ∞ is that the load be strictly smaller
than the offered service. This is expressed as ρ < 1, where ρ = EV/ET is the traffic
intensity; see [16].
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Further transient characteristics of interest are first passage time quanti-
ties such as the time inf {n : Wn > x} until a customer experiences a long
delay x, the number σ def= inf {n > 0 : Wn = 0} of customers served in a
busy period (recall W0 = 0), and the total length V0 + · · · + Vσ−1 of the
busy period. For both transient and steady-state characteristics, it is also
of obvious interest to consider other stochastic processes associated with
the system, such as the number Q(t) of customers in system at time t (in-
cluding the one being presently served), and the workload V (t) (time to
empty the system provided no new arrivals occur).

One of the key properties of the single-server queue is its close connection
to random walk theory, which as a nice specific feature allows representa-
tions of steady-state distributions (equation (1.6) below) as well as transient
characteristics (equation (1.5) below) in terms of an associated random
walk. To make this connection precise, write as above Xk = Vk−1 − Tk−1

and Sn
def= X1 + · · ·+Xn (with S0 = 0), and note that if customer 0 enters

an empty queue at time 0, then by (1.1),

W1 = max(X1, 0) = max
(
S1 − S0, S1 − S1

)
,

W2 = max(W1 +X2, 0)
= max

(
max(S1 − S0, S1 − S1) + S2 − S1, S2 − S2

)

= max
(
S2 − S0, S2 − S1, S2 − S2) = S2 −min

(
S0, S1, S2

)
,

and in general,

Wn = Sn − min
k=0,...,n

Sk = max
k=0,...,n

[Sn − Sk] . (1.4)

Under our basic assumption that {Vn}n≥0 and {Tn}n≥1 are independent
sequences of i.i.d. r.v.’s, {Sn}n≥0 is a classical random walk, and (1.4)
makes clear the connection between the GI/G/1 queue and the random
walk.

Whereas (1.4) is a sample-path relation, a time-reversion argument trans-
lates (1.4) into a distributional relation of a simpler form. Indeed, using
that
(
Sn − Sn, Sn − Sn−1, Sn − Sn−2, . . . , Sn − S1, Sn − S0

)

=
(
0, Xn, Xn +Xn−1 , . . . , Xn + · · ·+X2, Xn + · · ·+X1

)

D=
(
0, X1, X1 +X2, . . . , X1 + · · ·+Xn−1, X1 + · · ·+Xn

)

=
(
S0, S1, S2, . . . , Sn−1, Sn

)
,

where D= denotes equality in distribution, we get

Wn = max
k=0,...,n

[Sn − Sk]
D= max

k=0,...,n
Sk

def= Mn . (1.5)
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As a consequence, Wn
D→W∞ as n→∞, where

W∞
D= M

def= max
k≥0

Sk . (1.6)

It follows that if ρ = EV0/ET0 < 1 (i.e., the mean arrival rate 1/ET0 is
smaller than the service rate 1/EV0), then W∞ is a proper r.v. (so that the
steady state is well defined), and

P(W∞ > x) = P(M > x) = P(τ(x) <∞) , (1.7)

where τ(x) def= min {n > 0 : Sn > x}.
It is easily seen that P(W∞ > x) satisfies the integral equation

P(W∞ > x) =
∫ ∞

0

P(W∞ ∈ dy)P(X1 > x− y) (1.8)

(the analogue of the stationarity equation for a Markov chain). One possible
means of computing the distribution ofW∞ is therefore to numerically solve
(1.8). However, rewriting (1.8) in the equivalent form

P(W∞ ≤ x) =
∫ ∞

0

P(W∞ ≤ x− y)P(X1 ∈ dy)

shows that (1.8) is of Wiener–Hopf type, and such equations are known to
be numerically challenging.

The analytically most tractable special case of the GI/G/1 queue is the
M/M/1 queue, where both the interarrival time and the service time distri-
bution are exponential,2 say with rates (inverse means) λ, μ. Then ρ = λ/μ,
and the distribution of W∞ is explicitly available,

P(W∞ ≤ x) = 1− ρ + ρ(1− e−γx) ,

where γ def= μ − λ; the probabilistic meaning of this formula is that the
probability P(W∞ = 0) that a customer gets served immediately equals 1−
ρ, whereas a customer experiences delay w.p. ρ, and conditionally upon this
the delay has an exponential distribution with rate parameter γ. Further,
this is also the distribution of the steady-state workload V (∞), and the
steady-state queue length Q(∞) is geometric with success parameter 1− ρ
(cf. A1), i.e., P

(
Q(∞) = n

)
= (1 − ρ)ρn, n ∈ N. There are also explicit

formulas for a number of transient characteristics such as the busy period
density and the transition probabilities ptij = P

(
Q(s + t) = j

∣
∣Q(s) = i

)

of the Markov process {Q(t)}t≥0, but the expressions are complicated and
involve Bessel functions, even infinite sums of such, cf. [16, Section III.9].

Beyond the M/M/1 queue, the easiest special case of the GI/G/1 queue
is GI/M/1 (exponential services), where steady-state quantitites have an

2M stands for Markovian or Memoryless. Note that the arrival process is just a
Poisson process with rate λ.
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explicit distribution given that one has solved the transcendental equation
Eeγ(V−T ) = 1. Also, M/G/1 (Poisson arrivals) simplifies considerably, as
discussed in Example 5.15 below.

2 The Monte Carlo Method

Given the stochastic origin of the integration problem (1.3), it is natural to
consider computing P(Wn > x) by appealing to a sampling-based method.
In particular, suppose that we could implement algorithms (on one’s com-
puter) capable of generating two independent sequences of i.i.d. r.v.’s
{Vn}n≥0 and {Tn}n≥0 with the appropriate service-time and interarrival-
time distributions. Then, by recursively computing the Wk according to the
Lindley recursion (1.1), we would thereby obtain the r.v. Wn. By repeat-
edly drawing additional Vk and Tk, one could then obtain R i.i.d. copies
W1n, . . . ,WRn of Wn. The probability z def= P(Wn > x) could then be com-
puted via the sample proportion of the Wrn that are greater than x, namely
via the estimator

ẑ
def= ẑR

def=
1
R

R∑

r=1

1{Wrn > x}

(1 = indicator function). The LLN (1.3) guarantees, of course, that the
algorithm converges to z = P(Wn > x) as the number R of independent
replications tends to ∞.

This example exposes a basic idea in the area of stochastic simulation,
namely to simulate independent realizations of the stochastic phenomenon
under consideration and then to compute an estimate for the probabil-
ity or expectation of interest via an appropriate estimator obtained from
independent samples.

To be more precise, suppose that we want to compute z = EZ. The idea
is to develop an algorithm that will generate i.i.d. copies Z1, . . . , ZR of the
r.v. Z and then to estimate z via the sample-mean estimator

ẑ
def= ẑR

def=
1
R

R∑

r=1

Zr . (2.1)

In other words, one runs R independent computer experiments replicating
the r.v. Z, and then computes z from the sample. Use of random sampling
or a method for computing a probability or expectation is often called the
Monte Carlo method. When the estimator ẑ of z = EZ is an average of
i.i.d. copies of Z as in (2.1), then we refer to ẑ as a crude Monte Carlo
(CMC) estimator.

Note that an LLN also holds for many dependent and asymptotically
stationary sequences, see, for example, the discussion surrounding (1.3) for
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Markov chains and Chapter IV. As a consequence, one can compute char-
acteristics like

∫
fdπ of the limiting stationary distribution π by averaging

over a long simulation-time horizon. For example, the integral equation
(1.8) can be solved numerically in this way.

3 Second Example: Option Pricing

Financial mathematics has in recent years become one of the major ap-
plication areas of stochastics. It draws on the one hand from a body
of well-established theory, and on the other, it raises new problems and
challenges, both from the theoretical and computational points of view.

The most classical problem in financial mathematics is option pricing,
which we use here to parallel the single-server queue as a vehicle for il-
lustrating some of the key issues arising in simulation. The prototype of
an option is a European call option, which gives the holder the right (but
not the obligation) to buy a certain amount of a given asset at the price
K at time T (the maturity time). For example, the asset can be crude oil,
and the option then works as an insurance against high oil prices. More
precisely, if S(T ) is the market price3 of the specified amount of oil at time
T and S(T ) < K, the holder will not exercise his right to buy at price K,
but will buy at the market at price S(T ). Conversely, if S(T ) > K, the
holder will buy and thereby make a gain of S(T )−K compared to buying
at the market price. Thus,

[
S(T )−K

]+ is the value of exercising the op-
tion relative to buying at market price. What price Π should one pay for
acquiring this option at time t = 0?

Let r be the continuously compounded interest rate (the short rate), so
that the value at time 0 of receiving one monetary unit at time t is e−rt.
Traditional thinking would just lead to the price e−rTE

[
S(T )−K]+ of the

option because the LLN predicts that this on average will favor neither the
buyer nor the seller, assuming that both trade a large number of options
over time. This is indeed how, for example, actuaries price their insurance
contracts. Economists take a different starting point, the principle of no
arbitrage, which states that the market will balance itself in such a way
that there is no way of making money without risk (no free lunches). The
“market” needs specification in each case, but is often a world with only
two objects to invest in at time 0 ≤ t < T : the bank account (which may
have a negative value) yielding a risk-free return at short rate r and the
underlying asset priced at S(t). Indeed, this leads to a different price of the
option, as we will now demonstrate via an extremely simple example.

3Since S(T ) is not known at time t = 0, this is a random quantity, and we use P, E to
refer to this; for example, the expected gain of holding the option is e−rT

E
[
S(T )−K

]+.
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Example 3.1 We will consider a binomial European call option with pay-
off
(
S(1)−K)+, where S(1) is thought of as a stock price after one unit of

time. We will assume that there are only two possible values for S(1) and
(w.lo.g.) that S(0) = 1. That is, P

(
S(1) = u

)
= p, P

(
S(1) = d

)
= q

def= 1−p
(up and down), where d < u.

An investor with an initial wealth of w0 is given only two possibilities,
to invest at t = 0 in the asset (referred to as the stock in the following) or
in a bank account at fixed interest rate r. If a1 is the volume of stocks he
invests in and a2 the amount he puts in the bank, we thus have

w0 = a1S(0) + a2 = a1 + a2, w1 = a1S(1) + a2er ,

where w1 is the wealth at T = 1. We allow a1, a2 to be non-integer and to
attain negative values, which corresponds to borrowing and short selling.4
The pair a1, a2 is referred to as a portfolio.

A portfolio is said to hedge the option if its return w1 is exactly the payout(
S(1) − K

)+ of the option no matter how S(1) comes out. An investor
would therefore be indifferent whether he puts his money in the portfolio
or in the option, so that we should have Π = w0. Writing Vu

def= (u−K)+

(the payoff if the stock goes up) and Vd
def= (d − K)+, the requirement

w1 =
(
S(1) − K

)+ then means that Vu = a1u + a2er, Vd = a1d + a2er.
This is two linear equations with two unknowns a1, a2, and the solution is
a1 = (Vu − Vd)/(u− d), a2 = (uVd − dVu)/(u− d)er . Thus

Π = w0 =
Vu − Vd
u− d

+
uVd − dVu
(u − d)er

. (3.1)

Probably the most surprising feature of this formula is that p does not
enter. Intuitively, one feels that the option of buying a stock for a price of
K at T = 1 is more attractive the larger p is. But this is not reflected in
(3.1).

The market is said to allow arbitrage if it is possible to choose a1, a2

such that P(w1 ≥ w0) = 1 and P(w1 > w0) > 0. It is easy to see that
d < er < u is a necessary condition for the market to be free of arbitrage.5

Thus introducing p∗ def= (er − d)/(u − d), q∗ def= 1− p∗ = (u− er)/(u− d),
we have 0 < p∗ < 1 in an arbitrage-free market, and it is easy to see that
(3.1) can be rewritten

Π = w0 = e−r
[
p∗Vu + q∗Vd] = E

∗[e−r(S(1)−K)+
]
, (3.2)

4The meaning of a2 < 0 is simply that −a2 is borrowed from the bank, whereas
a1 < 0 means that the investor has taken the obligation to deliver a volume of −a1

stocks at time T = 1 (short selling).
5For example, if d > er , an arbitrage opportunity is to borrow from the bank and

use the money to buy the stock.
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where E
∗ denotes expectation with p replaced by p∗. Thus, the price

has the same form as the naive guess E
[
e−r

(
S(1) − K

)+] above, but
under a different probability specification. One can further check that
E
∗S(1) = S(0)er = er. That is, in E

∗-expectation the stock behaves like
the bank account. For this reason, p∗ is referred to as the risk-neutral prob-
ability. Equivalently, {e−rtS(t)}t=0,1 is a martingale under the risk-neutral
measure. �

The same procedure applies to more than one period and to many other
types of options and other models for {S(t)}. If Φ(ST0 ) is the payout at
maturity where ST0

def= {S(t)}0≤t≤T , the principle is:

1. Compute risk-neutral parameters such that {e−rtS(t)} is a martin-
gale under the changed distribution P

∗ and such that6 P and P
∗ are

equivalent measures on the space of paths for {S(t)}.7
2. Set the price as Π = E

∗[e−rTΦ(ST0 )
]
.

In some cases, such a risk-neutral P ∗ exists and is unique; in other cases,
there may be many or none, obviously creating some difficulties for this
approach to option pricing.

Example 3.2 For continuous-time formulations, the plain vanilla model
for the asset price process {S(t)}0≤t≤T is geometric Brownian motion
(GBM), i.e., {logS(t)} is Brownian motion (BM) with drift μ and variance
constant σ2, say; often this model is also called the Black–Scholes model.
Here the risk-neutral measure is unique and is another GBM with changed
drift μ∗ def= r−σ2/2 and the same variance constant σ2. Equivalently, under
P
∗, {S(t)} is the solution of the stochastic differential equation (SDE)

dS(t) = r dt + σ dB(t) , (3.3)

where {B(t)} is standard Brownian motion. The price therefore is just an
integral in the normal distribution,

Π = e−rT
∫ ∞

−∞

[
S(0) exp{μ∗T + σT 1/2x} −K

]+
ϕ(x) dx

= S(0)Φ(d1) − e−rTKΦ(d2) , (3.4)

where ϕ(x) def= e−x
2/2/(2π)1/2 is the density of the standard normal

distribution, Φ its c.d.f., and

d1
def=

1
σT 1/2

[
log
(
S(0)/K

)
+ (r + σ2/2)T

]
, d2

def= d1 − σT 1/2 .

Formula (3.4) is known as the Black–Scholes formula. �

6We do not explain the reasons for this requirement here!
7Usually taken as the Skorokhod space D[0, T ] of real-valued functions on [0, T ],

which are right-continuous and have left limits.
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In view of the Black–Scholes formula, Monte Carlo simulation is not
required to price a European call option in the GBM model. The need
arises when one goes beyond this model, e.g., in the case of basket options
(see below) or Lévy models, which have recently become popular, see Cont
& Tankov [75] and Chapter XII.

Further examples of options include:

Asian (call) options, where the payoff Φ(ST0 ) is (A − K)+, where A is
an arithmetic average, either T−1

∫ T
0
S(t) dt (continuous sampling)

or N−1
∑N

1 S(nT/N) (discrete sampling). In the example where the
underlying asset is the oil price and the buyer an oil consumer, the
Asian option serves to ensure a maximal spending of NK in [0, T ].

Put options, where the options gives the right to sell rather than to buy.
For example, an European put option has payoff Φ(ST0 ) =

[
K −

S(T )
]+ and ensures a minimum price of K for the asset when sold

at time T . Similar remarks apply to Asian put options with Φ(ST0 ) =
(A−K)+.

Barrier options, where in addition to the strike price K one specifies a
lower barrier L < K and the payout depends on whether the lower
barrier is crossed before T . There are now a variety of payoff functions,
e.g., Φ(ST0 ) =

(
S(T )−K)+1 {τ > T} (“down and out”), where τ def=

inf{t : S(t) < L}.
Basket options, where, as one example, S(t) can be the weighted sum of

several stock prices, that is, the value of a portfolio of stocks.

For the GBM Black–Scholes model, there are explicit formulas for the
price of many types of options. Even so, Monte Carlo simulation is required
to price some options in this model, e.g., a discretely sampled Asian option.
For most other models, explicit price formulas are typically not available
even for European options. In addition to alternative assumptions on the
dynamics of {S(t)}, examples of model extensions beyond Black–Scholes
include stochastic volatility and stochastic interest rate models, where the
σ in (3.3) (the volatility) and/or the short rate r are replaced by stochastic
processes {σ(t)}, {r(t)}.

4 Issues Arising in the Monte Carlo Context

We turn next to a discussion of some of the computational issues that arise
in the Monte Carlo context.

Issue 1: How do we generate the needed input random variables?

Our above discussion for the GI/G/1 queue assumes the ability to generate
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independent sequences {Vn} and {Tn} of i.i.d. r.v.’s with appropriately de-
fined distributions. Similarly, in the example of European options, we need
to be able to generate S(T ) under the distributional assumption under con-
sideration. The simplest examples are the M/M/1 queue, where the Vk, Tk
are exponential, and the the Black-Scholes model where S(T ) is lognor-
mal or, equivalently, log S(T ) is normal, but more complicated models can
occur, see, for example, Chapter XII.

As will be seen in Chapter II, all such algorithms work by transforming a
sequence of uniform i.i.d. r.v.’s into the appropriate randomness needed for
a given application. Thus, we shall need to discuss the generation of i.i.d.
uniform r.v.’s (II.1 = Section 1 of Chapter II) and to show how such uniform
randomness can be transformed into the required nonuniform randomness
needed by the simulation experiment (II.2–II.6).

In the option-pricing example, we have the additional difficulty that we
cannot simulate the entire path {S(t)}0≤t≤T . At best, we can simulate
{S(t)}0≤t≤T only at a finite number of discrete time points. Furthermore,
because {S(t)} typically evolves continuously through dynamics specified
via an SDE, the same difficulties can arise here as in the solution of ordinary
(deterministic) differential equations (ODEs). In particular, the forward
simulation via the process with a finite-difference approximation induces a
systematic bias into the simulated process. This is comparable to the error
associated with finite-difference schemes for ODEs; see further Chapter X.

Issue 2: How many computer experiments should we do?

Given that we intend to use the Monte Carlo method as a computational
tool, some means of assessing the accuracy of the estimator is needed. Sim-
ulation output analysis comprises the body of methods intended to address
this issue (Chapter III). One standard way of assessing estimator accuracy
is to compute a (normal) confidence interval for the parameter of interest,
so a great deal of our discussion relates to computing such confidence in-
tervals. Special difficulties arise in:
(a) the computation of steady-state expectations, as occurs in analyzing
the steady-state waiting time r.v. W∞ of the GI/G/1 queue (the limit in
distribution of Wn as n→∞), see Chapter IV;
(b) quantile estimation, as occurs in value-at-risk (VaR) calculations for
portfolios; see Example 5.17 and III.4a.

A necessary condition for approaching item (a) at all is of course that
we be able to deal with the following issue.

Issue 3: How do we compute expectations associated with limiting station-
ary distributions?

For the GI/G/1 queue, the problem is of course that the relationWn
D→W∞

and the possibility of generating an r.v. distributed as Wn does not allow
us to generate an r.v. distributed as W∞. In other words, we are facing
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an infinite-horizon problem, in which an ordinary Monte Carlo experiment
cannot provide an answer in finite time. This is also clearly seen from the
formula (1.7), stating that P(W∞ > x) = P(M > x) = P(τ(x) < ∞),
where τ(x) = min {n > 0 : Sn > x} and M = maxn=0,1,2,... Sn. Indeed,
simulating a finite number n of steps of the random walk Sn cannot de-
termine the value of M but only of Mn, and furthermore, one can get
an answer only to whether the event {τ(x) ≤ n} occurs but not whether
{τ(x) <∞} does.

Of course, one possible approach is to use a single long run of the Wn

and appeal to the LLN; cf. the concluding remarks of Section 2. Here,
the complication is that error assessment will be challenging because the
observations are serially correlated.

Option-pricing examples typically involve only a finite horizon. However,
a currently extremely active area of steady-state simulation with a rather
different flavor from that of queuing models is Markov chain Monte Carlo
methods (MCMC), which we treat separately in Chapter XIII; some key
application areas are statistics, image analysis, and statistical physics.

Issue 4: Can we exploit problem structure to speed up the computation?

Unlike the sampling environment within which statisticians work, the
model that is generating the sample is completely known to the simulator.
This presents the simulator with an opportunity to improve the computa-
tional efficiency (i.e., the convergence speed as a function of the computer
time expended) by exploiting the structure of the model.

For example, in a discretely sampled Asian option, the geometric average
Ageom

def=
[
S(T/N) · S(2T/N) · · ·S(T )

]1/N has a lognormal distribu-
tion with easily computable parameters in the Black–Scholes model. Thus
EAgeom is known, and for any choice of λ ∈ R,

(A−K)+ − λ
(
Ageom − EAgeom

)

is again an estimator having mean E(A−K)+. Hence, in computing E(A−
K)+, the simulator can choose λ to minimize the variance of the resulting
estimator, thereby improving the efficiency of the naive estimator.

Similarly, in the context of the GI/G/1 queue, EX1 is known, so that for
any choice of λ ∈ R,

Wn − λ
(
Sn − nEX1

)

is again an estimator having mean EWn.
The common idea of these two examples is just one example of variance

reduction (and is the one specifically known as the method of control vari-
ates). Use of good variance-reduction methods can significantly enhance
the efficiency of a simulation (and is discussed in detail in Chapter V).

Issue 5: How does one efficiently compute probabilities of rare events?

Suppose that we wish to compute the probability that a typical customer in
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steady state waits more than x prior to receiving service, i.e., P(W∞ > x).
If x is large, z def= P(W∞ > x) (or, equivalently, z = P(τ(x) < ∞)) is
the probability of a rare event. For example, if z = 10−6, the fraction of
customers experiencing waiting times exceeding x is one in a million, so
that the simulation of 10 million customers provides the simulator with
(on average) only 10 samples of the rare event. This suggests that accurate
computation of rare-event probabilities presents significant challenges to
the simulator.

Chapter VI is devoted to a discussion of several different methods for in-
creasing the frequency of rare events, and thereby improving the efficiency
of rare-event simulation. The topic is probably more relevant for queuing
theory and its communications applications than for option pricing. How-
ever, at least some option-pricing problems exhibit similar features, say a
European call option that is out-of-the-money (P

(
S(T ) > K

)
is small),

and rare events also occur in VaR calculations, in which a not uncommon
quantile to look for is the 99.97% quantile, cf. McNeil et al. [252].

Issue 6: How do we estimate the sensitivity of a stochastic model to
changes in a parameter?

The need to estimate such sensitivities arises in mathematical finance in
hedging. More precisely, in a hedging portfolio formed by a bank account
and the asset underlying the option one tries to hedge, it holds rather
generally (Björk [45]) that the amount to invest in the asset at time t should
equal what is called the the delta, the partial derivative of the expected
payout at maturity w.r.t. the current asset price. For another example,
assume that in the Black–Scholes model the volatility σ is not completely
known but provided as an estimate σ̂. This introduces some uncertainty
in the option price Π, for the quantification of which we need ∂Π/∂σ, the
vega.

In the GI/G/1 queue, suppose we are uncertain about the load the sys-
tem will face. In such circumstances, it may be of interest to compute the
sensitivity of system performance to changes in the arrival rate. More pre-
cisely, suppose that we consider a parameterized system in which the arrival
epochs are given by the sequence

{
λ−1An

}
, so that λ/EA1 is the arrival

rate. The sensitivity of the system performance relating to long delays is
then (d/dλ)P(W∞ > x).

Chapter VII discusses the efficient computation of such derivatives (or,
more generally, gradients).

Issue 7: How do we use simulation to optimize our choice of decision pa-
rameters?

Suppose that in the GI/G/1 queue with a high arrival rate (say exceeding
λ0), we intend to route a proportion p of the arriving customers to an alter-
native facility that has higher cost but is less congested, in order to ensure
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that customers are served promptly. There is a trade-off between increas-
ing customer satisfaction (increasing p) and decreasing costs (decreasing p).
The optimal trade-off can be determined as the solution to an optimization
problem in which the objective function is computed via simulation.

Also, the pricing of some options involves an optimization problem. For
example, an American option can be exercised at any stopping time τ ≤ T

and then pays
(
S(τ)−K)+. Optimizing τ for American options is a high-

dimensional optimization problem, which due to its complexity and special
nature is beyond the scope of this book (we refer to Glasserman [133,
Chapter 8]), but is mentioned here for the sake of completeness.

A discussion of algorithms appropriate to simulation-based optimization
is offered in Chapter VIII.

5 Further Examples

The GI/G/1 queue and option pricing are of course only two among many
examples in which simulation is useful. Also, in some cases, other appli-
cations involve other specific problems than those discussed in Section 4,
and the evaluation of an expected value is far from the only application of
simulation. The following examples are intended to illustrate these points
as well as to introduce some of the models and problems that serve as
recurrent examples throughout the book.

Example 5.1 Let f : (0, 1)d → R be a function defined on the d-dimensional
hypercube and assume we want to compute

z
def=

∫

(0,1)d

f
(
u1, . . . , ud

)
du1 · · · dud =

∫

(0,1)d

f(u) du ,

where u def=
(
u1, . . . , ud

)
. We can then write z = Ef

(
U1, . . . , Ud

)
=

Ef(U), where U1, . . . , Ud are i.i.d. r.v.’s with a uniform(0, 1) distribution
and U def=

(
U1, . . . , Ud

)
, and apply the Monte Carlo method as for the

GI/G/1 queue to estimate z via

ẑ
def=

1
R

(
f(U1) + · · ·+ f(UR)

)
,

where U1, . . . ,UR are i.i.d. replicates of U ; these can most often be easily
generated by taking advantage of the fact that uniform(0, 1) variables are
built in as standard in most numerical software packages (a totality of dR
such variables is required).

Of course, the nonrandomized computation of the integral z has been
the topic of extensive studies in numerical analysis, and for small d and
smooth integrands f , standard quadrature rules perform excellently and
are in general superior to Monte Carlo methods (see further Chapter IX).
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More generally, let f : Ω → R be defined on a domain Ω ∈ R
d. We can

then choose some reference density g(x) on Ω and write

z =
∫

Ω

f(x) dx =
∫

Ω

f(x)
g(x)

g(x) dx = E

[f(X)
g(X)

]
,

whereX is an r.v. with density g(x). Thus replicatingX provides a Monte
Carlo estimate of z as the average of the f(Xr)/g(Xr). For example, g(x)
could be the N (0, Id) density or, if Ω ⊆ (0,∞)d, the density e−x1−···−xd of
d i.i.d. standard exponentials. Another procedure in the case of a general
Ω is to use a transformation ϕ : Ω → (0, 1)d, where ϕ is 1-to-1 onto ϕ(Ω).
Then

z =
∫

Ω

f(x) dx =
∫

ϕ(Ω)

f(ψ(u))J(u) du = E
[
f(ψ(U))J(U )

]
,

where ψ def= ϕ−1 and J(u) is the Jacobian, that is, the absolute value of
the determinant of the matrix

(∂x
∂u

)
=

⎛

⎜⎜
⎝

∂ψ1(u)
∂u1

. . . ∂ψd(u)
∂u1

...
...

∂ψ1(u)
∂ud

. . . ∂ψd(u)
∂ud

⎞

⎟⎟
⎠ .

We return to integration in Chapter IX. �

Example 5.2 An example of a similar flavor as the last part of Exam-
ple 5.1 occurs in certain statistical situations in which the normalizing
constant z(θ) determining a likelihood fθ(x)/z(θ) is not easily calculated.
That is, we have an observation x that is the outcome of a r.v. X taking
values in Ω (where Ω is some arbitrary space) with distribution Fθ governed
by a parameter θ, such that the density w.r.t. some reference measure μ
(independent of θ) on Ω is fθ(y)/z(θ), where thus z(θ) def=

∫
Ω
fθ(y)μ(dy).

However, there are situations in which z(θ) is not easily calculated, even if
the form of fθ(y) is simple.

If r.v.’s X1, . . . , XR with density fθ(x)/z(θ) are easily simulated, we may
just for each θ calculate z(θ) as the average of the Z def= fθ(Xr). However,
often this is not the case, whereas generation from a reference distribution
G with density g(x) is easy. One may then write

z(θ) =
∫

Ω

fθ(y)
g(y)

g(y)μ(dy) = EGZ(θ) ,

where Z(θ) def= fθ(X)/g(X), and determine z(θ) by Monte Carlo simulation,
whereX is generated from G. A suitable choice of G could often be G = Fθ0
for some θ0 such that Fθ0 has particularly simple properties.

The procedure is a first instance of importance sampling, to which we
return in V.1.
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Consider, for example, point processes in a bounded region Ω in the plane
(or in R

d), which are often specified in terms of an unnormalized density
fθ w.r.t. the standard Poisson process. One example is the Strauss process.
A point x in the sample space can be identified with a finite (unordered)
collection a1, . . . ,am, where m = m(x) is the number of points and ai the
position of the ith. Then fθ(x) = λm(x)ηt(x) for the Strauss process, where

θ = (λ, η) ∈ (0,∞)× [0, 1] , t(x) def=
∑

i�=j
1{d(ai,aj) < r}

(Euclidean distance) and 0 < r < ∞ is given. For η = 1, this is just the
Poisson(λ) process, whereas η = 0 corresponds to a so-called hard-core
model, in this case a Poisson process conditioned to have no pair of points
at distance less than r; the interpretation of the intermediate case 0 < r < 1
is some repulsion against points being closer than r. For simulation of z(θ),
one would obviously take θ0 = (λ, 1) since a Poisson process is easy to
simulate. See further Møller & Waagepetersen [265]. �

Example 5.3 A further related example is counting the number of ele-
ments z def= |S| of a finite but huge and not easily enumerated set S. Assume
that S ⊆ T with T finite and that some r.v. X on T is easily simulated,
say the point probabilies are p(x) def= P(X = x). We can then write

z =
∑

x∈T
1x∈S =

∑

x∈T

1
p(x)

1x∈S p(x) = EZ ,

where Z def= 1X∈S/p(X), and apply the Monte Carlo method.
For example, consider the graph-coloring problem in which S is the set

of possible colorings of the edges E of a graph G = (V,E) (V is the set of
vertices) with colors 1, . . . , q such that no two edges emanating from the
same vertex have the same color. Say V is a set of countries on a map and
two vertices are connected by an edge if the corresponding countries have
a piece of common border. An obvious choice is then to take T as the set
of all possible colorings (the cardinality is n def= |E|q) and X as uniform on
T such that p(x) = 1/n.

This is an instance of a randomized algorithm, that is, an algorithm that
involves coin-tossing (generated randomness) to solve a problem that is in
principle deterministic. There are many examples of this, with Motwani &
Raghavan [263] being a standard reference. We return to some in XIV.1.
Other main ones like QUICKSORT, which sorts a list of n items, are not
discussed because the involved simulation methodology is elementary.

Note that the suggested algorithm for the graph-coloring problem is
somewhat deceiving because in practice |T | is much bigger than |S|, making
the algorithm inefficient (for efficiency, p(·) should be have substantial mass
on S, cf. Exercise V.1.3). We return to alternative strategies in XIV.3. �
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Example 5.4 An important area of application of randomized algorithms
is optimization, that is, finding and locating the minimum of a deterministic
function H(x) on some feasible region S.

One approach involves the Boltzmann distribution with density f(x) def=
e−H(x)/T /C w.r.t. some measure μ(dx), where C = C(T ) is a normalizing
constant ensuring

∫
f dμ = 1. Here one refers to H as the Hamiltonian or

energy function, and to T as the temperature (sometimes the definition also
involves Planck’s constant, which, however, conveniently can be absorbed
into T ). At high temperatures, the distribution is close to μ; at low, it
concentrates its mass on x-values with a small H(x). By choosing T small
and generating an r.v.X according to f , the outcome ofH(X) will therefore
with high probability be close to the minimum.

We return to this and further examples in XIV.1. �

Example 5.5 Filtering or smoothing means giving information about an
unobserved quantity X from an observation Y . Often, the joint density
f(x, y) of X,Y is readily available, but the desired conditional density

f(x|y) =
f(x, y)∫
f(x′, y) dx′

(5.1)

of X given Y involves a normalization constant obtained by integrating x′
out in f(x′, y), a problem that is often far from trivial. Examples of filtering
are reconstructing the current location of a target from noisy observations
and reconstructing a signal or an image from blurred observations; see
further XIII.2d and A5. Here often the observations arrive sequentially in
time and X is a segment of a Markov chain with possibly nondiscrete state
space. The problem is essentially the same as that of Bayesian statistics
(see XIII.2a), where X plays the role of an unknown parameter (usually
denoted by θ) with a prior π0(x), so that the joint density of (X,Y ) is
f(x, y) = π0(x)f(y |x), where f(y |x) is the likelihood, and (5.1) is the
posterior on x.

In the setting of filtering, Bayesian statistics, likelihood computations as
in Example 5.2, the Bolztmann distribution, a uniform distribution on a
finite set S with an unknown number S of elements (cf. Example 5.3), and
many other situations with a density f(x) only known up to a constant,
most standard methods for generating r.v.’s from f(x) fail. For example,
how do we generate a realization of the Strauss process, or a point pattern
that at least approximately has the same distributional properties?

One approach is provided by Markov chain Monte Carlo methods, a topic
of intense current activity, as further discussed in Chapter XIII. Another
is resampling methods and particle filtering, as surveyed briefly in XIV.2.

�

Example 5.6 A PERT net is a certain type of directed graph with one
intial node � and one terminal node �. It models a production process,
whose stages are represented by the edges of the graph (PERT = Project
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Evaluation and Review Technique). As an example, assume (following Win-
ston [366] p. 410) that we want to produce an item assembled from two
parts 1, 2, and that the stages are A: train workers, B: purchase materials,
C: produce 1, D: produce 2, E: test 2, F: assemble 1, 2. Then C, D cannot
be performed before A,B are finished, which is expressed by saying that
A, B are predecessors of C, D. Similarly, C, E are predecessors of F and D
is a predecessor of E. The traditional graph representation of this is given
in Figure 5.1. The edge 0 is dummy (representing a task that is carried out
instantaneously), and is added to conform with the convention that there
is at most one edge connecting two nodes.

�

�

�

�

�

�

B

A
C

F

0 D E

�

� �

�

� �

�

FIGURE 5.1

The set of all possible paths i1i2 . . . iN from � to � is denoted by P. Thus,
in Figure 5.1 P = {ACF, ADEF, B0CF, B0DEF}. Associated with edge
i is a r.v. Yi ≥ 0, with the Yi independent for different i but in general with
different distributions, and a main quantity of interest is the length

L
def= max

(
Yi1 + Yi2 + · · ·+ YiN : i1i2 . . . iN ∈ P

)

of the maximal path; note that L is simply the time needed until the com-
pletion of the process. The Monte Carlo method may be used, for example,
to evaluate EL, P(L > �) or the probability that a given path such as
ADEF is actually the maximal one. �

Example 5.7 Buffon’s needle experiment (1777) for numerical evaluation
of π is often mentioned as the first use of simulation. The basic observation
is that if a needle of length L < 1 is thrown at random on a floor of parallel
boards, each one unit wide, the needle will intersect one of the cracks with
probability p = 2L/π. Thus if p̂ is the fraction of times an intersection is
obtained in R replications, π̂ = 2L/p̂ is a simulation-based estimator of π.

For more detail on the history, see Newman & Barkema [276, pp. 24–25].
Simulation aspects are discussed in more detail in Ripley [300].

For illustrative purposes, we will often consider an alternative esti-
mator Z def= 41{U2

1 + U2
2 ≤ 1} of π, where U1, U2 are independent and

uniform(0, 1); note that P
(
U2

1 + U2
2 ≤ 1

)
= π/4 is the probability that a

uniform point in (0, 1)2 falls in the quarter-disk

{u1 ≥ 0, u2 ≥ 0, u2
1 + u2

2 ≤ 1} . �
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Example 5.8 Another historically important example is the determina-
tion of the critical mass Kc of the A-bomb. Assume that the bomb is a
ball of radius K, that spontaneous emissions of neutrons occur according
to a Poisson process in space and time, and that emitted neutrons may
hit other nuclei and cause further emissions. Neutrons exiting the ball are
lost. The total number of emitted neutrons in such a cascade will be in-
finite if K = ∞, in which case the bomb will explode, and finite in the
other extreme K = 0. The problem for the simulator is to give an esti-
mate of a number Kc such that a cascade is finite w.p. (with probability)
1 if K < Kc and infinite with positive probability if K > Kc, which can
be done by inspecting the sample path behavior of a number of simulated
cascades.

Similar ideas have been used for dimensioning nuclear reactors. See
further Harris [175], Hammersley & Handscombe [173], and XIV.10. �

Example 5.9 The penetrability of a medium to say water is often modeled
by physicists as a configuration of open links on an infinite lattice, say Z

2.
Two lattice points (x1, x2), (y1, y2) are neighbors if

∣∣x1 − y1
∣∣+

∣∣x2 − y2
∣∣ = 1 ,

and one defines a graph on Z
2 by connecting neighbors independently with

probability p for each pair. The model percolates if an infinite connected
component exists. It was long conjectured that this occurs with a proba-
bility z = z(p) which is 0 or 1, with 1 precisely when p ≥ pc for a certain
critical value pc, and that more precisely pc = 1/2. This was settled by
Kesten around 1980 (see Grimmett [169]), but simulation played an impor-
tant role in developing the conjecture and still does in higher dimensions
and similar problems in statistical physics.

To obtain information on pc, one possible approach is to simulate the
percolation process on a finite lattice {−L, . . . , L}2 for different L-values,
for each L let z(L) denote the probability that a path from the left {−L}×
{−L, . . . , L} to the right {L} × {−L, . . . , L} exists, and use what appears
to be the limit z as L increases of the estimates ẑ(p) = ẑ(p, L) of z(p). �

Example 5.10 It is worth pointing out that procedures such as in Exam-
ple 5.9 do have their pitfalls. One example in which a misleading result
occured is bootstrap percolation (a rather alogical terminology!), in which
the sites of Z

2 are initially independently marked w.p. p. In the first step,
an unmarked site with two marked neighbors becomes marked, the proce-
dure is repeated in the second step, and so on. Since the configuration of
marked sites is increasing, a limit will exist, and the question is, what is
the probability z = z(p) that this limit is the whole of Z

2?
Simulations by physicists long gave the impression that a critical value

pc exists and is strictly positive. However, later a reasonably simple proof
was given that in fact, pc = 0! The problem is roughly that certain config-
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urations of marks may drift into regions very far away, so that simulations
on a finite lattice will always be misleading.

At a philosophical level, one may of course argue that infinite lattices do
not exist in the real world, and that a reliable simulation estimate of z (or
the occupancy density of marks in the final configuration) for a realistically
large lattice is better than a limit result as L→∞. However, “realistically
large” may well be beyond the capacity of even today’s computers! �

Example 5.11 The lilypond model describes a pattern of disks in the
plane. Initially, points (germs) are placed according to a Poisson process
with unit intensity. Around each point, disks (grains) start to grow at a
unit rate. When two disks meet, they both stop growing (one may have
stopped already because of interaction with a third). Thus fixation occurs
after a finite time in any finite region in the plane.

A quantity of interest is the volume fraction, that is, the fraction of the
plane occupied by disks. Another is the expected area EZ of a typical con-
nected component, defined as a maximal union of disks that meet another
member of the union. None of these are explicitly available, so it is relevant
to provide Monte Carlo estimates.

See further Exercise 6.6 and Daley et al. [79]. �

Example 5.12 Asymptotic methods are widely used in statistics. For
example, when testing a simple hypothesis H using the test statistic
T

def= −2 logQ, where Q is the likelihood ratio,8 such that H is rejected for
large values of T (i.e. when T > t0), one would ideally reject at the α level
by choosing the critical value t0 such that PH (T ≤ t0) = 1 − α. However,
the H -distribution of T is often unknown, and one uses an approximation,
typically that T has an approximate χ2-distribution with an appropriate
number f degrees of freedom as the number N of observations goes to
∞. Then t0 is chosen approximately as the χ2-quantile rather than as the
H -quantile, i.e., by Pχ2(T ≤ t0) = 1 − α. The obvious question is how
large the error of this procedure is for a given finite N , that is, how far
PH,N(T > t0) is from Pχ2(Q > t0) = α. This may be assessed by a Monte
Carlo experiment with Z = 1T>t0 .

For example, let X be binomial (N, θ). The traditional statistical test for
θ = θ0 rejects for large values of T = −2 logQ, where

Q =
θX0 (1− θ0)N−X

θ̂X(1 − θ̂)N−X

and θ̂ def= X/N is the maximum likelihood estimator. The χ2 approximation
to T has f = 1, so that one rejects at the 95% level if T ≥ 3.84, the 95%

8in the sense of statistics, not importance sampling as occuring otherwise widely
throughout the book!
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quantile in the χ2 distribution with one degree of freedom; rejects at the
99% level if T ≥ 6.63, the 99% quantile; etc. The traditional criterion for n
being large enough is that both Nθ0 ≥ 5 and N(1 − θ0) ≥ 5. Monte Carlo
simulation may help in assessing whether this criterion is too crude or too
conservative.

In addition to the level, a main quantity of interest in hypothesis testing is
the power, which for a given alternative H ∗ is defined as PH ∗(T > t0) (the
probability of rejecting a wrong hypothesis). Again, this may be evaluated
by Monte Carlo simulation. �

Example 5.13 The EM algorithm is one of the standard tools for maxi-
mum likelihood estimation of a parameter θ in the presence of incomplete
observations. It is introduced in more detail in A4 (Section A4 of the
Appendix), but at this stage it suffices to say that it involves the computa-
tion of certain conditional expectations that may not be readily available.
For example, in Exercise VIII.5.1 one faces the evaluation of conditional
expectations of the form

Eθ

[
X2

1

∣
∣ �X1�, �X2�

]
Eθ

[
X2

2

∣
∣ �X1�, �X2�

]

(�X� = integer part) for a bivariate N (0,Σ) random vector (X1, X2),
which is explicitly available only for special values of Σ. The Monte Carlo
method is an obvious tool, provided one can generate r.v.’s with the
required conditional distributions, a problem to be discussed in II.2.4.
�

Example 5.14 The Cramér–Lundberg model is the most classical model
for insurance risk, and assumes that claims arrive according to a Poisson(β)
process {N(t)}, that the claim sizes V1, V2, . . . are i.i.d. and independent
of {N(t)}, and that premiums come in at a continuous rate c. Thus, the
aggregate claims in one unit of time (say a year) are distributed as

A
def=

N(1)∑

i=1

Vi ,

and a classical object of study is the probability z def= P(A > x) of a large
loss (here x is some large number). The distribution of A is basically avail-
able only for exponential claims Vi, so simulation is one possible numerical
method. Since x is typically large, we are again in a rare-event setting. �

Example 5.15 Another basic quantity associated with the Cramér–
Lundberg model is the infinite-horizon ruin probability ψ(x) with initial
reserve x. Let S(t) denote the claim surplus at time t, that is, the amount
by which the claims exceed the premiums. Then S(t) =

∑N(t)
1 Vi − ct,

and ruin occurs when this quantity for the first time exceeds x. That is,
ψ(x) = P

(
τ(x) <∞), where τ(x) def= inf{t > 0 : S(t) > x}. One can prove
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(cf. IV.7) that if c = 1 (which w.l.o.g. may be achieved by a simple change
of time), then

ψ(x) = P(W∞ > x) = P
(
V (∞) > x

)
, (5.2)

where W∞, V (∞) are the steady-state waiting time and workload in the
M/G/1 queue with the same arrival rate and the service times distributed
as the insurance claims. That such a connection exists is of course also
strongly suggested by (1.7).

In both the insurance and M/G/1 models, one is faced with an
infinite-horizon problem when evaluating (5.2) via simulation. The naive
procedure is to choose some large T and use the approximate estimate
1{S(t) > x for some t ≤ T}. This is probably the best one can do in many
similar situations, but in the Cramér–Lundberg and M/G/1 setting there
is a more satisfying solution given by the Pollaczeck–Khinchine formula

ψ(x) = P
(
Y1 + · · ·+ YN > x) , (5.3)

where the Yk are i.i.d. r.v.’s with density P(V > y)/EV (the integrated
tail distribution) and N an independent geometric r.v. with P(N = n) =
(1− ρ)ρn, n ∈ N. Thus, one simply generates N and Y1, . . . , YN to get the
estimator Z def= 1{Y1 + · · ·+ YN > x}. �

Example 5.16 Example 5.14 and formula (5.3) both involve the distri-
bution of a random sum. This comes up in many other examples. One is
credit risk, where N is the number of those who have defaulted in a certain
period and Yn the loss on the nth default. An alternative representation is
to let N be the total number of debtors and let Yn = 0 if default does not
occur. In both cases, L = Y1 + · · ·+ YN represents the portfolio loss. The
same interpretation can be given for other sums. For example, an invest-
ment company may be holding N assets (stocks, bonds, options of various
types, etc.) and Yn is the loss on the nth asset, that is, the (random) value
at the end of the period under consideration minus the (known) value at
the start.

A specific feature in the calculation of portfolio loss is that most often
dependence between the Yn cannot be neglected. Such dependence will
typically arise from a random economic environment common to the indi-
vidual risks. We touch upon ways to deal with rare-event calculations in a
dependent setting in XIV.11. �

Example 5.17 A variant of the problem of calculating P(L > x) in a
portfolio setting is to asses the value-at-risk (VaR) xα at a specific level
α, defined as the α-quantile. That is, xα satisfies P(L ≤ xα) = α, with a
typical value of α being 99%, 99.9% or 99.97%, see McNeil et al. [252].

VaR calculations are extensively performed by financial institutions and
are in fact often required by legislators and regulators. A naive simulation
scheme is to estimate z(x) def= P(L > x) for selected values of x and estimate
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xα by the x for which the estimated z(x) is closest to 1−α. A more satisfying
procedure is to generate R replications L1, . . . , LR of L and estimate xα by
the empirical α-quantile, as discussed in III.4a. �

Example 5.18 The Galton–Watson process {Xn}n∈N
is a model for a one-

sex population. With Zn,i denoting the number of children of individual
i in generation n, the Zn,i are assumed i.i.d. with mean m

def= EZn,i (the
offspring mean). If m < 1, it is easy to see that the population eventually
becomes extinct, i.e., T def= inf {n : Xn = 0} is finite w.p. 1. It is known
that the tail of the extinction time T decays geometrically at rate m under
weak regularity conditions, i.e., P(T = n) ∼ cmn for some c, but c as well
as further characteristics of T are not readily available. Thus, one may want
to use simulation to provide Monte Carlo estimates of c,ET,Var T , etc., or
to provide histograms of simulated values to give a rough idea of the shape
of the distribution of T .

We return to branching processes in XIV.10. �

Example 5.19 The Wright–Fisher model (e.g., Ewens [115]) in population
genetics is an example of a somewhat similar flavor as the Galton–Watson
process. A diploid population is assumed to have a fixed size N and two
alleles a,A of a gene are possible at a certain locus. The genes in generation
n+ 1 are assumed to be obtained from those in generation n by sampling
with replacement. That is, if Xn ∈ {0, 1, . . . , 2N} is the total number of
A genes in generation n, then Xn+1 has a binomial (2N, pn) distribution
given Xn, where pn = Xn/2N .

The process {Xn} is a Markov chain and will eventually end up in one
of the two absorbing states 0, 2N . Thus, with T

def= inf{Xn = 0 or 2N}
and X0 = x, we may ask for the fixation probabilities Px(XT = 0),
Px(XT = N) and for properties of the fixation time T such as ExT , VarxT ,
or Ex

[
T ; XT = 0

]
, Ex

[
T ; XT = 2N

]
. For the simple Wright-Fisher model,

{Xn} is a martingale, which easily yields

Px(XT = 0) = 1− x/2N , Px(XT = N) = x/2N .

However, adding features such as selection and mutation destroyes the mar-
tingale property, and simulation may be needed. Also, properties of T are
not equally as easy as the fixation probabilities. For example, various ap-
proximations for ExT are known when N is large, but one may ask for the
accuracy of the approximations and for the behavior of T and the fixation
probabilities in more complicated models.

A particular challenge for simulation the Wright–Fisher model is that N
often is very large, say of order 106 to 109, so that we are dealing here with
one more case in which speeding up the simulation is relevant. �

Example 5.20 Consider two species such as lynxes and hares (or snakes
and lizards, etc.), of which one is the predator and the other the prey. The
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growth of the lynx population is positively correlated to the size of the hare
population, and the growth of the hare population is negatively correlated
to the size of the lynx population. The classical deterministic model is the
coupled ODEs

�̇(t) = �(t)
(
a+ bh(t)

)
, ḣ(t) = h(t)

(
c− d�(t)

)
,

where typically a < 0 (the lynx population would decrease in the absence of
hares) and c > 0 (the hare population would grow in the absence of lynxes).
The solutions move around on closed curves in (0,∞)2, corresponding to
phase-shifted periodic fluctuations of the two populations; cf. Figure 5.2.
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FIGURE 5.2

In Figure 5.2, the upper panel is a set of solutions (the upper curve repre-
sents the hares and the lower the lynxes) corresponding to a = −0.2, b =
0.001, c = 0.3, d = 0.01. The lower panel gives the level sets of the solutions,
with the intermediate level set corresponding to the upper panel.

In fact, a classical set of data from Canada shows reasonable agreement
with Figure 5.2, but of course also some stochastic deviations. In modeling
the stochastic component, it is of course crucial that the proposed model
have a behavior not too far from the data. This may be a difficult question
to answer theoretically, but simulations may give a clue. Simulation may
further help clarify questions such as whether the noisiness introduced in
the model will eventually disturb the cyclical behavior, such that the pro-
cess or one of its two species eventually becomes absorbed at 0, or that it
drifts off to ∞. See further Exercise X.7.1. �
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Example 5.21 The renewal equation is the convolution equation Z =
z + F ∗ Z on [0,∞), i.e.,

Z(x) = z(x) +
∫ x

0

Z(x− y)F (dy) , x ≥ 0,

where Z is the unknown function, z a known function, and F a known
positive measure (not necessarily a probability distribution). It is of fun-
damental importance in a variety of applied probability problems, cf.
[16].

The solution is easily seen to be Z = U ∗ z, where U def=
∑∞

0 F ∗n (sum
of convolution powers) is the renewal measure. The difficulty in applying
this formula is that U can easily be evaluated in explicit form in only a few
special cases. But assuming the total mass c of F to be finite, G def= F/c
is a probability distribution on [0,∞), and we can let X1, X2, . . . be i.i.d.
with distribution G and Sn

def= X1+ · · ·+Xn (here S0 = 0). Then Z = U ∗z
means

Z(x) = E

∞∑

n=0

cnz(x− Sn)

(with the convention z(x) = 0, x < 0). So fixing x0 < ∞ and letting
τ

def= inf {n : Sn > x0}, we can estimate
(
Z(x)

)
x≤x0

by computing

( τ∑

n=0

cnz(x− Sn)
)

0≤x≤x0

overR replications and averaging. This provides an alternative to numerical
methods for integral equations, which typically amount to discretization
and recursive schemes.9 �

Example 5.22 Consider the partial differential equation (PDE)

0 = afxx(t, x) + μfx(t, x)− ft(t, x)− g(x)f(t, x) , (5.4)

where f(t, x) is a function of two variables x ∈ R, t ≥ 0, and ft
def= ∂f/∂t,

fx
def= ∂f/∂x, fxx

def= ∂2f/∂x2. The primitive g is an arbitrary smooth
function. Assume w.l.o.g. that a > 0. It is then straightforward to show
(e.g., Steele [346]) that a solution is

f∗(x, t) def= Ex exp
{
−
∫ t

0

g(Xs) ds
}
, (5.5)

where {Xs} is a Brownian motion with drift μ and variance constant
σ2 = 2a, and Ex means X0 = x. If we look for a solution satisfying

9The choice G = F/c is made here mainly for expository purposes. Actually, an
exponential change of measure is most often the more natural alternative.



6. Introductory Exercises 25

the same initial condition f(x, 0) = 1 as f∗, we therefore obtain a nu-
merical scheme for evaluating f(t, x) using the Monte Carlo method with
Z(t) def= exp

{
− ∫ t0 g(Xs) ds

}
with independent Brownian paths {Xs}0≤s≤t

for the different replications. This provides an alternative to numerical
methods for PDEs, which again typically amount to discretization and
recursive schemes.

The connection between (5.4) and (5.5) is often referred to as a Feynman–
Kac formula. In a suitable discrete time setting, this also incorporates the
filtering problem discussed in Example 5.5. See further Del Moral [85] and
XIV.2. �

6 Introductory Exercises

We give here some exercises that may used at the start of a course to assist
the reader in becoming acquainted with software and hardware and to get
some first practical experience with simulation, but that do not require
any of the theory to be developed later in the book (the software used
should include, however, routines for generating r.v.’s from the standard
distributions).

Exercises

6.1 (A) In a soccer tournament with 16 teams, the first 8 games are 1-2 (i.e.,
team 1 versus team 2), 3-4, . . ., 15-16, the next four (the quarterfinals) the winner
of 1-2 versus the winner of 3-4 and so on until the final. Ties are decided by
sudden death (the winner is the first to score). Team i is characterized by three
parameters λi, pi, γi, such that normally the number of major possibilities for a
goal it creates is Poisson(λi) and the probability of preventing the opponent from
scoring on one of their major possibilities is pi. However, a bad day may occur
w.p. γi and then λi, pi are reduced to 2/3 of their values. The parameters are as
follows:

1 2 3 4 5 6 7 8
λ 4.2 6.2 6.4 4.9 6.2 3.2 6.6 6.2
p 0.65 0.80 0.82 0.66 0.78 0.82 0.47 0.53
γ 0.36 0.23 0.23 0.32 0.42 0.19 0.37 0.41

9 10 11 12 13 14 15 16
λ 4.2 4.1 8.7 3.3 6.8 0.7 4.1 4.9
p 0.65 0.60 0.88 0.55 0.72 0.50 0.74 0.69
γ 0.36 0.30 0.23 0.19 0.30 0.38 0.32 0.29

Explain that in a match between teams i and j, the score is Nij goals to Nji,
where Nij is Poisson(μij) given two independent r.v.’s Yi, Yj that are 2/3 w.p.
γi, γj and 1 otherwise, and μij

def
= λiYi(1−pjYj), and similarly for Nji. Show also

that the conditional probability that team i wins a possible draw is μij/
(
μij+μji

)
.

Give next a table over estimated values of the probabilities of the different teams
to win the tournament.
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For quantitative stochastic methods applied to sports, see further Albert et al.
[6].
6.2 (A) Consider an Asian call option with the underlying asset following the
GBM Black–Scholes model with yearly volatility 0.25, maturity T = 3 years, short
rate r = 4%, and strike price K = 100 = S(0), and sampling at N equidistant
time points.
Give a point estimate of the price for (a) half-yearly sampling N = 6, (b) monthly
sampling N = 36, (c) weekly sampling N = 150, and (d) daily sampling N = 750.
An obvious conjecture is that the price as a function of N approaches the price

e−rT
E
∗
[ 1

T

∫ T

0

S(t) dt − K
]+

of the continuously sampled option at rate N−α for some α > 0. Check this
conjecture graphically, and give a rough estimate of α.
6.3 (A) A company holding a European call option with maturity T = 1 year
and strike price K delta hedges every week. Assuming the log-returns to follow
the GBM Black–Scholes model with (yearly) volatility σ = 0.25, S(0) = K = 1,
and r = 4% per year, investigate how good the delta hedge replicates the payout[
S(T )−K

]+, say by plotting 25 values of the pairs
([

S(T )−K
]+

, w(T )
)
, where

w(t) is the value of the hedging portfolio at time t.
Explanation. Let Π(x, t, T ) be the price at time t of the option given S(t) = x
and Δ(t) = (∂/∂x)Π(x, t, T )

∣
∣
x=S(t)

(which can be computed by straightforward
differentiation of (3.4)). The portfolio that is delta hedging the option at times
0 = t0 < t1 < · · · < tn < T invests in a1(ti) = Δ(ti) units of the underlying asset,
whereas the amount a2(ti) put in the bank is chosen so as to make the portfolio
self-financing, i.e., one should have

a1(ti−1)S(ti) + a2(ti−1)e
r(ti−ti−1) = a1(ti)S(ti) + a2(ti) .

The initial weights a1(0), a2(0) are chosen such that w(0−) = Π
(
S(0), 0, T

)
, and

the terminal value of the hedge becomes w(T ) = a1(tn)S(T ) + a2(tn)eT−tn . See
further Björk [45].
6.4 (A) Consider the binomial testing problem in Example 5.12. The assignment
is to investigate via simulation whether the criterion that both Nθ0 ≥ 5 and
N(1 − θ0) ≥ 5 be large is too crude or too conservative in the specific case
θ0 = 0.1 and N = 10, 25, 50, 100.
To do this for a given N , simulate R replications of X from Pθ0 , and use these
to estimate the actual level of the test and the 95% and 99% quantiles of T =
−2 log Q.
6.5 (A) A gene in a population of size n occurs in two alleles A,a, such that the
number of individuals of genotypes AA,Aa, aa are NAA, NAa, Naa. The hypoth-
esis H of Hardy–Weinberg equilibrium asserts that the corresponding frequencies
should be of the form θ2, 2θ(1− θ), (1− θ)2.
The maximum likelihood estimator of θ is θ̂ = (2NAA + NAa)/n and the
likelihood ratio statistic for H is

Q =
θ̂2NAA

[
θ̂(1− θ̂)

]NAa(1− θ̂)2Naa

(NAA/n)NAA (NAa/n)NAa (Naa/n)Naa
.
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Investigate by simulation the validity of the usual χ2 approximation with 1 degree
of freedom for −2 log Q, taking n = 5, 10, 20, 50 and θ = 0.05, 0.1, 0.2, 0.5.
6.6 (A) In the lilypond model, Example 5.11, give a Monte Carlo estimate of
the expected area z = EZ of a typical connected component.
It is easy to see from properties of the Poisson process that Z can be simulated by
placing an additional germ at the origin and measuring the area of the connected
component containing it. In the practical implementation, restrict to the square
[−4, 4]2, which has proven large enough that boundary effects do not play a role.
6.7 (A) When applying for a secretarial position, n candidates line up in random
order for interviews, where the manager after each interview has to decide to
take or decline that candidate. His assessment is qualitative in the sense that at
interview k ≥ 2, he observes only Yk,n, the indicator that candidate k is better
than candidates 1, . . . , k − 1, and his goal is to find a strategy whose probability
of selecting the best candidate is close to the maximal value p∗n.
It is easy to see that the optimal strategy is to select candidate

τk,n
def
= inf {
 ≥ k : Y�,n = 1} ∧ n

for some k ∈ {2, . . . , n}. Let k∗n denote the optimal such k. Plot simulation esti-
mates of k∗n and p∗n for n = 5, . . . , 50, and compare with the known asymptotics
k∗n ∼ n/e, p∗n ∼ 1/e.
6.8 (TP) Which r.v.’s would you need to generate for Buffon’s needle experi-
ment?
6.9 (A) A small supermarket gets a batch of Q chickens each Monday and have to
trash the unsold ones on Saturday. So far, the manager has taken Q = 70. Having
a bachelor’s degree in industrial engineering, she has collected some statistics and
knows that the average number N asked for per week is 60, and now wants to
use her background to make a rational choice of Q.
The weekly holding cost (electricity for cooling, interest rate on the cooling facility
etc.) of ordering Q chickens is a + bQ3/4 and the delivery costs c + dQ1/2, where
a = 30, b = 5, c = 50, d = 3 (the monetary unit is DKR; 1USD ≈ 6DKR). Each
chicken costs e = 18 and is sold for f = 25.
The manager’s first obvious idea is to assume that N is Poisson with λ = 60.
What is then the optimal Q?
You will have to simulate for several values q1, . . . , qm of Q, and to do R replica-
tions (each corresponding to a week) for each. Thus each qi requires R Poisson(60)
variables. Try both to generate these as different for different i and to use the
same for all i. Advantages and disadvantages?
After a while, it occurs to the manager that chickens are not always sold in
units of 1 but some customers ask for 2 and a few for 3. She models this by N =
N1+2N2+3N3, where N1 is Poisson(31), N2 is Poisson(10), and N3 is Poisson(3).
Does this make a difference to the choice of Q and the expected profit?
For recent and more advanced treatments of the theory of inventory and storage,
see Axsäter [33], Silver et al. [344], and Zipkin [368].



Appendix

A1 Standard Distributions

We give here a list of standard distributions, for the main purpose of
introducing the terminology and parameterization used in the book. For
a discrete distribution on N, p(k) denotes the probability mass function
and p̂[z] def=

∑∞
0 zkp(k) the probability generating function (p.g.f.). In

the continuous case, f(x) is the density, F (x) def=
∫ x
−∞ f(y) dy the c.d.f.,

F̂ [s] def=
∫∞
−∞ esyf(y) dy the m.g.f. (defined for any s ∈ C such that

∫∞
−∞ e�s yf(y) dy < ∞), and the cumulant function (c.g.f.) is log F̂ [s].

The Bernoulli(p) distribution is the distribution of X ∈ {0, 1}, such
that P(X = 1) = 1. Here the event {X = 1} can be thought of
as heads coming up when throwing a coin w.p. 1 for heads. The
binomial (n, p) distribution is the distribution of the sum N

def=
X1 + · · · + Xn of n i.i.d. Bernoulli(p) r.v.’s. The p.g.f.’s are EzX =
1− p+ pz, EzN = (1− p+ pz)n.

The geometric distribution with success parameter 1− ρ is the distri-
bution of the number N of tails before a head comes up when flipping
a coin w.p. ρ for tails, P(N = n) = (1−ρ)ρn, n ∈ N. Also N ′ = N+1,
the total number of flips including the final head, is said to have a
geometric(1− ρ) distribution, and one has P(N ′ = n) = (1− ρ)ρn−1,
n = 1, 2, . . ..
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The Gamma(α, λ) distribution has

f(x) =
λα

Γ(α)
xα−1e−λx , x > 0 .

The m.g.f. is
(
λ/(λ−s))α, the mean is α/λ, and the variance is α/λ2.

The Gamma(1, λ) distribution is the exponential distribution with
rate parameter λ, and the Gamma(n, λ) distribution with n =
1, 2, 3, . . . is commonly called the Erlang(n, λ) distribution or just
the Erlang(n) distribution.
The inverse Gamma(α, λ) distribution is the distribution of Y =
1/X where X has a Gamma(α, λ) distribution. The density is

λα

yα+1Γ(α)
e−λ/y . (A1.1)

The inverse Gamma distribution is popular as Bayesian prior for
normal variances (see, e.g., XIII.2.2).

The Inverse Gauss(c, ξ) distribution has density

c

x3/2
√

2π
exp

{
ξc− 1

2

(
c2

x
+ ξ2x

)}
, x > 0. (A1.2)

The c.g.f. is ξc−c
√
ξ2 − 2s, the mean is c/ξ, and the variance is c/ξ3.

The inverse Gaussian distribution can be interpreted as the time
needed for Brownian motion with drift ξ to get from level 0 to
level c. The distribution is also popular in statistics as a flexible
two-parameter distribution (in fact, one of the nice examples of a
two-parameter exponential family). An important extension is the
NIG family of distributions; see XII.1.4 and XII.5.1.

The Weibull(β) distribution has tail F (x) = e−x
β

. It originates from
reliability. The failure rate is axb, where a = β, b = β − 1, which
provides one of the simplest parametric alternatives to a constant
failure rate as for the exponential distribution corresponding to β = 1.

The multivariate normal distribution N (μ,Σ) in R
d has density

1
(2π)d/2det(Σ)1/2

exp{−(x− μ)TΣ−1(x− μ)/2} .

The m.g.f. for d = 1 is eμs−s
2σ2/2.

An important formula states that conditioning in the multivariate
normal distribution again leads to a multivariate normal: if

(
X1

X2

)
∼ N

((
μ1

μ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
,

then

X1

∣
∣X2 ∼ N

(
μ1 + Σ12Σ−1

22 (X2 − μ2),Σ11 −Σ12Σ−1
22 Σ21

)
.
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A2 Some Central Limit Theory

Proposition A.1 (anscombe’s theorem) Let X1, X2, . . . be i.i.d. with
mean μ and variance σ2, let Sn

def= X1 + · · · + Xn, and let Tn ∈ N be
a sequence of random times satisfying Tn/tn

P→ 1 for some deterministic
sequence {tn} with tn →∞. Then (STn − Tnμ)/t1/2n

D→ N
(
0, σ2

)
, n→∞.

For a proof, see, e.g., Chung [72].

A3 FFT

The (finite) Fourier matrix of order n is

F
def= F n

def=

⎛

⎜⎜
⎜
⎜
⎝

1 1 1 · 1
1 w w2 · wn−1

1 w2 w4 · w2(n−1)

· · · · ·
1 wn−1 w2(n−1) · w(n−1)2

⎞

⎟⎟
⎟
⎟
⎠

where w def= wn
def= e2πi/n is the nth root of unity. That is, labeling the rows

and columns 0, 1, . . . , n− 1, the rsth entry is wrs (note that w0 = 1). The
finite Fourier transform of a vector a def= (a0 . . . an−1)T is then â = Fa/n,
and since F−1 = F /n (complex conjugate), a can be recovered from the
Fourier transform â as a = F â. Element by element,

âr =
n−1∑

s=0

asw
rs/n , ar =

n−1∑

s=0

âsw
−rs .

This procedure works in principle for any n. If the matrix multiplica-
tions in â = Fa/n and/or a = F â are implemented in the naive way, the
complexity is then O(n2). The crux of the fast Fourier transform (FFT) is
that when taking n of the form n = 2k for some integer k, some clever ma-
nipulations using a recursive reduction to 2k−1 will allow one to reduce the
complexity to O(n logn) (we do not describe these manipulations here since
the FFT is implemented in practically any software package for numerical
calculations). See, e.g., Press et al. [293].

If the given n is not of the form 2k, one can of course just choose
n∗ = 2k

∗
such that 2k

∗−1 < n < 2k
∗

and perform FFT in dimension
n∗, supplementing a and/or â with the necessary number of zeros.
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A4 The EM Algorithm

The EM algorithm is one of the main tools for performing maximum likeli-
hood (ML) estimation in the absence of full data information (incomplete
observations, lost data, etc.). The main example is exponential families
with density

fθ(v) def= eθTt(v)−κ(θ) (A4.1)

w.r.t. some reference measure ν(dv), where v is the observation vector.
The ML estimator is then often some nice explicit function θ̂ def= θ̂

(
t(v)

)

of t(v), where v is the observed outcome of the r.v. V with the prescribed
density fθ.

Example A.1 LetV1, . . . , Vnbei.i.d.exponential(θ)and V def=
(
V1 . . . Vn

)T.
Then (A4.1) holds with t(V ) = −V1 − · · · − Vn, κ(θ) = n logλ, and we
have θ̂ = n/

(
V1 + · · · + Vn) = −n/t(V ), as can be obtained by straight-

forward differentiation of the log likelihood −λ(V1 + · · · + Vn) + n logλ.
�

Example A.2 In a normal mixture problem, the observations Y1, . . . , Yn
are i.i.d. with a common density fθ(y), which is a mixture

d∑

i=1

αi
1√
2π

e−(y−μi)
2/2

of N (μ, 1) densities (for simplicity, we assume that the variance is known
and equal to 1), so that the unknown parameters are

(
αi, μi

)
i=1,...,d

, which
are constrained by α1+ · · ·+αd = 1. One can interpret the model as a given
observation Y being assigned type i w.p. αi and then having distribution
N (μi, 1).

To obtain the representation (A4.1), one performs a data augmentation
and defines

V
def=

(
J1, . . . , Jn, Y1, . . . , Yn

)
, t(V ) def=

(
N1, . . . , Nd, S1, . . . , Sd

)
,

θ
def=

(
θ1, . . . , θd, θd+1, . . . , θ2d)

def=
(
logα1, . . . , logαd, μ1, . . . , μd

)
,

where Jk is the type of Yk and

Ni
def=

n∑

k=1

1Jk=i , Si
def=

∑

k: Jk=i

Yk =
n∑

k=1

Yk1Jk=i .

Then (A4.1) can be seen to hold for an appropriate choice of t and ν.
After conditioning on the Jk, it is readily guessed that the MLE estimator

θ̂ is given by

α̂i =
Ni
N
, μ̂i =

Si
Ni

, i = 1, . . . , d, (A4.2)
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i.e., the ML estimator of αi is the empirical mean Ni/N of the Yk with
Jk = i, and similarly the ML estimator of μi is the empirical mean Ni/N
of the same set of Yk. For a formal verification of (A4.2), introduce a
Lagrangian multiplier λ and consider the minimization of

2d∑

j=1

θjtj(v) + λ
(
eθd+1 + · · ·+ eθ2d − 1

)
. (A4.3)

�

Now consider the general exponential family setting, and assume that
only Y is observed and not the whole of V . For example in Example A.1,
there could be censoring at t0 such that only the V1 ∧ t0, . . . , Vn ∧ t0 are
observed, and in Example A.2 only the Yk but not their types Jk could be
observed. The statistical estimation problem remains explicitly tractable in
the first example but not in the second, where we are left with a (2d− 1)-
dimensional optimization problem without an explicit solution. The EM
algorithm proceeds iteratively. When updating from θm to θm+1, t(V ) is
replaced by its Pθm

-condional expectation tm given Y :

tm
def= Eθm

[
t(V )

∣
∣Y
]
, θm+1

def= θ̂(tm) . (A4.4)

It can be shown that the θm-likelihood is nondecreasing in m and hence
that θm → θ̂ under suitable regularity conditions.

Example A.3 Consider the normal mixture example A.2. Write

θm =
(
logαm,1, . . . , logαm,d, μm,1, . . . , μm,d

)
.

Then

Pθm

(
Jk = i

∣∣y
)

= Pθm

(
Jk = i

∣∣ yk
)

=
αm,i(2π)−1/2e−(yk−μm,i)

2/2

∑d
1 αm,j(2π)−1/2e−(yk−μm,j)2/2

def= ψ(θm, yk) ,

tm =
(
Nm,1, . . . , Nm,d, Sm,1, . . . , Sm,d

)
,

where

Nm,i
def= Eθm

[
Ni
∣
∣Y
]

=
n∑

k=1

ψ(θm, Yk) ,

Sm,i
def= Eθm

[
Si
∣
∣Y
]

=
n∑

k=1

Ykψ(θm, Yk) .

From (A4.2), it therefore follows that θm+1 = θ̂(tm) is given by α̂m+1,i =
Nm,i/N , μ̂m+1,i = Sm,i/Nm,i.

It should be noted that the example of normal mixtures is one in which
the likelihood has local maxima; see, e.g., Robert & Casella [301, Example
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5.19]. If started in the domain of attraction of a local but not global maxi-
mum, the EM algorithm will then never escape to the global maximum. A
practical solution to this problem is to run the algorithm several times with
different starting points, say θ0,1, . . . ,θ0,L, and as estimator use limm θm,�,
where � is the index with the highest limiting value of the likelihood. �

The difficulty in applying the EM algorithm is usually the computation
of the conditional expectation tm (the E-step) rather than the computa-
tion of θ̂(tm) (the M-step), which involves just the same calculations as in
computating the MLE in the presence of full observations. It is therefore
tempting to perform the E-step by Monte Carlo, which means that tm is
redefined as

tm
def=

1
R

(
t(V m,1) + · · ·+ t(V m,R)

)
, (A4.5)

where V m,1, . . . ,V m,R are simulated replications from the conditional Pθm
-

distribution of V given Y . This algorithm is known under names such as
the Monte Carlo EM algorithm and the stochastic EM algorithm (outside
the exponential family setting to which we have restricted ourselves, these
names may actually cover slightly different algorithms). The Monte Carlo
EM algorithm obviously has the property that {θm}m∈N

becomes a time-
homogeneous Markov chain with no state being absorbing (in particular
not the MLE θ̂!), so that the best one can hope for is oscillations around θ̂
that are small given that R has been chosen large enough, not convergence
in probability or a.s. To obtain this, one needs to let R def= Rm go to ∞ with
m, which is closely related to the stochastic approximation EM algorithm
discussed in VIII.5.

Exercises

4.1 (TP) Verify that the minimization of (A4.3) produces the claimed result.
4.2 (TP) In Example A.1, find the explicit form of the MLE estimator for θ in
the presence of censoring, and also write up the EM recursion expressing θm+1

in terms of θm.

A5 Filtering

We summarize here the classical formulas for filtering as introduced in I.5.5.
We consider a hidden Markov model in which the unobserved Markov

chain X0, . . . , Xn has state space E (possibly uncountable) and transition
density q(x, x′) w.r.t. ν(dx′). Further, the (observed) Yk, k = 0, . . . , n,
depends only on X0, . . . , Xn and the remaining Y� via Xk, such that the
density is g(y |x) when Xk = x. We use notation such as

x0:k
def= (x0, . . . , xk) , p(x0:k)

def= r0(x0)q(x0, x1)q(x1, x2) · · · q(xk−1, xk) ,
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where r0 is the density of X0 w.r.t. ν. Thus p(x0:k) is the density of X0:k

w.r.t. ν⊗n.
The problem is to update the filtering density p(xk |y0:k) from k−1 to k,

motivated largely by settings such as target tracking and signal processing,
where the (noisy) observations arrive sequentially in time.

The recursion involves the auxiliary quantities p(xk+1 |y0:k) (the
predicition density) and p(yk |y0:k−1), and is given by

p(yk |y0:k−1) =
∫
p(xk |y0:k−1)g(yk |xk) ν(dxk) , (A5.1)

p(xk |y0:k) = p(xk |y0:k−1)g(yk |xk)/p(yk |y0:k−1) (A5.2)

p(xk+1 |y0:k) =
∫
p(xk |y0:k)q(xk, xk+1) ν(dxk) , (A5.3)

as follows by obvious conditioning arguments (for (A5.2), note that
g(yk |xk) = g(yk |xk,y0:k−1)). The initialization corresponds to replacing
p(yk |y0:k−1) in (A5.1) by

p(y0) =
∫
r0(x0)g(y0 |x0) ν(dx0) (A5.4)

when k = 0.
The difficulty in the evaluation is the integrals in (A5.1), (A5.3), (A5.4).

One solvable case is a Gaussian linear state-space model

Xk = AXk−1 +RUk , Yk = BXk + SV k ,

where Xk ∈ R
p, Yk ∈ R

q, Uk ∈ R
s, Vk ∈ R

t, the matrices A, B,R, S
have the appropriate dimensions (e.g., B : q × p), and the Uk, Vk are
independent Gaussians with mean 0 and covariance matrices Is, It. Here
all relevant joint and conditional distributions are multivariate Gaussian,
so (A5.1)–(A5.4) can be written out in terms of means and covariances.
The resulting formulas are the classical Kalman filter. Another solvable
case is a finite state space E, where the integrals become sums and one
only has to store a finite number of values. Here (A5.1)–(A5.4) is known as
the forward algorithm. For computing the smoothing density p(x0:n |y0:n),
a further step, the backward algorithm, is needed. Note, however, that even
the case of a finite E may create problems if E is huge, as is the case in
some applications.

We refer further to Cappé et al. [65].

A6 Itô’s Formula

If {x(t)}t≥0 is a solution of the ODE

ẋ(t) = a(t, x(t)), i.e., dx(t) = a(t, x(t)) dt ,
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and f is a smooth function of two variables (a is assumed smooth as well),
then the chain rule gives

df(t, x(t)) = ft(t, x(t)) dt + fx(t, x(t)) dx(t)
= ft(t, x(t)) dt + fx(t, x(t))a(t, x(t)) dt ,

where ft(t, x) = ∂
∂tf(t, x), fx(t, x) = ∂

∂xf(t, x) denotes the partial
derivatives.

Itô’s formula is a similar expression for a function f(t,X(t)) of the
solution X of the SDE

dX(t) = a(t,X(t)) dt+ b(t,X(t)) dB(t) , (A6.5)

where B is standard Brownian motion, and states that

df(X(t)) =
{
afx + ft +

1
2
b2fxx

}
dt + bfx dB(t) (A6.6)

where a, b, ft, fx, and fxx (the second partial derivative w.r.t. x) are eval-
uated at (t,X(t)). The precise meaning of this statement is that (A6.5),
(A6.6) should be interpreted respectively as

X(t)−X(0) =
∫ t

0

a(s,X(s)) ds +
∫ t

0

b(s,X(s)) dB(s)

and

f(X(t))− f(X(0))

=
∫ t

0

{
a(s,X(s))fx(s,X(s)) + ft(s,X(s)) + b2(s,X(s))fxx(s,X(s))

}
ds

+
∫ t

0

b(s,X(s))fx(s,X(s)) dB(s),

where
∫ t
0 b(s,X(s)) dB(s), etc., denotes the Itô integral.

The proof of (A6.6) can be found in any standard textbook in stochastic
calculus, e.g., Steele [346]. The heuristics is the expression (dB(t))2 = dt
(compare to (dt)2 = 0!), which is motivated from quadratic variation prop-
erties of B. Thus, compared to ODEs, one needs to take into account also
the term containing fxx in the second-order Taylor expansion to correctly
include all terms of order dt.

A formula that is often used is the Itô isometry

Cov

(∫ t

0

f(s) dB(s) ,
∫ t

0

g(s) dB(s)
)

=
∫ t

0

f(s)g(s) ds . (A6.7)
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A7 Inequalities

Proposition A.1 (the information inequality) Let f, g be densities.
Then

∫
log g(x)f(x) dx ≤

∫
log f(x) f(x) dx ,

where log 0 · y = 0, 0 ≤ y < ∞. If equality holds, then f and g define the
same probability measure.

Proof. LetX be an r.v. with density f(x) and write Ef for the corresponding
expectation. Then by Jensen’s inequality,

∫
log g(x)f(x) dx −

∫
log f(x) f(x) dx

= Ef log g(X)− E log f(X) = Ef log
g(X)
f(X)

≤ log
(

Ef
g(X)
f(X)

)
= log

(∫

{f>0}

g(x)
f(x)

f(x) dx

)

= log

(∫

{f>0}
g(x) dx

)

≤ log 1 = 0 ,

where {f > 0} = {x : f(x) > 0}. If equality holds, then
∫
{f>0} g(x) dx = 1

and g(X) = f(X) a.s. Hence for any A,
∫

A

g(x) dx =
∫

A∩{f>0}
g(x) dx

= Ef

[
g(X)
f(X)

; X ∈ A ∩ {f > 0}
]

= P(X ∈ A ∩ {f > 0}) =
∫

A

f(x) dx .

�

Proposition A.2 (chebyshev’s covariance inequality) If X is a
real-valued r.v. and f, g nondecreasing functions, then

E[f(X)g(X)] ≥ Ef(X) Eg(X) .

For an elegant coupling proof, see Thorisson [354].

A8 Integral Formulas

The derivative of
∫ θ
a
g(x) dx w.r.t. θ is g(θ). If g depends not only on x but

also one θ, the relevant extension is the following, which is easily proved
from first principles:
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d
dθ

∫ θ

a

g(x, θ) dx = g(θ, θ) +
∫ θ

a

d
dθ
g(x, θ) dx . (A8.1)

A convenient formulation of the standard integration-by-parts formula
for Lebesgue–Stieltjes integrals when dealing with r.v.’s is the following:
for X ≥ 0 an r.v. and g(x) ≥ 0 differentiable, in the sense that g(x) =
g(0) +

∫ x
0 g
′(y) dy for some function g′(y),

Eg(X) = g(0) +
∫ ∞

0

g′(x)P(X > x) dx . (A8.2)

Similar formulas exist in multidimensions; see V.3.2 for an example.
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90, 128, 158–205, 239–240, 323,
392, 405, 408–414, 432–435

ratio-of-uniforms, 44–45
Rayleigh–Ritz characterization, 101,

366
records, 63
reflection, 104, 301–305
regenerative process, 76, 105–109,

111–115, 118, 156, 165, 201,
225, 245, 419–424, 436

regenerative simulation, 105–109,
111–115, 118, 172, 225–227,
408

regime switching, see Markov-
modulation

regression, 139, 142, 373, 431
regular variation, 173, 175, 176
renewal theory, 24, 76, 94, 108, 147,

156, 309
resampling, 16, 84, 91, 387–390
reversibility, 101, 362
reversible-jump MCMC, 372–374
Rice’s formula, 314
risk-neutral measure, 8, 137, 155, 219,

279, 287, 330, 346
Robbins–Monro algorithm, 243,

248–249, 251–252
Russian roulette, 149

saddle-point, 130, 147, 161, 167, 169,
187, 193, 197

sampling importance resampling, 387,
390

sampling with replacement, 22, 85,
387, 388

sampling without replacement, 64
score function, 221–222, 237–239
SDE, 8, 10, 217, 248, 280–301, 319,

348–349, 407
secretary problem, 27
sectioning, 82, 85, 89, 92, 109
seed, 32
self-similarity, 321, 328
sensitivity analysis, see derivative

estimation
sequential analysis, 172
sequential Monte Carlo, 386, 388
Siegmund’s algorithm, 164–167,

172, 187–188, 192, 201, 240,
405, 408–409, 411–414,
437, 440

simulated annealing, 382–384
simulation budget, 87, 93–95, 125,

159, 286
skewness, 76, 90, 135
slice sampler, 376
spectral simulation, 316–320
splitting, 147–149, 201–205, 393
squeezing, 45
stable distribution, 42
stable process, 95, 149, 173, 328, 332,

336, 346
standardized time series, 110
steady-state simulation, 2, 96–125,

313–314, 350–380
steepness, 163, 171
stochastic counterpart method, 78
stochastic interest, 9, 74, 281–282,

291, 348
stochastic volatility, 9, 43, 59, 74, 137,

143, 343, 348, 359, 377, 380
stratification, 150–155, 176, 279–280,

345, 435
Strauss process, 15, 16, 137, 355, 367,

374
Student t distribution, 51, 59, 82, 91,

109, 331, 433, 434
subexponential distribution, 173–183,

197
subordinator, 327, 338–344, 349
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Swendsen-Wang algorithm, 399

tail dependence, 56–57, 59
tail estimation, 178–183
Tausworthe generator, 34, 35
time reversal, 3, 101, 362, 405
trace-driven simulation, 91–93,

178
traveling salesman, 381, 383, 385

uniform ergodicity, 366
uniformization, 61
utility, 213

Van der Corput sequence, 267
VaR, 10, 12, 21, 58, 79, 86, 432–435

variance estimation, 69, 76–79, 82, 84,
93, 97, 100, 104–105, 107–109,
116, 151, 364

variance Gamma process, 329, 344
variance reduction, 11, 118, 126–157,

192–195, 220, 225–228,
231, 240, 279–280, 344–346,
432–435, 437–441

Vasicek process, 281

wavelet, 279, 320, 323
weak derivatives, 224
Weibull distribution, 48, 173, 175,

177, 179, 181
Wolff’s algorithm, 399–400
Wright–Fisher model, 22, 369
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